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RECOMMENDATIONS 



OP 



THOMSON'S ABRIDGMENT OF DAY'S ALGEBRA. 



VKOM THE FACULTY OF TALE COLLEGE. 
The great exeellenee of Day^9 Algebra 
hM been lo fully aeknowledgvd, by the 
public, through a period of nearly thirty 
yean, that it would be superfluous to ac- 
flompany it with ray formal recommenda- 
ticMi. All that instructors vdH require to 
be asswcd it, that the present Abridgr™ent, 
by Mr. James B. Thomson, faithfully pre- 
aentsthe spirit and character of the oririn- 
al. I have examined it sufficiently to ne^ 
satisfied that such is the ikct ; that while 
it preseouto the young learner the science 
'iXk a simple and attractive form, it surpasses 
most simiUr treatises in the aptness of its 
Uiosttations, the accuracy of its definitions, 
and the value and copiousness of its princi- 
pica. DENISON OLMSTED. 

Yale College, June 6, 1843. 

Speaking of the Abridgment of Day^s 
Algebra, Prot SilUman says, *^ I have l\ill 
confidence in the views expressed above by 
FraH Olmsted.'* 

We fiilly concur in the above recommen- 
dadon of the Abridgment of Day's Algebm, 
firomProf. Olmsted. 

Frofs. A. D. Stanley, J. L. Kingsler, C. 
A. Goodrich, T. D. Woolsey, cTu. 8bep- 
ard, T. A. Thatcher, Yale College. Tutors 
J. Kooney, D. Powars, L. J. Dntiey, P. K. 
Claik, Yale College. Hawley Olmsted, Prin- 
cipal of Hopkins' Grammar School A. H. 
Bkinnev, Principal of Select Classical School 
for boys. L. A. Daggett, PriAeipal of Se- 
lect School for boys. 

YnxA SHk9 Fteneht A. M^ Principal of the 
Collegiate and Commereial School, at 
Wooster Place. 

Mcssn. Donitt Si Peekr-1 bave eManii»- 
ed, by request, Thomson's Abridgment of 
Day's Algebim, and take pkasnre in com* 



\ FRENCa 



mending It to teachers, as having all the 
well known merits of the original, wKh 
such additional illustrations and exercises 
as adapt it to the cai>acities of the young, 
and tlie method of instruction in schools 
and academies. The fket that this Abridg- 
ment has received the uiprobation of Pres. 
Day himself, is a sufficient proof of iu 
character. Respectfully yours, 

STILES FRENi 
New Haven, June 12, 1843; 

Fkom Daniel D. Tompkint M'LaugfUin^ 
A. M^ Principal of a Classical School in 
New York city. 

I have examinedf with pleasure, the 
Abridgment of Day's Algebia, by Tames B. 
Thomson, A. M. The accuracy of defiiu* 
tion and clearness of illustration, which 
characterize the large work, are faithf\illy 

^>reserved in this ; and the addition of a 
arge number of examples, and some chan- 
ges in the arrangement, greatly enhance the 
value of the production. I am acquainted 
with no elementary work on the sulyect so 
well adapted to the purposes of instruction, 
as this Abridgment, and shall gladly intro* 
duce it into my school. 

DANIEL D. TOMPKINS MTAUOHLIN. 
New York, June 12, 1843. ^ 

Fknm Wm. H, RumcU, A. M., Principal of 
New Haren Family School Ibr boys. 
Mr. J. B* Thomson— Dear Sir,— The 
merite of the Algebra, of which yours is aa 
Abridgment, and my confidence in your 
knowledge of what was needed to adapt it 
to the use of schools and academies, and in 
your ability for the tadc yon undertook, led 
roe to expect that yon wouM make the 
work what I find it to be, one eminently 
adapted to the wants of that large class of 
pupils in our schools, whose age and «iiw 
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cumstances require a treatise more full in 
explanation, better furnished with exam- 
ples for practice, and yet more limited in 
extent, tiian those in general use. 

Yours truly, WM. H. RUSSELL. 
June 13, 1843. 

From S. S. Randall, Esq., Gen. Supt. Com- 
mon Schools, State ^ New Tor/e. 

I have examined the " Abridgment of 
Daj's Algelmi" by James B. Thomson, A. 
M., and am of opinion that it is admirably 
adapted to the use of the morv advanced 
pupils in our Common Schools. The clear- 
ness and copiousness of illustration, the 
simplicity of arrangement and development 
of principles, which so eminentlv charac- 
terize the original work, are faitnfully re- 
flected in the Abridgment; and several 
very valuable additional illustrations and 
rules are given in the present edition, ren- 
dering it better adapted to the wants of 
the students of our elementary institutions. 

I cheerfully recommend its introduction 
into our Common Schools. 

SAML. S. RANDALL. 

Albany, Sept. 16, i84S. 

We fully concur in Mr. Randall's re- 
commendation of Thomson's Abridgment 
of Day's Algebra. 
E. G. Storke, County Supt. Com. Schools, 

Cayuga Co., N. Y. 
G. T. Frazier, do. do. Broome ** " 
J. S. Denman, do. do. Tompkins " '* 
Z . P. Burdick, do. do. Rensselaer *' " 
A.S. Clement, do. do. Dutchess " " 
A. T. Hopkins do. do. Ontario " " 
A. S. Stevens, do. do, Wyoming " " 
S. D. Bross, Principal of Farmer's Hall 

Academy, Goshen, N. Y. 
J. H. Wilson, Principal of Binghampton 

Academy, N. Y. 
J. Thompson, Prin, Ithaca Academy, N. Y. 
Wm. P. Pew, Principal of the Lancasterian 

School, Ithaca, N. Y. 

From D. French, Esq., Principal of Wal-' 
tham High School. 

fVaUham, July 10,1843. 

Dear Sir,— I have examined your abridg- 
ment of Day's Algebra, and consider it al- 
together the best work for beginners with 
which I am acquainted. The want of a 
suitable elementary work on Algebra has 
lonfc been felt in our advanced scnools. It 
appears to ine that you have been singu- 
larly successful in supplying that desidera- 
tum. Very truly yours, D. FRENCH. 

J. B. Thomson, A. M. 

From R. K. Bourne, Esq.y County Supt 
Com. Schools, Chenango Co. N. Y. 
Ihave examined with much pleasure the 
abridgment of Day's Algebra, by James B. 
Thomson, A. M., and am satisfied that in 
Accuracy of definition and cleameu of il- 



lustration, it is superior to any work of da^ 
kind with which I am acquainted. Tlae 
abridgment is emphatically what it professes 
to be, **an easy and lucid transition frorxm 
the study of Arithmetic ».o the higher branch^ 
es of Mathematics" and admirably well a^ 
adapted to the use of our C<unmon Schools 
and Academies- 

HOSWELL K. BOURNE. 
Pitcher, Sept. 9, 1843. 

From Cyrus Pierce, A. M., late Principal 

of the Normal School, Lexington, Mass. 

Dear Sir,— President Day's Algebra needs 
no praise at my hands. During a eourse 
of many years teaching, I have found no 
elementary Treatise to surpass its merits 
asa Teiit Book fur fullness, simplicity and 
clearness. 

Your abridgment, while it retains the 
eharactcri&tic excellences of the original 
work, by judicious omissions, additions, 
change of phraseology and arrangement, 
is admirably adapted to the use of begin- 
ners, and to the wants of Schools and A- 
cademies. Yen have made a good book. I 
recommend it to the attention of teachers 
every where. C. PIERCE. 

To J. B. Thomson, A. M. 
Nantucket, July l, 1843. 

We fully concur in the yiev/a exprened 
by Mr. Pierce. 

' AUGUSTUS MORSE, Principal of Nan- 
tucket High School. 

WM H. HEWES, Principal of CofRn 
School. Nantucket. 

A. LUCIEN WELD, « Nant Acad. 

JOHN BOADLE, « Friend's Schl. 

Nantucket. 

From T. Lindsley^ Esq. County Stipt. Yates 
I Co. N. Y. 

I have exaonined the abridgment of Day's 
I Algebra not only with pleasure, but profit. 
! The spirit and tone of the original have 
I been remarkably preserved. I feel satisfied 
that no ordinary want has been fully sup- 
plied. The illustrations, definitions, mm! 
principles, exhibit all the point, explicitneti 
and accuracy of th6 large work . I can but 
entertain the hope that Uie public will soon 
be favored with Mr. Thqmson's Geometry. 
THALES LINDSLEY. 
Rushville, Sept. 24, 1843. 

I From S. Metcalf, A. M., Principal of Kin. 

' derhook Academy. 

J. B. Thomson, Esq. 

Dear Sir,— For twenty five years I have 
been familiar with Day's Algebra ; was de- 
lighted with the improvements which it re- 
ceived from the late Prof Fisher ; but be 
assured a rare treat has been reserved to 
your •• Abridgment" to furnish. While I 
acknowledge myself an admirer of the O- 
riginal work) it is my full conTiction that 
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ytmr imbrvoemenU will leeure it a wider 
circulation. The omisnons and the enlarge- 
tnenti; particularly the greatly increased 
number of examples, receive my unquali- 
fied approbation, 

SILAS METCALF. 
Kinderhook. Sept. 25th, 1843. 

From Pretident Nott and Dr» Potter^ of 
Union College. 
The reputation of President Day^s Alge- 
bra it so well estabhsfaed, that any com- 
mendation from the subtcribers would aj>- 
pear tuperfiuaus. With regard to the a- 
bridgment of that work, prepared by Mr. J. 
B. Thomson, they cheerfully state that Mr. 
T.*s task seems to have been executed with 
judgment and skill ; and that the work in 
its abridged form, will be found well adapt- 
ed to higher scliools and Academies. 

ELIPHL'T. NOTT. 

ALONZO POTTER. 
Union College, Sept. 20, 1843. 

From H, S. Randall. A. M. Connty Supt 
of Cortland Co. N Y. 
Cottland Village, Sept. 27, 1843. 
My Dear Sir,— Prom the examination 
which I have been enabled to give your A- 
bridgment of Day's Algebra, I consider it 
eminently successful. You have condensed 
and simplified, without subtracting from the 
strength of your original, and 1 feel bound 
to say that in some respects, you have im- 
provt.d on that original. 

I have long felt the need of a work on 
Algebra, for our Common Schools, cheaper, 
more easily grasped by the young learner, 
requiring a less extended course of study- 
in a word, a eunnectiug link between A- 
ritlimetic and the higher departments of Al- 
gebra. This desideratum is, I think, sup- 
plied by your abridgment, and as such I shall 
recommend it to the Common Schools of 
this County. Very respectfully, 
your obt. svt. 
HENRY S. RANDALL. 

I fully concur in the above recommenda* 
tion of Mr. Randall. J R. DIXON, 

Principal of Cortland Academy. 

From T. Barlow^ Esq, County Supt. Madi- 
son Co. N.Y. 

I have carefully perused the abridgement 
of Day's Algebra. and highly approve of it 
as a work well adapted to the capacity of 
children, and the wants of our Common 
Schools. Algebra, properly simplified, can 
be advantageously introduced into our com- 
mon schools, and at a much earlier age than 
is^eneialiy supposed. I can cheerfully re- 
commend this woric as one promising mreat 
utility from its proper adaptation to the ca- 
pacity of the young. TUOS. BARLOW. 

Canastota, Sept. 30, 1843. 



From A. Wilson^ Esq., County Supt. Alle- 
ghany Co, N. Y. 

From a cursory examination of Thom- 
son's Abridgment of Day's Al^bra. I am 
well satisfied it has superior merits which a 
discerning public will not fail to appreciate. 
In a word, I consider it the very tfdng our 
Common Schools want. H. WILSON. 

Little Genesee, Oct. 4, 1843. 

From President Norths of Hamilton Col- 
lege. 
Mr. J. B, Thomson, 

Dear Sir,— Your edition of Day's Algebra, 
prepared for the use of schools, I have ex- 
amined, and take pleasure in saying that 
the abridgment appears to me to ha\e been 
judiciously and skilfully made. While it 
still retains those characteristics which have 
rendered the original work of Pres. Day so 
eminently popular and useful, it has been 
happily adapted to the capacities of the 
youngerclass of students, and hence in its 
present form is well fitted to occupy a place 
m common schools and Academies, similar 
to that which it has so long held in the Col- 
li ges of our country. Respectfully youri, 
SIMEON NORTH. 

Hamilton College, Oct. 3, 1843. 

From /. Patching Esq., County Supt Liv- 
ingston Co. N. Y. 
Mr. J. B. Tlioroson, 

Dear Sir,— Having examined "Day's Al- 
gebra abridged," it gives me pleasure to say, 
I highly approve of^t. At a Convention of 
the town Superintendents for this County, 
it was unanimously adopted as a text book 
to be used in our common schools. 

Yours, &c. IRA PATCHIN. 

Livonia, Oct. 14, 1843. 

From Rev, E. Hosmti\ A, M., Principal of 

Glen's Falls Academy, Judge Baldwin, 

County Supt. of Warren Co. N. Y. 

and others. 

The abridgment of Day's Algebra by *fr. 
Thomson is, in my opinion, a work that 
was much needed. The original, though 
highly and justly appreciated, I have long 
felt required more time than pupils in our 
Academies could ordinarily devote to the 
subject, consistently with the claims of the 
other branches of study. 

The smaller works, which have been pub- 
lished by different authors, and designed as 
elementary, did not supply the desideratum. 
We still wanted a treatise prepared in ao- 
cordance with the true principles of analy- 
sis, which could be put into the hands of 
youth, as a suitable text book for imparting 
to them with proper attention, an adequate 
knowledge of Algebra. 

Such a production, I think, we have in 
the work before us. Its prominent excel* 
lence is its comprehensiveness and its clear 
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inductive method— elucidated by progress- 
ive and numerous practical examples. We 
intend to introduce it forthwith into the A- 
cademy. £. HOSMER. 

Glen's Falls, Oct. 11, 1843. 

The undersigned heartily concur in the a- 
bove recommendation. 

S. C. BALDWIN, Co. Superintendent. 

GEORGE RUGG, Teacher of Math, in 
Glen'& Falls Academy. 

WM. BARNES, kte Princ. G. FaUs Sem. 

J, W. RAY. 

L. B. GRANT. 

From Sev. J. Cummingi^ A. AT, Principal 
of Amenia Academy. 
I have carefully examined " Day's Alge- 
bra Abrid^," and can with pleasure re- 
commend It as possessing in a very high de- j 
gree the qualities necessary for a good text I 
book. Tne merit of Day's Algebra is suft 
ficiently attested by its geneial use, and the 
numerous recommendations of many of the 
soundest scholars and most successful teach- 
ers. In the Abridgment the great excel- 
lencies of the larger work are retained, 
while the few changes in the arrangement 
and the omissions which have been made, 
together with the valuable additional mat- 
ter introduced, constitute, in my opinion, a 
decided improvement. The method of il* 
lustration well combines the advantages of- 
tiie inductive and synthetic modes of in- 
struction, and is better calculated to give 
the learner a clear understanding of the 
subject, than any other that could be adopt- 
ed. The work is simple in its phraseology, 
and clear and natural in its arrangement- 
it is copious without redundancy, and in its 
rules and definitions there is combined, in 
an unusual degree, perspicuity and uonscise- 
ness with sufficient fulness. It is well cal- 
culated to succeed Arithmetic, and forms an 
easy transition to the higher branches of 
Mathematics. It is better suited to our 
common schools, and a large class of stu- 
dents in higher schools, fur whom it is suf- 
ficiently extensive, than any work with 
which I am acquainted. It richly merits 
the general attention it will doubtless re- 
ceive. JOSEPH CUMMINGS. 
Amenia, Oct 18, 1843. 

From Geo, Williams, Esq., Supt. Tioga Co. 
New York. 

Mr, J. B. Thomson— Dear Sir,— I have 
examined with care your Abridgment of 
Day's Algebra, It seems to me to possess 
all the superiormeritsof the original work, 
while it is so simplified as to be eminently 
adapted to the wants of common schools. I 
take pleasure in recommending it as supe- 
rior to any other Algebra with which I am 
acquainted. Respectfully yours, 

GEORGE WILLIAMS. 

Owego, Oct. 20, 1843. 



From S. P. ifot^A^Prof.of MathencMitiesiii 
Oneida Institute. 

A brief examination of ** Day's Algebra 
Abridged" has led me to a decision highly 
in its favor. No part in my opinion is 
omitted which was important in an elemen- 
tary book on Algebra. On the other lumd, 
by increasing the number of ''examples 
for practice," and by furnishing addttional 
Problems, there is surely an improvement 
upon the larger work. But this U com- 
mendation enough,- that the Abridgment 
is indeed what it was intended it should be 
—in eissencCf Day's Algebrn *tiU. 

STANLEY P. HOUGH. 

Oneida Institute, Oct. 20, 1813. 

From J. Newman^ A. M., Prof. MaUi. Tioj 

Conference Academy, Yt. 
Mr Thomson— Sir,— 

I have examined with great satisfaction 
your "Abridgment of Day's Algebra." 
Even the typography of the « book' recom- 
mends it ; but its chief excellence consists in 
its lucid arrangement; in the copious and 
yet concise enunciation of propositions; in 
simple and appropriate illustrations ; and 
in the numerous problems for solution— with 
section 8th on powers, and section 9th oa 
roots, I am specially pleased. They are the 
best I have seen. In short, your Abridg- 
ment retains the characteristic excelienciea 
of the original, whilst it excludes all that 
which either is not practical or too abstruae 
for most Academic students. I recommend 
it to the attention of all instructors of the 
youthful mind. JOHN NEWMAN. 

West Poultney, Vt., Nov. 9, 1843, 
From a cursory perusal of your •* Abridge 
roent of Day's Algebra," I ftilly concur 
with Prof. Newman. 

GEO. B. CONE, Prof. Lang. 

From jE. R. BfynoUrs, County Supt of Oiv 
leans County, N. Y. 

I have read the Abridgment of Day's Al- 
gebra with great pleasure. It seems to me 
to combine all the most desirable requisites 
of a useful school book. It unites the mi- 
nute explanations of the Inductive, with the 
scientific arrangement of the Synthetic 
method of instruction. It preserves all the 
excellencies of the larger work, while sup- 
plying most of its deficiencies. Having 
made trial in teaching, of several different 
Algebraic works, I cheerfully give this the 
preference of all 1 have met with, as an el- 
ementary treatise on this important science. 
EDWIN R. REYNOLDS. 

Albion, Nov. 15, 1843. 

I apree with the sentiments expressed by 
Mr. Reynolds. J. W. FRENCH, 

Principal of Albion Acad. 

From Pres. Hcpkins. of WilliBma Col., Mass. 

Mr. J. B. Thomson— Dear Sir,— I can not 

hesitate to express my full and hearty ap- 
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probMion of the Abridg^nent of IHft 
Algefanu of which you are about to pubhth 
a KCODd editioii. M. HOPKINS. 

Vtook the Principal and Professon of Ca»> 
tleton Seminary, Vt. 
Mr. J. B. ThomMn^Dear Sir,— We have 
examined at length your Abridgment of 
Day'* tretttise on Algebra, and are now pre- 
pued to speak of it m terms of unqualified 
mprobatioD. As teachers we have long 
observed and iUt the need of some alteration 
in the larger work which should adapt it 
more particularly to the higher classes in 
our coounon schools and to our seminaries. 
Tliis want wc tbink is well supplied by the 
wiHrk which now appears, and which, we 
are happy to perceive, retains all those ex- 
celleDces which characterize the larger 
work of Dr. Day, and entitle it to a supe- 
rnrity over any other work on the subject 
of Algebra hitherto published in this coun- 

with these views we shall introduce your 
work in connection with the larger Alge- 
bra into our Seminary, and shall gladly see 
it adopted generally in the schools of our 
country. Very respectfully yours, 
£DWARD J. HALLOCK, A. M., 

Principal Castleton S^ninarv. 
SAMUEL HURLBUT, Jr. A. M.. 
Prof, of Greek and Nau PhiL 
JOHN C. CHURCHILL, A. B., 
ProC of Latin and Mathematics. 
Castleton Seminary, Nov. ift, 1843. 

From /.Bote*, ^. STPrincipal of Brock- 
port Collegiate Institute. 
Mr. J. B. Thomson — Dear Sir,— Your 
abridgment of Day's Algebra is in my esti- 
OMtion a decided improvement. We now 
nve several classes who use it for a text 
book, and, I am happy to say, are doing 
much better than vrtth the dd coition. One 
elass of 12 boys, from 8 to 12 years of age, 
are making fine progress in it. It will not 
•■P«*ede Day's Algebra in our higher 
•wools ; but in my opinion is admirably 
Cilealated for younger schohirs in such 
•raools, and for general use in common 
sotools. RespectAilly yours, 

„ , JULIUS BATES. 

Brockport, Dec. 1 1 , 1 843. 

From PresUerU Wayland^ of Brown Uni- 
versity, R. I. 
Brmvn University, Dec. 18,1843. 
Dear Sir,— In compliance with your re- 
quest, I cheerfully express my opinion of 
Dr. Day's Elements of Algebra. I used it 
as a text book during the whole period of 
my tutorship in Union College, and was 
then fully convinced of its excellence. Its 
order is lucid, its statements precise, its ex- 
planations clear, and its examples numer- 
uQs and well selected ; reminding me fi%- 



quently of the calm and tnnsparent mind 
of its venerable author. The abri^ment 
has been executed under the cttrection of 
the author, and will, I doubt not, be a valu* 
able addition to our means of instruction 
in that department 

I am, Dear Sir, yours truly, 
F. WAYLAND. 
J. B. Thomson, Esq. 

From jBT. Onderdonk, Jr., Prlacipal Unioo 
Hall Academy* 
Day's Algebra has ever been a favorite 
work with me. As a scholar and teacher 
I have for many years had an opportuni- 
ty of testing its worth. I would especially 
recommend its use to all persons who 
are pursuing the study without the as- 
sistance of a teacher, as the science is so 
clearly and simply set foith, that with no 
other help the student may become a 
self-taught Algebraist. The abridged, 
(and I may say improved,) edition strikes 
me as just the thing for oar Academies- 
and Schools. 

HENRY ONDERDONK; 
U. H. At Jamaica, L. I^ Dec. 22^ 1643. 

I cheerfully concur in the favorable* 
opinion expressed above. 

PIERPONT POTTER. 
County Supt. of Queens Co., N. Y. 

From President Whiter of Wabash Col- 
lege, Indiana. 

Day's Algebra, for many years, has 
been deservedly held in the highest es- 
timation. For imparting to the student 
a thorough knowledge of the science, 
and at the same time teaching him how 
to reaaoHt it is unsurpassed by any other 
work with which I am acquainted. 

Thomson's Abridgment retains all the 
excellencies which so eminently charac-. 
terize the original, while the addition of a 
large number of problems, the practical 
questions at the foot of the page, the il- 
lustrations of compound division and tho 
Bmoiiiial Theorem, the classification of 
the changes in proportion, and the sum- 
ming up of the principles after they have 
been separately illustrated, into a gene- 
ral rule, thus uniting the advantages of 
the inductive and synthetic modes of 
teaching, all combine' to render the work 
still better adapted to the wants and ca- 
pacities of the young. I heartily com- 
mend it to all who are desirous to see tho 
principles of this interesting and useful 
science presented in a thorough and at- 
tractive manner, and who wish an easy 
and lucid transition from the study of 
arithmetic to the higher branches of 
mathematics. 

CHARLES WHITE. 

June 20, 1844. 
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From WtlUam Hopkins, A. M., Principal 
of Auburn Academy, 
J. B. Thomson, Esq.^ — Dear Sir: I 
have examined your abridgment of 
Day's Algebra with much care, and have 
been so well pleased with it, that it has 
been introduced into the Academy under 
iny charge. It is what was much needed 
in our Academies, and you have, as it 
seems to me, succeeded admirably in the 
execution of your task. 

Very respectfully, &c. 

WM. HOPKINS. 
Auburn, Dec. 4, 1843. 

From G. R. Rudd^ A. M., Principal of the 
•Auburn Female Seminary. 

Having examined Mr. J. B. Thomson's 
Abridgment of Day's Algebra, 1 fully 
concur with Mr. Hopkins in his recom- 
mendation of the work, and have intro- 
duced it into the Female Seminaiy under 
my charge. 

GEO. R. RUDD. 

Auburn, Feb. 6, 1844. 

From /. E. Hull, Esq., Principal of Au- 
burn Lyceum. 

I cheerfully concur in the recommen- 
dation of Messrs. Hopkins and Rudd.— 
Having used the work for nearly two 
terms in the Auburn Lyceum, of which 
I have the charge, I take pleasure in sta- 
ting that it fully meets the high expecta- 
tions which I had previously formed of 
its merits. 

I. E. HULL. 

Auburn, Feb. 6, 1844. 

OPINIONS OF THE PRESS. 

From the New Englander of July, 1843. 

Nearly thirty years have elapsed since 
President Day, (then Professor of Mathe- 
matics and Natural Philosophy.) first pub> 
lished his *' Introduction to Algebra." It 
excelled all othcrtreatisesknowutoour Col- 
leges and Academies, in the clearness and 
grecision of its definitions and rules, in the 
appy choice of examples and illustiations, 
and in the exposition of such principles as 
are not only important in themselves, but 
have an additional value in their i-elation to 
the higher branches of Mathematics. This 
work being specially " adapted to the meth- 
od of instruction in the American Cottegesy' ' 
it was a good idea to reduce it to such a form 
as would render it suitable for scholars of the 
primary schools, and the ordinary classes in 
Academies. The editor, Mr. Thomson, was 
well fitted for the underiaking, both by his 
taste for mathematical studies, and by mach 
experience in teaching the elements of alge- 
bra to young learners. We have no doubt 
tliat all teachers who desire a treatise on 
this useful and interesting subject, more 
concise and simple than " Day's Algebra," 



will find in this publication a book exactly 
adapted to their wants. 

From the Knickerbocker of October, 184S. 

Day's Algebra has sustained a high repu- 
tation during a period of fourteen years ; a 
fact sufficiently evinced by the sale of more 
than forty large editicms. In appropriate- 
ness of arrangement, perspicuity of expres- 
sion, and adaptation to the purposes of in- 
struction, whether public or private, it 
stands, we believe, unrivalled. The highest 

Cise which can be bestowed on a school 
k, is, that ' it is its own teacher.' By 
commencing with points so simple that any 
child of ordinary ability can comprehend 
them, and advancing step by step, remov- 
ing every obstacle when it first presents it- 
self, and conducting the student gi-adually 
into the more intricate parts of the science, 
the author makes him roaster of the subject, 
while he is yet scarcely ax^are of its difficul- 
ties. The exactness of definition and clear- 
ness of illustration which characterise Mr. 
Thomson's Abridgment, together with the 
exclusion of the answers to the problems, a 
course indispensable to an independant 
scholar, are especially commendable. The 
most weighty objection to Day's Algebra, 
has been its paucity of examples. This de- 
fect is remedied in the ** Abridgment," the 
number of examples being nearly twice as 
great as in the original work. 

From tlie New Tork Tribune, June 12, 1843. 
Day^s Algebra is by far the best work for 
beginners that has ever been published : 
and this abridgment serves to adapt it still 
more perfectly and completely to tiKs 
wants and necessities of the young. The 
elements of mathematics are very clearly 
and plainly developed ; the definitions are 
simple and comprehensive, and the prob- 
lems well adapted to illustrate the princi- 
ples taught.— We commend this abridgment 
to the attention of teachers. There is no 
reason why Algebra should not be much 
more generally taught than it is at present ; 
it is eminently useful, and this work will 
greatly facilitate its introduction even into 
our common schools throughout the country. 

Christian Intelligencer, June 17, 1843. 
Day's Algebra has been found to be the 
best work for beginners that has been pub- 
lished : and thisjabiidgment, while due re- 
gard is had to preserve the theorems in 
their fulness, serves to adapt it still more ( 
suitably to the necessities of the student. 
The Elements of Mathematics are clearly 
developed ; the definitions are simple and 
comprehensive. We have hastily glanced 
over the work, and feel satisfied that some 
of the most abstruse cases in the science 
have been brought within the reach of ordi- 
nary capacities. I'he Problems are well 
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ealculated to cxerciie the student in the 
principles of the science. "We commend 
this abridgment to the attention of teachers, 
&iid induiee tlie hope that our common 
schools will hail its introduction as a work 
eminently useluL 

Baptiit Advocate, June 22, 1943. 
Day*s Algebra has been long and favor> 
ablf known in our schools and colleges. 
It is simple in arrangement and abounds in 
explanations, so that few studt-nts have dif- 
ficulty in progressing inteiligenily through 
the elementary parts of a science which, 
without very perspicuous explanations, is 
likely to appear abstruse. The principal 
objection to Day has been the paucity of 
examples. This deficiency has been sup- 
plied by Mr. Thomson, who, in connection 
with President Day, has prepared the pres- 
ent edition for the press- It contaiiu 353 
pages, and cannot fail to give satisfaction to 
those teachers and schohiis who use it. 

ChrUtian Advocate andJournal, June ?8, '43. 

Speaking of the ^ abridgment" the editor 
says : The work has issued from the press, 
nnder the most favorable auspices ; for it 
is sanctioned b} the authority of President 
Day, and thrown upon the patronage of a 
eommuuity in which the merits of Day,s 
Algebra are hiehly appreciated. Notwith- 
standingrthe well-known popularity of this 
work, we were not prepared for the an- 
nouncement, that '^ during the last fourteen 
years more than forty large editions have 
been called for." 

For the purposes of elementanr education 
we regfard the Abridgment as iw superior 
to the original ; for while it retains the ex- 
actness of definition, and clearness of iUus- 
tntion, which characterize that work, it 
has a decided advantage by a change in the 
arrangement of certain sections, and the 
addition of a very large number of examples. 
Commencing with the most simple points, 
the author conducts the student so gradually 
into the more difficult portions of the sub* 
ject, that, before he is aware of it, he has 
completely mastered the grand principles 
of the science. We cordially commend it to 
the examination of those who feel an inter- 
est in the advancement of this study among 
our youth, and wish it an equal share of 
patronage with its successful predecessor. 

• BoHon Atlas, July 8, 1843. 

We have examined an abridgment of 
Day's Elements of Algebra, by James B. 
Thomson, A. M., and have been convinced 
that it is by far the best work for begin- 
ners that has ever been published. 

Albany Evening JmtmaUJuly 11, 1843. 

The meriu of Day's Algebra, as a text- 
book for Aci^emies and Colleges, are too 
well known to require a studkd eulogy. 



In order, however, to adapt the work to the 
use of schools and young begimiers, it has 
been deemed expedient to make ^n abridg- 
ment. Mr. James B. Thomson, who was 
applied to by Mr. Day to do this, has ac- 
oumplished his task in the most satisfactory 
raanwr. The abridgment, which has jiut 
heen published, is a capital elementary 
work and eannot fiiil to come into fEeneral 
use. The publishers, Durrie & Feck, of 
New Haven, have brought out the work in 
excellent style. 

Albany Argus, July 12, 1843. 
Tiie introduction to Algebra, by President 
Day, of Yale College, which has long been 
the text book for stwienu in that institution, 
and has stood tlie test of some thirty years 
as a work of great excellence, is too well 
appreciated to need commendation now. 
An abridgment of the work is now befune 
us, designed to adapt it to the capacities of 
the young and the method of instruction in 
schools and academies. This labor has been 
pertbrmed.at the request, and. we presume, 
under the stipervision of President Dav, by 
Mr. Jas. B. Thomson, with eminent fidelity 
to the spirit and character of the original. 
The abridgment presents the science in a 
simple and attractive form— multiplying the 
number and adding to the variety ol the 
problems, and omiting only the more al^ 
struse parts, llie book is well worth the 
attention of all concerned in the education 
of youth. 

Veto England Puritan, Julu 14. 1843. 
Mr. Thomson was requested by President 
Day to undertake the work ot abridging 
his Algebra ; and bringing to the task h» 
mature knowledge of the sulyect, he has 
produced a work which will probabhr be 
very extensively adopted into the schools 
and academies of our country. It is one of 
the principal excellences of this work, that' 
it never uses one principle in the explana- 
tion of another, till that principle itself haa 
been explained. After the principles have 
been separately ex]>lained and illustrated, 
they are summed up in the form of a general 
rule ; and thus the inductive and syntbetie 
modes of reasoning are admirably eomfain- 
ed in the work. 

Geneva Advertiserf July 28, 1S43. 
From the examination we have been able 
to give ** Thomson's Abridgment," of Day'a 
Algebra, we are prepared to recommend it 
highly to teachers and pupils of common 
and select schools, as a valuable auxiliary to 
beginners in the higher Inranch of mathe- 
matics upon which it treats. The original 
work of Pivsident Day, has long been a de- 
served favorite with those engaged in edu- 
cation. In this abridgment, the eontents 
of the larger work are well arranged and 
elucidated and explained by limpla defini- 
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nitioiituid wtll tdapted problems, admin- 
bly luited to the wants afid neeessities of 
tte young mathentatidan. The object 
•ought for has been, to produce a work of 
smaller extent, yet fbller in explanation, 
more explicit and simple in definition, and 
more co^ous in example ; and this object 
has been happily attained. 

Beyond its intrinsic and apparent merits, 
it is supported by the good word of those 
whose favor has worth. It has been pre- 
pared under the authority and with -the 
confidence of President Day himself. 

Utka Gaxette,July 23, 1843. 

In a notice of Thomson's Abridgment of 
Day, the editor remarks : The design of 
the author was to produce a book adapted 
to the capacities of the young, and the meth- 
ed of instruction in schools and academies. 
In this he has been very successful, if we 
may believe the very strong recommenda- 
tions of those best qualified to judge. The 
fact that Mr. Thomson was selected by Pres. 
Day, to make the abridgment is sufficient 
proof of the mathematical abilities, he 
Drought to the task. 

We cheerfully recommend the work to 
tiie attention of the teachers of the schools 
for which it is intended. 

Rochester Advertiser^ Aug. 8, 1843, 
The title of the work will sufficiently in- 
dicate its character ; yet it may not be out 
of the way to state that the Abridgment is 
warmly commended by President Day, au- 
thor of the original work, as also by a long 
array of the most prominent Teachers in 
the country. 

Buffalo Commercial Advertiser, Aug.X^ 1843 
Public opinion has been so long and au- 
thoritativefy expressed in regara to the 
merits of President Day's Algebra, that it 
it almost unnecessary to say a single word 



in its favor. It has for many yeans been 
used as a text book in the colleges and 
schools, and has every where been received 
as one of the best works extant on the sub- 
ject It is, however, a more elaborate trea* 
tise than was required for use in our ordi- 
nary schools and academies, and for that 
purpose the abridgment is designed to sup- 
ply its place. In a notice to the public. 
President Day expresses his satisfaction 
with the manner in which Mr Thomson 
has executed his task, and also bears testi- 
mony to that ^ntleman^s mathematical 
talents and attainments, and his practical 
knowledge derived from several years' ex- 
perience as a teacher. 

Extract tcom Alonzo Beebe, Esq. 
Dear Sir,—* At a Conventbnof the Town 
Superintendents of Ontario County, N. T., 
it was voted to recommend your Abridg- 
ment of Day's Algebra to the common 
schools of the County. Previous to the 
Convention I chanced to meet with a copy, 
and was most favorably impressed with the 
plan, the plainness f and the perspicuity of the 
work. 

Very respectfully yours, 

ALONZO BEEBE. 
Canandaigna, March 19, 1844. 

From H, S. ffoisington„ Principal of Batti- 
cotta Seminary, Ceylon 

I have perused Thomson's Abridgment 
of Day's Algebra with care and with much 
pleasure, a seems to me to combine, in a 
singular degree, the excellencies of being 
deoTt simple and scientijict and admirably 
adapted to the use for which it is designed. 
It is well suited to meet our wants in Cey- 
lon, and I shaH be glad to introduce it at 
mice into the Seminary at Batticotta, of 
which I have tibe charge. 

H. R. HOISINGTON. 

Weft Hartford, April 30, 1844 
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PREFACE. 



Public opinion has pronounced the study of Algebra to be 
a desirable and important branch of popular education. This 
decision is one of the clearest proofs of an onward and sub* 
stantial progress in the cause of intellectual improvement in 
our country. A knowledge of algebra may not indeed be 
regarded as strictly necessary to the discharge of the conmion 
duties of life ; nevertheless no young person at the present 
day is considered as having a " finished education" without 
an acquaintance with its rudiments. 

The question with parents is, not " how Utile learning and 
discipline their children can get through the world with 5" 
but, " how much does their highest usefulness require ;*' and 
^ what are the best means to secure this end V 

It has long been a prevalent sentiment among teachers and 
the friends of education, that an abridgment of Day's Alge- 
bra, adapted to the wants of schools and academies, would 
greatly facilitate this object. Whilst his system has been 
deemed superior to any other work before the public, and 
most happily adapted to the circumstances of college students, 
for whom it was especially prepared ; it has also been felt, 
that a smaller and cheaper work, combining the simplicity of 
language and the unrivalled clearness with which the princi- 
ples of the science are there stated, would answer every pur- 
pose for beginners, and at the same time bring the subject 
within the means of the humblest child in the land. 
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17 PREFACE. 

In accordance with this sentiment, such a work has heen 
prepared, and is now presented to the public. The design 
of the work is to furnish an easy and lucid transition from 
the study of arithmetic to the higher branches of algebra and 
mathematics, and thus to subserve the important interests of 
a practical and thorough education. 

Its arrangement, with but few exceptions, is the same as 
that of the large work. For the sake of more convenient 
reference, the division by compound divisors, and the bino- 
mial theorem, both of which were originally placed after 
mathematical infinity, are brought forward, the former being 
placed after division of simple quantities, and the latter after 
involution of simple quantities. The reason for deferring 
the consideration of compound division in the original, was 
the fact that some of the terms contain powers which it is 
impossible for pupils at this stage of their progress to under- 
stand. To avoid this difficulty in the present work, whenever 
a power occurs, instead of using an index before it has been 
explained, the letter is repeated as a factor in the same man- 
ner as in multiplication, and also in dividing by a simple 
quantity. (Arts. 80, 94.) Afterwards, under division of 
powers, copious examples of dividing by compound quantities 
which have indices, are given. 

As continued arithmetical proportion and arithmetical pro- 
gression are one and the same thing, they are placed con- 
tiguously in the same section. For the same reason conti- 
nued geometrical proportion and geometrical progression are 
placed in a similar manner. Mathematical infinity, roots of 
binomial surds, infinite series, indeterminate co-efficients, 
composition and resolution of the higher equations, with equa- 
tions of curves, are subjects which belong to the higher and 
more difficult parts of algebra, and it has been thought ad- 
visable to omit them in the abridgment. Those who have 
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PEEFACE. V 

leisure and are desirous of acquiring a knowledge of these 
subjects, will find them explained with all the author's accus- 
tomed clearness and ability in his large work, to which they 
are respectfully referred. The similarity between the ope- 
rations in addition, subtraction, multiplication and division of 
radical quantities, and those of the same rules in powers ; 
also between involution and evolution of radicals, and of pow- 
ers, has been more fully developed, and the rules of both are 
expressed in as nearly the same language as the nature of 
the^case would admit. It has also been attempted to illus- 
trate the " Binomial Theorem," on the principles of induc- 
tion ; the second method of completing the square in qua- 
dratic equations has been demonstrated ; and other methods 
of completing the square pointed out, which, so far as the 
author knows, are original. 

It was a cardinal point with the distinguished author of the 
large work, never to use one principle in the explanation of 
another, until it had itself been explained, a characteristic of 
rare excellence in school-books and works of science. This 
plan has been rigidly adhered to, in the preparation of the 
abridgment. After the principles have been separately ex- 
plained, and illustrated by examples, they have then been 
carefully summed up in the present work, and placed in the 
form of a general rule. This, it is thought by competent 
judges, will be found very convenient and useful both to 
teachers and scholars. By this means the peculiar advan- 
tages of the inductive and synthetic modes of reasoning have 
been united, and made subservient alike to the pleasure and 
facility both of imparting and acquiring knowledge. 

As a guide to the attention of beginners to the more im- 
portant principles of the science, a few practical questions 
are placed at the foot of the page. They are intended to be 
merely suggestive. No thorough teacher will confine himself 
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VI PREFACE. 

to the questions of an author, however full and appropriate 
they may he. From a conviction that the answers to prob- 
lems have a tendency to destroy rather than promote habits 
of independent thinking and reasoning in the minds of learn- 
ers, they have nearly all been excluded from the book. For 
the convenience of teachers and others, who may entertain 
different views upon this point, the answers are given in a 
Key, in which may also be found a statement and solution 
of the more difficult examples contained in the work. 

The formation of correct habits of study and of thought, 
together with the extermination or prevention of had ones, 
requires the utmost vigilance and skill on the part of teach- 
ers. They must insist upon thoroughness^ upon " the why and 
wherefore^'* of each successive ^ep, or, in most cases, their pu- 
pils will fall in^o superficial and mechanical habits^ which are 
equally destructive of high attainments and future usefulness. 
To mould the youthful mind right ^ is an arduous and responsi- 
ble task ; sufficient to crush the jaded spirit and shattered 
nerves of a poorly paid teacher. Nevertheless it is a high 
and nobhy as well as indispensable work. Every conscien- 
tious teacher therefore, who appreciates the importance of his 
profession, or is worthy to be entrusted with this responsible 
charge, will cheerfully devote his energies to the work, what- 
ever mav be the sacrifice, or resign his trust to more faithful 
and able hands. '^ In mathematics as in war, it should be made 
a principle," says the author of the large work, " not to advance^ 
while anything is left unconquered behind. Neither is it suf- 
ficient that the student understands the nature of the propo- 
sition, or method of operation, before proceeding to another. 
He ought also to make himself familiar with every step, by a 
careful attention to the examples." h is emphatically true 
in algebra, that " practice makes perfect." For this reason 
the number of problems in the present work has been nearly 



Digitized by VjOOQIP 



PREFACE. Vll 

doubled ; the most of those added are original, and are calcu- 
lated to make the principles of the science more familiar. 

The merits of Day's Algebra are too well known and op- 
precicUed to require any comment. The fact that it has been 
adopted, as a text-book, by so many of our colleges and higher 
seminaries of learning ; that during the last fourteen years 
more than forty large editions have been called for, afbrds 
sufficient evidence of the superior rank which it holds in 
public estimation. 

With regard to the abridgment, it is fervently hoped that 
all who have felt the want of a lucid introductory work upon 
this science, will here find the fulfilment of their wishes. 
Those teachers who have used the large work in their colle- 
giate course or elsewhere, and who may have occasion to use 
this, will at least be saved from the inconvenience of unlearn^ 
ing one set of rules, and of learning a new and perhaps an 
inferior set, a work by no means un frequent, and of no small 
magnitude and perplexity. On the other hand, those scholars, 
who chance to use the abridgment in their preparatory course, 
will avoid the necessity of unlearning its rules and modes of 
operation in algebra, should they have occasion to use the 
large work in the subsequent part of their education. 

It has been the endeavor of the author to divest the study 
of algebra, once so formidable, of all its intricacy and repul- 
siveness; to illustrate its elementary principles so clearly^ 
that any school-boy of ordinary capacity may understand and 
apply them 5 and thus to render this interesting and useful 
science more attractive to the young. With what success 
these efforts have been attended, it remains for his fellovr 
teachers and an impartial public to decide. 

J. B. Thomson. 

New Haven, May 20, 1843. 
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NOTICE. 



Having been myself prevented, by impaired health, and 
official engagements, from preparing an abridgment of my 
Introduction to Algebra^ I applied to Mr. J. B. Thomson, to 
abridge the work, in such a manner as to adapt it to the de- 
mand and use of the higher schools and academies. 

I had confidence in his mathematical talents and attain- 
ments, and his practical knowledge, derived from several 
years' experience in teaching algebra, as qualifying him to 
make the abridgment proposed ; and I am gratified to find, 
on examination, that our design has been skilfully and satis- • 
factorily executed. The abridgment, it is hoped, will be fa- 
vorably received, by those who approve of the original work.^ 

J. DAY. 

Yftle CoUege, May 29, 1843. 
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ALGEBRA. 



SECTION I. 

I N T E O D ir C T I O N • 



Art. 1. Algebra is a general method of solving problems, and 
of investigating the relations of quantUies by means of letters 
and signs. 

IL LUSTRATION. 

Pros. 1. Suppose a maa divided 72 dollars amoog his 
th^ree sons in the following manner : To A he gave a certain 
number of dollars ; To 6 he gave three times as many as to 
A ; and to C he gave the remainder, which was half as many 
dollars as A and B received. How many dollars did he give 
to each 1 

1. To solve this problem arithmetically, the pupil would 
reason thus: A had a certain part, i. e. one share ; B received 
three times as much, or three shares ; but C had hcdf as much 
as A and B ; hence he must have received two shares. By 
adding their respective shares, the sum is six shares, which • 
by the conditions of the question is equal to 72 dols. If then 
6 shares are equal to 72 dols., 1 share is equal to i of 72, 
viz. 12 dols., which is A's share. B had three times as many, 
viz. 36 dols., and C half as many dols. as both, viz. 24 dols. 

Quest. — What is algebra 7 How solve Prob. 1 arithmetically? 
2 
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2. Now to solve the same problem by algebra^ he would use 
letters and signs ; thus, 

Let ic represent A's share ; then by the conditions, 

a? X 3 will represent B's share ; and 

4a? -f- 2 will represent C's share. 

Add together the several shares^ or a?'s j thus, a?+3a?+2a:= 
6x. Then will 6a: =72, for the whole is equal to all its parts ; 
and 107=12 dols. A's share; 3a;=36 dols. B's share; and 
2a?=24 dols. C's share. 

Proof. Add together the number of dollars received by 
each, and the sum will be equal to 72, the amount divided. 

In this algebraic solution it will be observed ; First^ that 
we represent the number of dollars which A received by x. 
Second^ to obtain B's share, we must multiply A's share by 3. 
This multiplicaiion is represented by two lines crossing each 
other like a capital X. Third, to find C's share, we must 
take half the sum of A's and B's share. This division is 
d^oted by a line between two dots!. Fourth, the addition of 
their respective shares is denoted by another cross formed by 
a horizontal and perpendicular line. Take another example. 

Prob. 2. A boy wishes to lay out 96 cents for peaches and 
oranges, and wants to get an equal number of each. He 
finds that he must give 2 cents for a peach and 4 for an 
orange. How many can he buy of each 1 

Let X denote the number of each. Now since the price of 
one peach is 2 cents, the price of x peaches will be xx2. 
cents, or 2x cents. For the same reason xxif, or 4a7 cents, 
will denote the price of x oranges. Then will 2a:+4a?, that 
isy 6a^ be equal to 96 cents by the conditions, and Ix is equal 

QxTxar.^— How by algebra? How denote A's share? How B's and 
C's ? What is the Aare of each ? In Prob. 2, how represent the 
number of each kind? What represents the price of each kind? 
The Ans. ? 
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lo ^ of 96 cents, viz. 16 cents, ishich is the nomber lie bought 
of each. 

2. Quantities in algebra are generally expressed by 
letterSj as in the preceding problems. Thus b may be put 
for 2 or 15, ot any other number which we may wish to 
express. It must not be inferred, however, that the letter 
used, has no dttermmate valae. Its value is fixed for the OC' 
casion or problem on. which it is employed ; and remains un* 
altered throughout tiie solution of that problem. But on a 
different occasion, or in anoiher problefm, the same letter may 
be put for any other number. Thus in Prob. 1, x was put 
for A's diare of the money. Its value was 12 dols. and re- 
mained fixed through the operation. In Prob. 2, x was put 
for the number of each kind of fruit. Its value was 16, and 
it remained so through the calculation. 

3. By the term quantity^ we mean anything which can be 
mttliipliedj, divided^ or measured. Thus a Ime, we^hiy Hme^ 
mtmber^ &c., are called quantities* 

4>. The first letters of the alphabet are used to express 
known quantities j and the last letters, those whicli are un- 
known, 

5. Known quantities are those whose values are given, or 
may be easily inferred from the conditions of the problem 
jmder consideration. 

6. Unknown quantities are those whose values are not 
given. 

7. Sometimes^ however, the quantities, instead of being ex- 
pressed by letters, are set down in figures, 

QiTZST. — ^How are quantities expressed in algebra 7 What does eaek 
letter stand for ? Has the letter used no determinate value ? What is 
meant by quantity ? Give examines. Which letters are used to denote 
known quantities ? Which unknown ? What are known quantities ? Un- 
known ? Are figures ever used in algebra ? 
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8. Besides letters and figures, it will also be seen that we 
use certain signs or characters in algebra to indicate the rela' 
iions of the quantities, or the operations which are to be per- 
formed with them, instead of writing out these relations and 
operations in words. Among these is the sign of addition 
(+), subtraction (— ), equality (=), &c. 

9. Jlddition is represented by two lines (+), one horizon- 
tal, the other perpendicular, forming a cross, which is called 
flus. It signifies "more," or "added to." Thus a+h sig- 
nifies that h is to be added to a. It is read a plus 6, or a add- 
ed to by or a and b. 

10. Subtraction is represented by a short horizontal line 
(— ) which is called minus* Thus a— ft, signifies that b is 
to be " subtracted " from a ; and is read a minus ft, or a 
less ft. 

11. The sign + i^ prefixed to quantities which are con- 
sidered as positive or affirmaiive ; and the sign — , to those 
which are supposed to be negative. For the nature of this 
distinction, see Arts. 36 and 37. 

1 2. The sign is generally omitted before the first or leading 
quantity, unless it is negative ; then it must always be writ- 
ten. When no sign is prefixed to a quantity, -f is always 
understood. Thus a -|- ft is the same as+a+ft. 

13. Sometimes fto^A+and — (the latter being put under 
the former, ±) are prefixed to the same letter. The sign is 
then said to be ambiguous. Thus a±ft signifies, that in cer- 

QuEST. — What besides letters and figures are used in algebra '/ What 
is the sign of addition? How read? What does it signify? How is 
subtraction represented? What called? What signify? What sign 
have positive quantities? What negative? What is said as to the 
sign of the leading quantity? When none is expressed what sign is 
understood ? When both + and — are prefixed to the same letter, what 
is the sign called ? What does it show ? What we like signs ? What 
unlike? 
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tain eases, comprehended in a general solution, b is to be add 
ed to <f, and in other cases subtracted from it. 

Obser. When all the signs are plus, or all minut^ they are 
said to be alike ; when some are plus and others minus, they 
are called unlike, 

14*. The equality of two quantities, or sets of quantities, is 
expressed by two parallel lines =. Thus a+b=:dy signifies 
that a and b together are equal to d. So 8+4=16—4=10 
+2=7+2+3. 

15. When the first of the two quantities compared, is 
greater than the other, the character > is placed between 
them. Thus a>6 signifies that a is greater than b. 

If the first is hss than the other, the character < is used j 
as a<6 ; i. e. a is less than b. In both cases, the quantity 
towards which the character opensy is greater than the other. 

16. A numeral figure is often prefixed to a letter. This is 
called a co-efficieni. It shows how often the quantity expressed 
by the letter is to be taken. Thus 2b signifies twice b i and 
9^, 9 times 6, or 9 multiplied into b. 

The co-efiicient may be either a whole number or a frac- 
tion. Thus |6 is two thirds of b. When the co-efiicient is 
not expressed, 1 is always to be understood. Thus a is the 
same as la i i. e. once a. 

17. The co-eflicientmayalsobea&«er,aswellas a figure. 
In the quantity mby m may be considered the co-efi^cient of 
b ; because b is to be taken as many times as there are units 
in m. If m stands for 6, then mb is six times b. In SabCy 3 
may be considered as the co-efficient of abc i 3a the co-effi- 
cient of be ; or 3aby the co-efficient of c. 

Quest. — ^How is equality represented ? How inequality ? What is a 
eo-effieient? What does it show? When no co-efficient is expressed, 
what is understood? Is the co-efficient always a whole number? Is it 
always a figure I 

2* 
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18. A simple quantity is either a single letter or number, 
or several letters connected together t^^i^Jbot^ the signs + and 
— . Thus a, abj abd and Sbj are each of them simple quan- 
tities. 

19. A compound quantity consists of a numher of simple 
quantities connected by the sign + or — . Thus a+b, d — y, 
6— J+3A, are each compound quantities. The members of 
which each is composed are called tenns. 

20. If there are two terms in a compound quantity, it is 
called a binomial. Thus a+^b and a^b are binomials. The 
latter is also called a rm^ft^ quantity, because it expresses 
the difference of two quantities, or the remainder, after one is 
taken from the other. A compound quantity consisting of 
three terms, is sometimes called a trinomial; one of four 
terms, a quadrinomial, &;c. 

21. When the several members of a compound quantity 
are to be subjected to the same operation, they must be cJon- 

nected by a line ( ) called a vinculum, or by a parenthc' 

sis ( ). Thus a—b+c, or a—{b-\-c), shows that the sum of 
b and c is to be subtracted from a. But a—b+c signifies 
that b only is to be subtracted from a, while c is to be added. 

22. A single letter, or a number of letters, representing 
any quantities with their relations, is called an algebraic ex* 
pression, or formula. Thasa+b+3d is an algebraic expres- 
sion. 

23. Multiplication is usually denoted by two oblique lines 
crossing each other thus x . Thus ax b is a multiplied into 
b : and 6 x 3 is 6 times 3, or 6 into 3. Sometimes a point is 

QxTEST. — ^What is a simple quantity ? A compound ? If there are two 
terms, what is it called ? Three ? Four ? When several terms are sub- 
jected to the same operation, how is this shown ? What is an algebraic 
expressioUf or formula ? In how many ways is multiplication represented ? 
First? Second? Third? 
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used to indicate multiplication. Thus a . bh the same as 
axb. But the sign of multiplication is more commonly 
omitted, between simple quantities ; and the letters are con- 
nected together in the form of a word or syllable. Thus ab 
is the same sls a , b or axb. And bcde is the same as bxc. 
Xdxe. When a compound quantity is to be multiplied, a 
vinculum or parenthesis is used, as in the case of subtraction. 
Thus the sum of a and b multiplied into the sum of c and d, 
is fl-f-A X c+d, or (a+b) X (c+d). And (6+2) X 5 is 
8x5, or 40. But 6+2x5 is 6+10, or 16. When the marks 
of parenthesis are used, the sign of multiplication is frequently 
omitted. Thus (x+y) (x— y) is (x+y) x (a:— y). 

24. When two or more quantities are multiplied together, 
each of them is called a factor. In the product ai, a is a 
factor, and so is b. In the product xx(a+m\ x is one of 
the factors, and a+m the other. Hence every co-efficient 
may be considered a factor. (Art. 17.) In the product 3y, 
3 is a factor as well as y. 

25. A quantity is said to be resolved inio factors^ when any 
factors are taken, which, being multiplied together, will pro- 
duce the given quantity. Ihus ^ab may be resolved into 
the two factors 3a and 6, because 3a x ^ is 3a&. And bamn 
may be resolved into the three factors 5a, and m, and n. 
And 48 may be resolved into the two factors 2 X 24, or 3 x 16, 
or 4 X 12, or 6 X 8 5 or into the three factors 2 x 3 x 8, or 4 X 
6x2, &c. 

26. Dhnsion is expressed in two ways: 1st. By a hori- 
zontal line between two dots -i-, which shows that the quan- 
tity preceding it, is to be divided by that which follows. 
Thus, a-^Cy is a divided by c. 

QuEST.^— What is a factor ? When is a quantity resolved into factors ? 
Factors of Zdb 1 bamn ? 48 ? In how many ways is division expressed ? 
First? 
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2d. Dmsion is more commonly e^^ressed in the form of a 
fraction^ patting the dividend in the place of the numerator, 

and the divisor in that of the denominator. Thus •- is a divid- 



ed by ^. 

27. When four quantities are proportional^ the proportion 
is expressed by points, in the same manner as in the Rule of 
Three in arithmetic. Thus a: b :: c: d signifies that a has 
to 6, the same ratio which c has to J. And ab : cd: : a+m : 
b-\-n, means that ab is to cd^ as the sum of a and m, to the 
sum of b and n. 

28. Algebraic quantities are said to be alike, when they 
are expressed by the same letters, and are of the same power; 
and unlike, when the letters are different, o&when the same 
letter is raised to different powers.* Thus ab, 3a6, —db^ 
and — 6a6, are like quantities, because the letters are the 
same in each, although the signs and co-efficients are differ 
ent. But 3a, 3y, 3^07, are unlike quantities, because the let- 
ters are unlike, although there is no difference in the signs 
and co-efficients. So x, xx, and xxx, are unlike quantitiesy 
because they are different powers of the same quantity. 
(They are usually written a?, tx? and a^.) And universally if 
any quantity is repeated as a factor a number of times in one 
instance, and a different number of times in another, the pro- 
ducts will be unlike quantities / thus cc, cccc and c, are un* 
like quantities. But if the same quantity is repeated as a 
factor the same number of times in each instance, the products 
are like quantities. Thus aaa, aaa, aaa and aaa, are like 
quantities. 

Quest.— Second ? The most common T How is proportion expressed T 
What are like quantities ? Unlike ? What kind of quantities are 3a6 and 
6a5 ? aa and aaa f aa and aaf xx and xxx ? 

* For the notation of jpouiert and rooU^ see sections Yin, IX. 
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29. One quantity is said to be a multiple of another, when 
the former contains the latter a certain number of times with- 
out a remainder. Thus 10a is a multiple of 2a ] and 24 is a 
multiple of 6. 

30. One quantity is said to be a measure of another, when 
the former is contained in the latter any number of times, 
without a remainder. Thus 36 is a measure of 156 ; and 7 
is a measure of 35. 

31. The value of an expression, is the number or quantity 
for which the expression stands. Thus the value of 3+4? is 
7; of 3x4 is 12: of ^ is 2. 

32. The RECIPEOCAL of a quantity, is the quotient arising 
from dividing a unit by that quantity. The reciprocal of a 

is— 5 the reciprocal of a+h is — - ; the reciprocal of 4 is ~ 

33. What is the algebraic expression for the following 
statement, in which the letters a, 6, c, &;c., may be supposed 
to represent any given quantities % 

Ex. 1. The product of a, h and c, divided by the difference 
of c and J, is equal to the sum of b and c added to 15 times A. 

Ans. =6+c+15A. 

c — d 

2. The product of the difference of a and h into the sum 
of 6, c and dy is equal to 37 times m, added to the quotient 
of b divided by the sum of h and b. 

3. The sum of a and 6, is to the quotient of b divided by 
c, as the product of a into c, to 12 times A. 

4. The sum of a, b and c, divided by six times their pro- 
duct, is equal to four times their sum diminished by d, 

5. The quotient of 6 divided by the sum of a and 6, is equal 
to 7 times (/, diminished by the quotient of 6, divided by 36. 

Quest. — When is one quantity a multiple of another? When a meas- 
ure / What is the value of an algebraic expression 1 What is the reci- 
procal of a quantity ? 
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34. What will the following expressions become, when 
woxds are substituted for the signs 1 

A a+c 
Ans. The sum of a and b divided by A, is equal to the pro- 
duct of a, b and c diminished by 6 times m, and increased by 
the quotient of a divided by the sum of a and c. 
3A-C , h 

8. fl+7(A+x)-ir^=(a+A) (6-c.) 

9. a— 6:ac::^Z*:3x(A^-d-fy)• 
10 g-A rf+fl^ ^gx(rf4-A) _ cd 

S+^b—c) ^ 2ifi "" aw A-f-oim 

35. At the close of an algekraic process it is often neces- 
sary to restore the numbers for which letters have been sub- 
stituted at the beginning. In doing this the sign x must nai 
be omitted between the numbers, as it generally is between 
factors depressed by letters. Thus if a stands for 3, and i 
for 4, the product ab is not 34, but 3x4, i. e. 12. Suppose 
a=:3 5 A=4; 0=2; rf=6; i»=8; andn=10. 

Find the value of the following algebraic expressions. 

11. f^+a+m»=i2ilf3+8x 10=9+3+80=92. Ans. 

^ ^+mn , ^c+n _ 4+80 4x2+ 10 _fl ^^ 
"' cd 3d 2x6 3x6 

13. *+^+^«i-l^ii£l 14. j^ff,+ «&+3(f _ 36n^Jc 
c 5a d ^d 

15.afo»+-?*-+2n. 16. (a+c)x(n-«)+^^i-a. 
m—b »i— a 

^^ a X (d+c) ^^f^^_ {c+b) X (m^i) 

n— d n— 6c 
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18. '^+^+m-^^ + {M-^)x(a-c) 
2n+3 » • 

POSITIVE AND NEGATIYB QTTANTITIBS. 

36. A posxTiVB or affdiiutivb quantity is one which is to 
be addedj and has the sign+prefixed to it, (Art. 11.) 

37. A NEGATIVE quantity is one which is required to he sub- 
tracted, and hqs the sign — prefixed to it. 

When several quantities enter into a calculation, it is fre- 
quently necessary that some of them should he added toge- 
ther, while others are subtracted. 

If, for instance, the profits of trade are the subject of cal- 
culation, and the gain is considered positive, the loss will be 
negative ; because the latter must be subtracted from the form- 
er, to determine the clear profit. If the sums of a book ac- 
count are brought into an algebraic process, the debt and 
the credit are distinguished by opposite signs. 

38. The terms positive and negative, as used in the mathe- 
matics, are merely relative. They imply that there is, either 
in the nature of the quantities, or in their circumstances, or 
in the purposes which they are to answer in calculation, some 
such opposition as requires that one should be subtracted from 
the other. But this opposition is not that of existence and 
non-eri^^enctf, nor of one thing greater than nothings and an- 
other less than nothing. For in many cases either of the signs 
may be, indifiTerently and at pleasure, applied to the very same 
quantity; that is, the two characters may change pla- 
ces. In determining the progress of a ship, for instance, her 

QxTEST.— What is a positive quantity ? What sign has it 1 What is a 
negative quantity ? What sign has it 7 In business transactions, how it 
the gain considered ? Loss ? How are the terms positive and negative 
used in mathematics ? Imply what 7 
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easting may be marked +, and her westing—; or the westing' 
may be-j-, and the easting—. All that is necessary i», 
that the two signs be prefixed to the quantities, in such a. 
manner as to show, which are to be added, and which sub- 
tracted. In different processes, they may be differently ap- 
plied. On one occasion, a downward motion may be called, 
positive, and on another occasion negative. 

39. In every algebraic calculation, some one of the quan- 
tities must be fixed upon to be considered positive. All other 
quantities which will increase this, must be positive also. But 
those which will tend to diminish it, must be negative. In a 
mercantile concern, if the stock is supposed to be positive, 
the profits will be positive ; for xYlby increase the stock ; they 
are to be added to it. But the losses will be negative ; for 
they diminish the stock ; they are to be subtracted from it. 

40. A negative quantity is frequently greater than the posi- 
tive one with which it is connected. But how, it may be 
asked, can the former be subtracted from the latter 1 The 
greater is certainly not contained in the less : how then can 
it be taken out of it 1 The answer to this is, that the greater 
may be supposed first to exhaust the less, and then to leave a 
remainder equal to the difference between the two. If a man 
has in his possession 1000 dollars, and has contracted a debt 
of 1500 ; the latter subtracted from the former, not only ex- 
hausts the whole of it, but leaves a balance of 500 against 
him. In common language, he is 500 dollars worse than 
nothing. 

41. In this way, it frequently happens, in the course of an 
algebraic process, that a negative quantity is brought to stand 

Quest. — How determine which quantities are positive ? Negative ? 
Is a negative quaptity ever greater than a positive, with which it is 
connected ? How subtract the former from the latter in such a case ? 
Give examples. Does a negative quantity ever stand alone? What 
denote ? 
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alone. It has the sign of subtraction, without being con- 
nected with any other quantity, from which it is to be sub- 
tracted. This denotes that a previous subtraction has left a 
remainder, which is a part ^f the quantity subtracted. If 
the latitude of a ship which is 20 degrees north of the equator, 
is considered positive, and if she sails south 25 degrees : her 
motion first diminishes her latitude, then reduces it to noth- 
ingy and finally gives her 5 degrees of sotuh latitude. The 
sign — prefixed to the 25 degrees, is retained before the 5, 
to show that this is what remains of the southward motion, 
after balancing the 20 degrees of north latitude. 

42. A quantity is sometimes said to be subtracted from 0. 
By this is meant, that it belongs on the negative side of 0. 
But a quantity is said to be added to 0, when it belongs on 
the positive side. Thus, in speaking of the degrees of a 
thermometer, 0+6 means 6 degrees above Oj and 0—6, 6 
degrees below 0. 

AXIOMS. 

43. An AXIOM is a self-evident proposition, 

1. If the same quantity or equal quantities be added to 
equal quantities, their sums will be equal. 

2. If the same quantity or equal quantities be subtracted 
from equal quantities, the remainders will be equal. 

3. If equal quantities be multiplied into the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be divided by the same or equal 
quantities, the quotients will be equal. 

5. If the same quantity be both added to and subtracted 
from another, the value of the latter will not be altered. 

6. If a quantity be both multiplied and divided by another, 
the value of the former will not be altered. 

Quest. — What is meant by subtracting a quantity from ? Added to 
7 What is an axiom ? Name some. 

i 



Digitized by VjOOQIC 



26 ALGEBSA. [Sect, n 

7. Quantities which are respectively equal to any other 
quantity, are equal to each other. 

8. The whole of a quantity is greater than a part. 

9. The whole of a quantity ii^ equal to all its parts., y 



SECTION II, 

ADDITION. 



Abt. 44. Ex. 1. John has x marhles and gains b marbles 
more. How many marbles has? he in alll 

In this example we wish to add x marbles to b marbles. 
But addition in algebra is denoted by the sign +. Hence 
x+b is the answer : i, e. John has the sum of x marbles add- 
ed to b marbles. 

2. What is the sum of 3b dollars added to the sum of c 
dollars and / dollars 1 

By algebraic notation, 3b+c+f dollars is the answer. 

45. The learner may be curious to know how many mar- 
bles there are in x+b marbles; and how many dollars in 
Sb+c+f dollars 1 This depends upon the number each let- 
ter stands for. But the questions do not decide what this 
number is. It is not the object^ in adding them, to ascertain 
the specific value of x and y, or of by c and /; but to find 
an algebraic expression, which will represent their sum or 
amount. This process is called addition. Hence 

46. Addition in algebra may be defined, the connecting of 
several quantities with their signs in one expression. 

Quest,— How is addition denoted ? Write the sun of a, 6, c and d* 
What is this process called ? Define addition. 
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47. QuarUitiu may be added^ by writing them one after another^ 
without altering their signs, 

N. B. A guantiiy to which no sign is prefixed is elvmjs to he 
considered positive, i. e. the sign + is understood. (Art. 12.) 
What is the sum of a+m, and b—S, and 2h — 3m+d 1 

a+«i+ft— 8+2A— 3ffi+J. Ans. 

48. It is immaterial in what order the terms or letters are 
arranged. If you add 6 and 3 and 9, the amount is the 
same, whether you put the 6, 3, or 9 first, viz. 18. But it is 
frequently more convenient and therefore customary to arrange 
the letters alphahetically. 

49. It often happens that the expression denoting the sum 
or amount, can be simplified by reducing several terms to 
one. Thus the amount 2a4-7a4-4a, may be abridged by 
uniting the three terms in one. Thus 2a added to 7a is 9a, 
and 4a added to 9a makes 13a. Or 2a-|-7a-f4a=13a. 

There are two cases in which reductions can be made. 

50. Gasb I. When the quantities are alike and the signs 
alike, as -}-46-{-56, or — 4y — 3y, &c. Md the co-efficients, 
annex the common letter or letters, and prefix the common sign, 

EXAMPLES. 

1. What is the sum of 3a, 4a and 6a ? 

3a4.4a-|-6a=13a. Ans. 

2. Bxy 3. 76-|- xy 4. ry-^-Sabh 5. cdxy-^-Smg 
Ixy 86-j-3a?y •^^+ ^^A* 2c(tey-|- mg 

xy 26+2a?y 6ry-\Aabh 5cd!a?y-{-7mg 

2xy 66-j-5a?y 2*7+ '^^^ lcdxy-\Smg 

N. B. The mode of proceeding is the same, when all the signs 
are — . Thus — 36c — be — bbc= — 96c. 

Quest.— How add quantities ? When no sign is prefixed to a quantity, 
what is understood ? In what order are the terms or letters generally 
arranged ? Why ? Can expressions denoting the sum, ever be simplified I 
How? Case first? 
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7. _ ax 8. — 2a5— my 9. —Zach Sbdy 

— 3ax — ab — 3my — ach bdy 

— 2ax — lab — %my — 5acA Ibdy 

51. Case II. When the quaruities are alike, but the signs 
unlikey as +9b and — 6b. 

Take the less co-efficierd from the greater ; to the differencey 
annex the common letter or letters^ and prefix the sign of the 
greater co-efficient. 

Suppose a man's loss $500 and his gain $2000. The alge- 
braic notation is — 500-|-2000, i. e. $500 is to be subtracted 
from his stock, and $2000 added to it. But it will be the same 
in effect, and the expression will be greatly abridged, if we 
add the difference between $500 and $2000, viz. $1500, to 
his stock. 

10. What is the sum of ISab and —lab 1 Ans. 9aJ. 

11. 12. 13. 14.. 15. 

To +4>b 6bc 2hm — dy-\-6m 3h— dx 

Add —6ft —76c — 9Aj» My— m bh-\^dx 

53. If several positive, and several negative quantities are 
to be reduced to one term 5 first reduce those which are posi- 
tive, next those which are negative to one term, and then pro- 
ceed as in Art. 51. 

16. Reduce 136-|-65+6 — ib — 56— 7ft, to one term. 
13ft+6ft+ft=20ft5 and —4ft— 5ft— 7ft =— 16ft. 

Then 20ft ~16ft=4ft. Ans. 

17. Add Zxy — xy-\-'lxy — lxy-\Axy^%xy-{-lxy — 6iry. 

18. Add *^ad'^%ad^d-\-lad--^ad^%ad—%ad-^ad. 

19. Add 2aftm — 6Lbm-{-labm — 3aftm-f-7aftm. 

20. Add axy — laocy+Saxy — axy — Saxy-\-^Jaxy, 



QussT. — How are like quantities added when their signs are unlike ? 
When several positive and several negative quantities are to he reduced to 
one term, how proceed ? 
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54. If two equal quantities have contrary signs^ they destroy 
each other, and may be cancelled. Thus -j-66 — 6^3=0. And 
(3x6)-18=0, so7*c— 7^c=0. 

55. If the letters, or quantities in the several terms to be addedy 
are unlike, they can only be placed after each other ^ with their 
proper signs. (Art. 47.) 

21. If 46, and — 6y, and 3x^ and 17A, and -^5i, and 6, be 
added ; their sum will be 4tb — 6y-\-3x+llh — 5rf-|-6. 

22. Add aaj aaa^ to xx, xxx and xxxx. 

Difierent letters, and different powers of the same letter, 
can no more be united in the same term, than dollars and 
guineas can be added, so as to make a single sum. Six guin- 
eas and four dollars are neither ten guineas nor ten dollars. 

56. From the foregoing principles we derive the following 

GBI^E&AL RULE FOR ADDITION. 

Write down the quantities to be added without altering their 
signSy placing those that are alike under each other / and unite 
such terms as are similar. 

23. To Sbc—ed^^bSy ^ These may be arranged thus: 
Add —3bc+x—3d-^g i 36c— 6rf+26— 3y 
And 2d+y+3x+b ) — 36c— 3(i + ^+l>g 

Hd+b +y+Sx 

The sum will be — 7(^-36— 2y-{-4a?-|-6g, 

EXAMPLES FOR PRACTICE. 

1. Aid a6+8, to erf— 3, and Soft— 4«i+2. ' ? *' ' 

^ 2. Add a?+3y— (to, to 7— a?— 84-Am. j , — / / / 7 ' 
3. Add 0601 — 3x+6«, to y— a?+7, and 5a?— 6y-}-9. *^ - t 

QxTEST.-^If two equal quantities have contrary signs, what is the effect 1 
If the letters in the several terms are unlike, how are they added ? What 
then is the general rule for addition 7 
3* 
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4. Add 3«»i-f6— 7«y— 8, to ICkry— 9+5flm. '. * ^^/Z-f-l ^ 

5. Add 6aAy+7rf— 1-fmiry, to 3aAy— 7(l-f-17— »ia?y. ' '' '^^ 

6. Add 7iirf— A-{-8xy— flkf, to bad-\-h—lxy. ; . V ^ /- * 1^ 

7. Add Za9 — ^y-\-x^ to ab — ay-\J)x — h, 

8. Add %— 3ax-|-2a, to 36a7— ^y-}^ 

9. Add ar-|-6y— «y, to — 6y-{-2^-{-5aa?. 

10. Add41c(i/-10xy--185, to 7jy+246+3c^. 

11. Add 35«— 17a?y+18a, to 4a«— 56a?-f63cx. 

12. Add 8<i6— 6dc+4ci— 7ay, to 17»i7i+18/g— 2ax. 

13. Add — 42a6c-|-10a6(/, to dOa^c^-ldaic/^^ayz. 
14p. Add ia?--y+6— d/-f44, to 4^/— 20-f 3ar+75y. 

15. Add 45a— 105+4c4f, to 82^— 4c(f/flOa— 4&. 

16. Add 12(«+*)+3(a+*), to 2(a-f5)— 10(«+A). 

17. Add xy{aJ^b)+Zx%i{a-\-b\ to 2a?y(a+6)— 4«y(a-fi). 

18. Add ax-{-aa, x+xxx^ 4aa+5ix+a«, and ^txxx. 
49. Add y — yy+^^ 2xa?+10yy, to 4jcy+6y — %xx. 

20. Add aaa+4aaa, to lOooa — 14aaa4-8aaa. 

21. Add 12yyyy — 10«ap, to 20j?x— 8yyyy+2xap+3yyyy. 

22. Add4(a?— y)-.l3^ to (a+5)— 16(x— y)— 7(a+*). 

23. Add a(x+y)— 6y, to 40((i— 5)-|-8a(a?-f-y)— 36(a— ^). 

24. Add 10(iicy+176c(i — axy^ to %axy — 146crf. 

25. Add — «4-y+6«(a--6)— 7a?, to 16y— I5x(a— ^)-|-25a?. 

26. Add — 4(a?+y)4-16(a?-(-y,) to 15«^— 10(ap+y). 

27. Add babe — 6a?y-|-»n, a-|-6a6c+ 14a;y — lla-^6mn, to 

15a?y — 17a^ — 15a — abc-^^ — 3mn-f-a^» 

28. Adda(ic+y) — 3%+y)— .4a(a?+y)-4(x+y)— (ar+y), 

to 4^(a?+y)+7a(x+y)4-5(x+y)+6^(x+y). 
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SECTION III. 

SUBTRACTION. ' 

Art. 57. Subtraction in algebra is finding the difference of 
two quantities or sets of quantities. 

EX. 1. Charles has 5a pears and James has 3a pears. How 
many more has Charles than James 1 In this example we 
wish to take 3a pears from 5a pears. But subtraction in al- 
gebra is denoted by the sign — . Hence 5a— 3a pears repre- 
sents the answer. But 5a— 3a = 2a pears. Ans. 

2. A gentleman owns a house valued at $4500 1 but he is 
in debt $800. How much is he worth 1 

-$4500-$800=$3700. Ans. 

58. Let us now attend to the principle upon which Ihis ope- 
ration is performed. To illustrate this point, let us suppose 
that you open a book account with your neighbor. When 
footed up, the debtor side, which is considered positive, is 
$500. The credit side, which is considered negative, is 
$300. You balance the account, and find he owes you $500 
— $300=$200. Now if you take $50 from th^ positive or 
debtor side, it will have the same effect on the balance, as if 
you add $50 to the negative or credit side. On the other 
hand, if you take $50 from the negative or credit side, it 
will have the same effect on the balance, as if you add $50 
to the positive or debtor side. 

59. Hence universally, taking away a positive quantity from 
an algebraic expression is the same in effect as adding an equal 
negative quantity ; and taking away a negative quantity, is the 
same as adding an equal positive one. 

Quest. — ^What is subtraction / On what principle is the rule founded 7 
How illustrate this ? What is the rule for subtraction ? 
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60. Upon this principle is founded the following 

GENERAL SULE FOR SUBTRACTION. 

I. Change the signs of all the quantities to be subtracted^ 
i. e. of the subtrahendy or suppose them to be changed from 
"{•to —y or from — f o -f-« ' . 

II. If the quaniities are alike, unite the terms as in addi- 
tion. (Arts. 50, 51.) 

III. If the quantities are unlike, change the signs of the 
subtrahend^ and write its terms after the minuend, (Art. 55.) 

EXAMPLES. 

1. From 6a+U ( ^t^f%^^. \ 6«+96 > ^^^ 3^ .5^^ 
Take 3a +46 ( hendthas: I -^3a— 46 J ' 

% From 166 3. \Ua 4. —28 5. —166 6. —V^da 
Subt. 126 6Ja —16 —126 — 6ito 

7. 166 8. 126 9. Ua 10. —16 11. —126 12. — ^da 
286 166 14(fa —28 —166 — 14rfa 

14. +166 15. +14(fa 16. —28 17. —166 18. —\Ua 
—126 — 6(/a +16 +126 + Ua 

19. From 8a6, take ^x-g, Ans. 8a6 — 6j?y. 

20. 6flay 21. \^aaxx 22. Ud^Zd^iddd 
Hay 20rtx lOdc +2dddd-\~4fdy. 

62. From these examples, it will be seen that the difference 
between a positive and a negative quantity, may be greater 
than either of the two quantities. In a thermometer, the dif-* 
ference between 28 degrees above zero, and 16 below, is 
44 degrees. The difference between gaining 1000 dollars in 
trade, and losing 500, is equivalent to 1500 dollars. 



Digitized by VjOOQIC 



Arts. 60-66.] 



SITBTEACTION. 



33 



63. Proof. — Subtraction may be proved, as in arithmetic, 
by adding the remainder to the subtrahend. The sum ought 
to be equal to the minuend, upon the obvious principle, that 
the difference of two quantities added to one of them, is 
equal to the other 



23. From2j?y— 1 

Subt.— a?y+7 

Hem. 3xy — 8, 

24". h+3bx 
3h—9bx 



Proof. 



' — xy-\-l the subtrahend. 
3xy — 8 remainder. 

2xy — 1 minuend. 

26. nd-lby 



^=-25. hy—ah 

5hy—6ah bnd—by 

27. 28. 29. 30. 

3abm— xy — 17+4aa? ax+ lb Sah+axy 

"labm+Sxy —20— ax —4tax+15b —lah+axy 

65. When there are several terms alike in the subtrahend, 
they may be united and their sum be used. Thus, 

31. From aJ, subtract Sam + am + 7 am + 2am + 6am. 
Ans. a6— 3aOT— am— 7am— 2aOT— 6aOT=a^— 19a»». 

32. From y^ subtract a--a--a—a. 

33. From ax—bc+Bax+lbc, subtract 4fbc—2ax+bc+^ax. 

34. From ad+3dc—bXy subtract Sad+lbx—dc+ad. 

66. The sign — , placed ^e^ore the marks of parenthesis 
which include a number of quantities, requires, that when 
these marks are removed, the signs of all the quantities thus 
included should be changed. 

Thus tf— (6— c+rf) signifies that the quantities 6, —c and 
+i, are to be subtracted from a. Remove the ( ) and the 
expression will then become a—b+c—d. 

35. xy+d—(lad—xy+d+hm) = —'7ad+2xy—hm. 

Quest. — How proved ? When — is placed before a () which includes 
a quantity, if the () is removed, what must be done ? 
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67. On the other hand, when a number of quantities are 
introduced withiii the marks of parenthesis, with — imme- 
diately preceding, the signs must be changed. 

Thus --m+b'-dx+dhziz—^m—b+dx—dh). 



EXAMPLES FOE FEACTICE. 

1. From Qab+lxy+lSd/g, take 3xy+4^ab+SdJg. 

2. From — 35aap— 21a^— 37»*, take — SOm-^lbab — lOax. 

3. Ftom9ay+19bx+22bc, take 12ay+31bc+50bx. 

4. From Sxy—i0ab+6d, take — 12o&+10cf+24a?y. 

5. From la+Sx+df+xyz, take 3x^^a—3df-^17xyz. 

6. From lSbc—xy+2^h, take 4ilxy—gh+bc. 

7. From 21aa?+y+ac— ay, take 4a — bc+x—yz^dc. 

8. From 21a?+40a?y— 13a, take 42+ lOa^— 5k. 

9. From 5a?y, take 2ab+3Qab+ab — iab. 

10. From 5aa?+16ay, take 4aa?^— ay+3aa?+4ay. 

11. From a+ 5, take -—(c+d—f+g—h— icy). 

il2. From7a&+16a?y— 7a(/, take — (6a6--12xy+a(f). 

13. Required to. introduce the following quantities within 
a parenthesis with — immediately preceding, without alter- 
ing their value ; — a-^-b — c — d+f+gh. 

14. Also, ab-^dx+df'-fx-^^ghf^bc^xyz, 

15. From 4a?a?4-6W&, take 3xx-\-Ubb. 

16. From 20yy— 2y+12aaa, take 15yy-— 2y— 12aaa. 

17. From -8(a-f^)-|.10(a?+y), take 2(a+^)~.6(a?4.y). 

18. From 4(a+Z^)— 16(a?~y), take 17(a+^)+36(a?— y). 

19. From 2a— ao-f^a, take a — 4aa — 6ba. 



Quest.— When a number of quantities are introduced within a () with 
— before it, what must be done ? 
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5iO. From a?a?+3a?— ira?a?, teike,2x+3xx^l0xxx. 
21. From 18— 25o5+20x-f3y, take 3x+3y-^25ah+l. 
^ 22. From 6(a— y)— 17(a+y), take 3(a+y)— 7(a--y). 

23. From ax—xy-^my—6y take 6aa?— 6a7y--ay4-4.6 — 7(^. 

24. From 66flH-4ft, take 20a— 5— 30a— 16(^— 36+5a. 



SECTION IV. 

MULTIPLICATION. 

Art. 68. Ex. 1. What will 4 lemons cost at x cents a piece 1 

If 1 lemon costs x cts. 4 lemons will cost 4 times as much, 
1. e. ix cents. Ans. 

2. How much can a man earn in 5 months at a dols. per 
month 1 Reasoning as before, ax 5=5a dols. Ans. 

Now 4a: is equal to x-{-x-\'X'\-x j and 5a=a-|-a4'«+a4a. 

69. This repeated addition of a quantity to itself is called mul- 
tiplication. 

Obs. From the definition of Multiplication, it is manifest that 
the product is a quantity of the same kind as the multiplicand. 

70. Multiplying by a whole number is taking the multipli" 
cand as many times as there are units in the multiplier. 

Multiplying by I, is taking the multiplicand once^ as a. 
Mult, by 2, is taking the multiplicand twice^ as a-\-a^ &c. 

71. Multiplying by a fraction is taking a certain portion 
of the multiplicand as many times as there are like portions of 
a unit in the multiplier. 

Mult, by ^, is taking \ of the multiplicand once^ as \a. 
Mult, by f , is taking \ of the multiplicand tmce^ as ^+J«' 

Quest. — ^What is multiplication 7 Of what denomination is the pro- 
'dnct 7 What is it to multiply by a whole number ? By a fraction 7 By 
I? By|l By||T 
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72. Muliiplying two or more letters together^ is writing them 
one after the other y either with^ or without the sign ofmultipHca' 
Hon between them. 

Thus h multiplied into c is 6 x c, or ft . c, or be. And x into 
y, into z, is oJXyXz, or x. y . z^ or more commonly written 
xyz. And am into xy is amxy. So abc into xyz is abcxyz. 

73. It is immaterial as to the result in what order the letters 
are arranged. The prod, of ba is the same as ab, 3 times 
5 is equal to 5 times 3. The prod, of o, b and c, is oftc, or 
baCy or co6, or cftfl. It is more convenient, however, to place 
the letters in alphabetical order. 

14}, When the letters have numerical co-efficients, these 
must be multiplied together, and prefixed to the product of the 
letters. 

1. Multiply 3a into 25. Ans. 6ab. For if a into b is aft, 
then 3 times a into ft is evidently 3aft j and if, instead of mul- 
tiplying by ft, we multiply by twice ft, the product must be 
twice as great ; that is, 2 X 3aft, or 6aft. 

2 Mult. 12% 3. 3dh 4. 2ad 5. Ibdh 6. 3ay 
Into 2ra7 my IShmg x Smx 

75. If either of the factors consists of figures only, these 
must be multiplied into the co-efficients and letters of the 
other factors. 

Thus 3aft into 4, is 12aft. And 36 into 2a?, is 72a?. And 
24; into Ay, is 24Ay. 

76. If the multiplicand is a compound quantity, each of its 
terms must be multiplied into the multiplier. Thus b-\'C-\-d 
into a is ab-^ac+ad. For the whole of the multiplicand is 
to be taken as many times as there are units in the multiplier. 

Quest. — ^How are two or more letters malt;plied together ? In what 
order are they arranged? When letters have numeral co-efficients? 
If either factor consists of figures only ? If the multiplicand is a com* 
pound quantity? 
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7. Mult. d+2xy 8. U+m 9. 3A/+1 10. 2hm+3 
Into 3b 6dy my iA 

77. N. B. The preceding instances must not be confounded 
with those in which several factors are connected by the 
sign X , or by a point. In the latter case, the multiplier is to 
be written before the other factors withotu being repeated. 
The product oi bxd into a, is ab x d^ and not ab x ad. For 
bxd is bd^ and this into a, is abd. (Art. 72.) The expres- 
sion bxd is not to be considered like ^-|~^, a compound quan- 
tity consisting of two terms. Different terms are always sep- 
arated by -f or — . (Art. 19.) The product of bxhxmxy 
into a, is a X & X A X m x y, or abhmy. But &-|.A-|.m-|-y into a 
is a6-|-aA-|-am-|-ay. 

78. If both the factors are compound quantities, each term 
in the multiplier must be multiplied into each term in the mul' 
tiplicand. Thus (o+J) into (c+d) is ac-^ad-^bc-\~bd. 

For the units in the multiplier a-f 6, are equal to the units 
in a, added to the units in b. Therefore the product produced 
by a, must be added to the product produced by b. 

The product of c+rf into a is ac-\-ad. ) . . „„ . 
The product of cJ^-d into b is bc+bd. J v • V 
The product of c-j-d into 04^ is therefore aC'\^d-{-bc-{J>d 

11. Mult. 3x+d 12. 4ay+2ft 13. o+l 14. 26+7 
Into 2a+A»i 3c+rx 3x-f4 6d+l 

15. Mult, d+rx+h into 6m4-4+7y. 

16. Mult. 7+6b+ad into 3r-f4+2A. 



Quest. — Does it make any difiference in the result whether the quanti- 
ties are connected by the sign X, or + ? If both factors are coiDpoii]i4 
quantities, how proceed ? 
4 
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79. When several terms in the product are alike, it will be 
expedient to set one under the other, and then to unite them 
by the rules for reduction in addition. Thus, 

17. Mult, b+a 18. b+c+2 19. a+ y+1 

Into b+a b+c+3 35-f2a?+7 

bb-^ 



Prod. bb+2ab-{-aa. 

20. Mult. 3a+d-^4} into 2a+3d-\-h 

21. Mult, b+cd+2 into 36-f4.C(f-[-7. 

22. Mult. 3b+2x+h into aydx2x. 

80. It will be easy to see that when the multiplier and mul- 
tiplicand consist of any quantity, repeated as a factor, this 
factor will be repeated in the product as many times as in 
the multiplier and multiplicand together. (Art. 163, 3.) 

23. Mult, ax ax a. Here a is repeated three times as a factor. 
Into ax a Here it is repeated ttuice. 

Prod, axaxaxaxa. Here it is repeated Jive times, 

24. What is the product of bbbb into bbb 1 

25. What is the product of 2a? x 3a: x 4a? into 5a? x 6a: 1 

81. But the numeral co-efficients of several fellow-factors 
' should be brought together by multiplication. Thus 

26. 2a x 3b into 4a X 5^ is 2a X 36 X 4^ X 55, or \20aabb. 
For the co-efficients are factors, (Art. 24,) and it is imma- 
terial in what order these are arranged. (Art. 73.) So that 



Quest. — ^When several terms in the product are alike, how proceed ? 
When the multiplier and multiplicand consist of the same factor repeated, 
how many times will it be repeated in the product ? What should be done 
with numeral co->efficients ? 
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2ax3ix4ax5^=:2x3x4x5xaXax6x&=120aaW. 

27. The product of 3ax46A into 6mx6y1 

28. The product of 46 x 6d into 2a?+ 1 ? 

RULE FOR SIGNS IN THE PRODUCT. ^ 

82. + into + produces + j — into + gives — ; + into 
— gives — ; and — into — gives +• That is, if the signs 
of the factors are alike, the sign of the product will be affirmo' 
tive ; but if the signs of the factors are unlike, the sign of the 
product will be negative, 

83. The first case, that of + into +, needs no farther 
illustration. The second is — into +, that is, the multipli- 
cand is negative, and the multiplier positive. Thus, — a into 
+4 is —4a. For the repetitions of the multiplicand are, 
— a-— a — a — a = —4a. 

30. Mult. 2a— ff» 31. h—3d+i 32. a— 2— 7(i— a? 
Into 3A4-« 2y 3b+h 

84. In the two preceding cases, the positive sign prefixed 
to the multiplier shows, that the repetitions of the multipli- 
cand are to he added to the other quantities with which the 
multiplier is connected. But in the two remaining cases, 
the negative sign prefixed to the multiplier, indicates that 
the sum of the repetitions of the multiplicand are to he sub* 
traded from the other quantities. (Arts. 70, 71.) 

Obser. This subtraction is performed, at the time of multi- 
plying, by making the sign of the product opposite to that of 
the multiplicand. Thus -f-a into — 4 is — 4a. For the repe- 
titions of the multiplicand are, -|-a-|-a-|-a-[-ar=-|-4a. 



Quest. — Rule for the signs ? When the multiplicand is +> what does 
it show? When — , what? When and how is the subtraction per- 
formed ? 
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But this sum is to be subtracted from the other quantities 
with which the multiplier is connected. It will then become 
—4a. (Art. 59.) 

Thus in the expression 6^(4 x a) it is manifest that 4 X a 
is to be subtracted from b. Now 4 X a is 4a, that is -)-4a. 
But to subtract this from b^ the sign -|- must be changed into 
— . So that b — (4xa) is ^ — 4a. And ax— 4 is therefore 



Again, suppose the multiplicand is a, and the multiplier 
(6 — 4). As (6 — 4) is equal to 2, the product will be equal 
to 2a. This is less than the product of 6 into a. To obtain 
then the product of the compound multiplier (6 — 4) into a, 
we must subtract the product of the negative part from that 
of the positive part. 

33. Multiplying a ) j^ ^^^ ^^^ ^^ ( Multiplying a 

Into 6—4 ) ( Into 2 



And the product 6a — 4a, is the same as the product, 2a. 
But if the multiplier had been (6-|-4), the two products 
must have been added. 

34. Multiplying a ) .^ ^^^ ^^^ ^^ ) Multiplying a 

Into 6+4 ) ) Into 10 

And the product 6a+4a, is the same as the product 10a. 

N. B. This shows at once the difference between multi- 
plying by a positive factor, and multiplying by a negative one. 
In the former case, the sum of the repetitions of the multi- 
plicand is to be added to^ in the latter subtracted from, the 
other quantities with which the multiplier is connected. 
(Art. 41.) 



Quest. — ^What is the difference between multiplying by a positive factor 
and a negative one 7 
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Art. 85.] MULTIPLtCATION. 41 

36. Mult, a+h 37. 3dy+hx+2 38. 3A+3 

Into b — X mr — ab ad — 6 

85. If two negatives be multiplied together, the product 
will be affirmative: — 4x — a=-|-4a. In this case, as in 
the preceding, the repetitions of the multiplicand are to be 
subtracted^ because the multiplier has the negative sign. 
These repetitions, if the multiplicand is — a, and the multi- 
plier — 4?, are — a — a — a — a= — 4ja. But this is to be sub- 
tracted by changing the sign. It then becomes -j-4a. 

Suppose — a is multiplied into (6 — 4). As 6 — 4=2, the 
product is, evidently, twice the multiplicand, that is, — 2a. 
But if we multiply — a into 6 and 4t separately ; — a into 6 
is — 6a, and — a into 4 is — 4a. (Art. 83.) As in the mul- 
tiplier, 4 is to be subtracted from 6 ; so, in the product, — 4a 
must be subtracted from — 6a. Now —4a becomes by sub- 
traction -|-4'z. The whole product then is — 6a-j-4a, which 
is equal to — 2a. Or thus, 

39. Multiplying -a ) .^ ^^^ ^^^^ ^^ ) Multiplying -a 
Into 6—4 ) i Into 2 



And the prod. — 6a-j-4a, is equal to the product — 2a. 

It is often considered a great mystery, that the product of 
two negatives should be affirmative. But it amounts to 
nothing more than this, that the subtraction of a negative 
quantity is equivalent to the addition of an affirmative one, 
(Arts. 68, 59 ;) and. therefore, that the repeated subtraction of a 
negative quantity, is equivalent to a repeated addition of an 
affirmative one. Taking off from a roan's hands a debt of 
ten dollars every month, is adding ten dollars a month to the 
value of his property. 



Quest. — Explain how — into — gives +. 
4* 
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40. Multiply 0—4 into 36—6. 

41. Mult. Sad—ah-^l into 4— <fy— Ar. 

42. Mult 2Ay4-30i— 1 into 4(£— 2x4^. 

86. Positive and negative terms may frequently balance 
each other, so as to disappear in the product. (Art. 54.) 

43. Mult, a — b 44. mm — yy 45. aa-\-ab-\-bb 
Into a+i mm-^-yy a — b 

aa — ab 

Prod, aa * — bb. 

87. For many purposes, it is sufficient merely to indicate 
the multiplication of compound quantities, without actually 
multiplying the several terms. Thus (Art. 23,) the product of 

a-l-^-j-c into A+w-f y, is (a-j-6-[-c) x (A+w»-[-y). >/ 

47. What is the product of a-f-^ ^^^o A-[-a? and i+y ? 

By this method of representing multiplication, an important 
advantage is often gained, in preserving the factors distinct 
from each other. 

When the several terms are multiplied in form, the expres- 
sion is said to he expanded. 

48. What does (a+6) X (c-|-rf) become when expanded 1 
89. With a given multiplicand, the less the multiplier, the 

less will be the product. If then the multiplier be reduced 
to nothings the product will be nothing. Thus ax 0=0. 
And if be one of any number of fellow-factors, the product 
of the whole will be nothing. 



Quest. — ^Is it always necessary actually to perfonn the multiplication f 
What advantage is gained by representing it? When is an expres- 
sion said to be expanded ? When you multiply a quantity by 0^ what is 
the product 7 
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49. What is the product o( abxcxSdxOI 

50. And {a+ b) x (c+d) x (h-^m) x % 

From the preceding principles we derive the following 

GENERAL RULE FOR MULTIPLICATION. 

90. Multiply the letters and co-efficients of each term in the 
multiplicand^ into the letters and co-efficients of each term in the 
multiplier ; and prefix to tach term of the product^ the sign re- 
quired by the principle, that like signs produce 4-9 ond unlike 
signs — / lasHyy unite snch terms as are similar. 

EXAMPLES FOR PRACTICE. 

1. Mult. 0-f 3^— 2 into 4a--6&— 4. 

2. Mult. 4aJxa?x2 into 3my — 1-f-A. 

3. Mult. (7aA— y)x4* into 4a?x3x5xc^. 

4. Mult. (6ab—hd+l)x2 into (S-{Ax—l)xd. 
■ — 5. Mult. 3ay-f y— 4+A into (d-\-x) x (h+y). 
— 6. Mult. 6aa?— (4A-— (f) into (i-|-l) x (A+1). 

— 7. Mult. 7ay— l-fAx(rf— 0?) into — (r-|-3 — im). 

8. Mult. a-|-6 into a-^-b into a-^b, 

9. Mult. a?-f y into x — y into x-^y, 

10. Mult, aa-^-bb into cc-\-4d into xx-\-yy. 

11. Mult. abc^def-\.x — 7-fy into aJ^-b. 

12. Mult. xy—yy^lO into aa— 12. 

13. Mult. 4f(x-\-y) into 3a into'6i into 3. 

14. Mult. 3(o-f54-c-|-rf) into xyz into m. 

15. Mult, a—b^c+d into 5x(c+(f).| 

16. Mult. a?x-|-a?y-|-yy into x — y. 



Quest. — ^What is the general rule for multiplication ? 
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17. Mult, aaa — bbb into a€M-\-bbL 

18. Mult, aa — ax-\-xx into a-\-x. 

19. Mult, yyy — ayy-^-aay — aaa into y+a- 

20. Mult. lba-{-20bb into 3a-—4bb. 
9.1. Mult. 3a(a?-f y) x4 into a^b.\ 

-^2. Mult. 21a?y— 18a+2— 7c into 1 — x. 
.--23. Mult. 2ax — y into — (^+2) into xyz. 
*^4. Mult. 254-6a5 into — (a?— y) into — 2-f «i. 
' ^. Mult. aa^2ab+bb into a-|-5 into a-[-5. v 



SECTION V. 



DIVISION. 



Art. 91. Prob. 1. A man divided 48a: peaches among' 6 
boys. How many did each receive 1 

If 6 boys receive 48a: peaches, it is manifest 1 boy will 
receive \ of 48a? peaches; but -^ of 48a?=48a:~6=8af 
peaches. Ans. 

2. If 8 hats cost 24a dollars, what will 1 hat cost 1 

Reasoning as before, 1 hat will cost ^ of 24a dollars, viz. 
da dollars. Ans. 

This process is called division. It consists in finding how 
many times one quantity contains another ; and is the reverse 
of multiplication. The quantity to be divided is called the 
dividend ; the given factor, the divisor ; and that which is re- | 
quired, the quotient. Hence, 

QussT. — ^What is division ? Of what, the reverse ? The quantity to 
be divided, called ? To divide by ? The quantity sought ? 
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Division is finding a quotient^ which multiplied into the 
divisor will produce the dividend. 

92. As the product of the divisor and quotient is equal to 
the dividend, the quotient may be found, by resolving the 
dividend into two such factors, that one of them shall be the 
divisor. The other will, of course, be the quotient. 

Suppose abd is to be divided by a. The factors a and bd 
will produce the dividend. The first of these, being a divi- 
sor, may be set aside. The other is tho quotient. Hence, 

When the divisor is found as a factor in tjie dividend j the 
division is performed by cancelling this factor. 

1. Divide ex by c. Ans. x, 2. Divide dh by d. 

3. Divide drx 4. hmy 5. dhxy 6. abed 7. abxy 
By dr hm dy b ax 

93. Proof. — Multiply the divisor and quotient together^ 
and the product will be equal to the dividend^ if the work is 
right. 

Thus ax-i-a the quotient is x. Proof. xxa=zax, dividend. 
94*. If a letter is repeated in the dividend, care must be 
taken that the factor rejected be only equal to the divisor. 
8. Divide aab by a. Ans. ab. 9. Divide bbx by b. 
10. Div. aadddx 11. aammyy 12. aaaxxxh 13. yyy 
By ad amy aaxx yy 

In such instances, it is obvious that we are not to reject 
every letter in the dividend which is the same with one in the 
divisor. 

95. If the dividend consists of any factors whatever^ ex- 
punging one of them is dividing by it. 

Quest. — When the divisor is a factor of the dividend, how proceed ? 
Proof? If the letter is repeated in the dividend, what is necessary? 
If the dividend consist of any factors, what effect has expunging one of 
them? 
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14. Divide a(b-{^d) by a. Ans. b-{-d. 

15. Div. a(b+d) 16. {b+x)(c-\^) 17. (b+y)x(d—A)x 
By *-(-(i 6-fa? </— A 

96. If there are numeral co-efficients prefixed to the letters^ 
the do-efficients of the dividend must be divided by the co-efficients 
of the divisor. 

18. Divide Qab by 2b. Ans. 3a. 19. Div. ISdxy by 4*dx. 
20. Div. 2bdhr 21. 12a?y 22. B4<drx 23. 20hm 
By (24 6 34 m 

97. When a simple factor is multiplied into a compound 
one, the former enters into every term of the latter. (Art. 76.) 
Thus a into b^d, is ab-\-ad. Such a product is easily 
resolved again into its original factors. Thus a^-\-ad= 
ax(b+d), 

25. a^+ac+aA=:ax(^4-c+A). 

26. What are the factors of amh'\^mx-\-amy 1 

27. What are the factors of iad+Sah+12am+4>ay 1 
Now if the whole quantity be divided by one of these fac- 
tors, according to Art. 95, the quotient will be the other factor. 

Thus, (ab+ad)-i-a=b+d. 

29. ((d>+ad)^(b+d)=a. Hence, 

If the divisor is contained in every term of a compound 
dividend, it must be cancelled in each. 





30. 


31. 


32. 


33. 


Div. 


aJ+ac 


bdh+bdy 


aoA+ay 


drx+dhx+dxy 


By 


a 


b 


a 


dx 



Quest.— If there are numeral co-efficients, how proceed? When 
the divisor is contained in every term of a compound dividend, how 
proceed ? 
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34. 35. 36. 37. 

Div. 6a6+12ac lOdry+lQd 12Aa?+8 3Mm+Udx 
By 3a 2d 4 Id 

98. On the other hand, if a compound expression contain' 
ing any factor in every term, be divided by the other quantities 
connected by their signs, the quotient will be that factor. See 
the first part of the preceding article. 



38. 


39. 


40. 


41. 


Div. ab-\-ac-\-ah 


amh-\-amx-\-amy 


4Mb+Say 


ahm-\-ahy 


By 6-l-c-l-A 


A+*+y 


J+2y 


«»+y 



99. In division, as well as in multiplication, the cau- 
tion must be observed, not to confound terms with factors. 
(Art. 77.) 

42. Thus (ab-{^)-^a^b+c. (Art. 97.) 

43. But {abxac)-^a=:aabc-i-a=abc. 

44. Quot. of (ab+ac)^{b-\^)l 45. And a6xacH-(5xc)? 

100. Signs. — In division, the same rule is to be observed re* 
specting the signs, as in multiplication ; that is, if the divisor 
and dividend are both positive, or both negative, the quotient 
must be positive : if one is positive and the other negative, the 
quotient must be negative. (Art. 82.) 

This is manifest from the consideration that the product 
of the divisor and quotient must be the same as the dividend. 



46. If -fax+5=r-fa&^ 

47. " —ax+b=--ab 

48. " ^ax-b ab ^^^"^ 

49. « —ax—b^^'+abj 



(+ab 
-^ab. 
—ab 

[+ab- 



+5=— a 
— 5=-f(i 
— b=s — a 



Quest. — What caution as to terms and factors f The mle for the 
signs ? 
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50. 51. 52. 53. 

Dir. abx 8a— lOcy Sax — 6ay 6am xdh 

By —a —2a 2a —2a 

101. If the letters of the divisor are not to he found in the 
dividend, the division is expressed by writing the divisor under 
the dividend in the form of a vulgar fraction. 

XV . d — X 

54. Thus xtf-r- a=-^. 55. (d—x)^—h=^^. 

This is a method of denoting division, rather than an ac- 
tual performing of the operation. But the purposes of divi- 
sion may frequently be answered by these fractional expres- 
sions. As they are of the same nature with other vulgar 
fractions, they may be added, subtracted, multiplied, 6cc. 

102. If some of the letters in the divisor are in each 
term of the dividend, the fractional expression may be ren- 
dered more simple, by rejecting equal factors from the nu- 
merator and denominator. 

56. 57. 58. 59. 60. 

Div. ab dhx ahm — Say ab+bx 2am 

By ac dy ab by 2xy 

N. B. These reductions are made upon the principle, that 
a given divisor is contained in a given dividend, just as many 
times as double the divisor in double the dividend ; triple the 
divisor in triple the dividend, &;c. 

103. If the divisor is in some of the terms of the dividend, 
but not in all, those which contain the divisor may be divid- 
ed as in Art. 92, and the others set down in the form of a 
fraction. 

QxTssT. — ^If the letters of the divisor are not found in the dividend, how 
proceed ? If some of the letters in the divisor are found in each term of 
the dividend 7 If the divisor is in some of the terms of the dividend, but 
not in all? 
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61. Thus(a5+rf)-r«i8chher ^+^ or —+^ or *+£ 

a a a a 

62. 63, 64. 65, 

Div. dxy+rx-^hd 2ah+ad+x ^-f 3y 2my+dh 
By X a — b 2m 

104. The quotient of any quantity divided by iiself or 0$ 

tqualf is obviously a unit. Thus -ssl. 

a 

67. So, ^=1. 68. -L.. ./ 69.?i±:!l 

3aap 4+2 ' o-}-^— 3A 

70. 71. 72. 73. 

Div. or-f a? 3W— 3c^ 4aa?y— 4a+8ad 3a5-|-3— 6»» 

By a? 3d 4a 3 

Cor. If the dividend is greater than the divisor, the quotient 
must be greater than a unit : but if the dividend is less than 
the divisor, the quotient must be less than a unit./ 

74. Divide 25 by 5. Ans. 5. 75. -i=l Ans. 

^ 20 5 

DIVISION BY COMPOUND DIVISORS.* 

105. Ex. 1. Divide ac+bc+ad+bd, by a+b. 

c+b)ac+bc+ad+bd(c+d 

ac-^-bCy the first subtrahend. 

• • 

ad+bd 

ad+bd^ the second subtrahend. 



QxTXST. — ^To what is the quotient of any quantity divided by itself^ 
equal 7 Corollary ? 

*The reason for inserting this article in the present place, inay be 
'earned from the pre&ce. 
5 
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Here ac, the first term of the dividend, is divided by a, the 
first term of the divisor, (Art. 92,) which gives c for the first 
term of the quotient. Multiplying the whole divisor by this, 
we have ac+bc to be subtracted from the two first terms of 
the dividend. The two remaining terms are then brought 
down, and the first of them is divided by the first term of 
the divisor as before. This gives d for the second term of 
the quotient. Then multiplying the divisor by dj we have 
ad+bd to be subtracted, which exhausts the whole dividend 
without leaving any remainder. (Art. 98.) 

The rule is founded on this principle, that the product of 
the divisor into the several parts of the quotient, is equal to 
the dividend; (Art. 91.) 

106. Bpfore begtnning to divide^ the term9 should be so 
arranged that the letter^ which is in the first term of the divisor^ 
shall also be in the first term of the dividend, Jf this letter is 
repeated as a factory either in the divisor ^ or dividend ^ or inboth^ 
the terms should be arranged in the following order ; put that 
term first, which contains this letter the greatest number of 
times ; the term containing it the next greatest number of times^ 
nextj and so on. 

2. Divide 2aab+bbb-\-.2abb+aaa by aa-^b+ab. • 

If we take aa for the first term of the divisor^ the other 
terms must be arranged according to the number of times a 
is repeated as a factor in each. Thus, 

aa+ab+bb)aaa+2aab+2abb+bbb(a+b 
aaa+ aab+ abb 



aab+ abb+bbb 
aab+ abb-^bbb 



Qt^EST.— Wlien the divisor and dividend are both compound quantities^ 
how arnmge the tenns ? 
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N. B. The strictest attention must be paid to the rules for 
the signs in subtraction, multiplication, and division. (Arts. 
60, 82, 100.) 

3. Divide a?a?— 2a?y-)-yy, by x—y. 

4. Divide aa—bb^ by a-^b, 

5. Divide bb+2bc+cc, by b-\-c. 

6. Divide aaa-^xx^ by a-f-o?. 

7. Divide 2aa?— 2aaa:— 3aaa?y+6aaaa?-f-aa?y— apy, by 2a— y 

8. Divide a-^-b^c—ax—bx-^-cx^ by a^b—c. 

9. Divide ac-^bc-\'ad-\-bd-\-x^ by o-|-^. 
10. Divide ad — ah-^-bd — bJi-\-y, by d — A. 

107. From the preceding principles we derive the following 

. 6ENEKAL B 17 L £ FOR DIVISION. 

I. Division, in all casesy may be expressed by writing the 
divisor under the dividend in the form of a fraction. 

II. When the divisor and dividend are both simple quantities^ 
and have letters or factors common to each ; divide the co^effi' 
dent of the divisor by that of the dividend, and cancel thefaC' 
tors in the dividend which are equal to those in the divisor. 

III. When the divisor is a simple, and the dividend a com- 
pound quantity ; divide each term of the dividend by the divi' 
sor as before ; setting down those terms which cannot be divide 
ed in the form of a fraction. 

IV. If the divisor and dividend are both compound quantu 
ties J arrange the terms according to Art. 106. 

To obtain the first term in the quotient, divide the first term 
of the dividend by the first term of the divisor. Multiply the 
whole divisor by the term placed in the quotient ; subtract the 

Quest.— What ia the general rule for division ? 
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product from the dividend / and to the remainder^ bring down 
or many of the following terms as shall be necessary to con- 
tinue the operation. Divide again by the first term of the divi- 
sor^ and proceed as before^ till all the terms of the dividend are 
brought down, 

V. Signs. — If the signs in the divisor and dividend are 
ALIKE, the quotient will be-^-'^ if unlike, the quotient will be — . 

EXAMPLES FOR PRACTICE. 

1. Divide 12aby+eabx-^lSbhm+Ub, by 6bJ(^Mi-^ii-^^*^ 
% Divide 16a— 12-(-8y-f4— 20a(/x+i», by 44 J^-^-^^prt/-^ ^ 

3. Divide (a— 2A) x (Sw+y) x a?, by (a— 2A)x(3f»-fy.)r^ 

4. Divide aAi-|4arf-f3ay— a, by Arf— 4(/-|-3y— l.^r A^ 

5. Divide ax — ry-^-ad — 4my — 6-(-a, by 

6. Divide amy-\-'^my — mxy-\^m — d, by — dmy^ 

7. Divide flrd— 6a4-2r— Ad-f 6, by 2ari. 

8. Divide 6aa? — %^^lxyJ^ — 6Ay, by 4ary.' 

9. Divide 16a3ca?— 12xya6-(-24aterf— 36aAg&, by 4aft. 

10. Divide 21aa6y4^2cdxaa-|-14aaa — 35aaaa6, by laa. 

11. Divide 12abxyz — 6hdabxy~\-.2ixyabm, by 3abxy. 

12. Divide Sor— 36ftir-|-42— 72ca?+30(M?, by 3a?. 

13. Divide 40aft-4(a?+y)+72+12(a+5)+48c, by —4. 

14. Divide abX'-'cdx+Sgx-\-x, by ab — crf-fSg+l. 

15. Divide 24a?yz— 36c(^ — iSabcd, by 12a?yz— 18cti^24aki 

16. Divide — ab — ad-\-ax(a-\-b) — 4.2oa?y-(-fl6, by — a. 

17. Divide 6am— -100^+20— 12cd-f 17a, by —2am. 
-^18. Divide xyz+6x+2z'—l+2xyz{a+b), by 6a?y«. 

19. Divide — 6ac— 12ic— 6a6 — 10— 2aa5kc, by — 6ak. 

20. Divide 18a^+16a&r— 2066cm+24a6, by 2b. 
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21. Divide 16a?— 24+8a+84— 20aa?— a, by —4. 
22- Divide (a?— y) X (3a+a?) x ft, by (a?— y) X (3a+ap). 

23. Divide 41dx(4— a)x(a?+y), by (4— a)x41(i. 

24. Divide — 40jcy+7aft« — Sahmx^ by —40y+7aft — SoAm. 

25. Divide 20(aft+ 1)— 60(aft+ l)+50((i6+ 1), by 5a. 

Examples of Compound Quantities. 

26. Divide 6ax+2xy — 3ab — by+3ac+cy+hy by 3a+y. 

27. Divide aaft— 3aa-f2a6— 6a— 45-f22, by 6— 3. 

28. Divide ftft-f 35c+2cc, by b+c. 

29. Divide 8aoa— W6, by 2a — b. 

30. Divide xxx — 3axa?-[-3aaa? — aaa, by a? — a. 

31. Divide 2yyy— 19yy-f 26y— W, by y— 8. 

32. Divide xxxxxx — 1, by x — 1. 

33. Divide 4a:ara?x— 9xa?-|-6x— 3, by 2a?a?+3a? — 1. 

Note. — For examples in dividing compound quantities in 
which the indices are used, see Art. ^94, Exs. 23-40, and 
Art. 196. y 



SECTION VI. 

FEACTI0N8. 



Art. 108. Fractions in algebra^ as well as in arithmetic, 
have reference to parts of numbers or quantities. The term 
is derived from a Latin word, which signifies broken. Thus 

- 18 Jaj ^ IS \b\ -J IS fa; and y is ^jp. 



Quest.— What are fractions 7 From what is the term denved 7 Th« 
meaning of it 7 

5^ 
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109. Expressions in the form of fractions occur mare fre- 
quently in algebra than in arithmetic. Most instances in 
division belong to this class. Indeed the numerator o£ 
every fraction may be considered as a dividend^ of which the 
denominator is a divisor. 

110. The value of a fraction, is the quotient of the nume- 
rator divided by the denominator. 

6 ab . 

Thus the value of tt is 3. The value of -7- is a. 
z 

111. From this it is evident, that whatever changes are 
made in the terms of a fraction, if the quotient is not altered, 
the value remains the same. For any fraction, therefore, 
we may substitute any other fraction which will give the same 
quotient. • • 

^^ 4 10 45a Sdrx 64-2 . ^ , 

Thus -=^=_=j^=_ &c. For the quotient m 

each of these instances is 2. 

112. It is also evident from the preceding articles, that if 
the numerator and denominator are both multiplied, or both 
divided, by the same quantity, the value of the fraction will not 
be altered. 

Thus f =f|^, each term being multiplied by 9 5 and f|-= 
^= J, each term being divided by 3, and that quotient by 3 

^ bx abx ^bx ^bx hibx 
•^"^ So T=ir="ar="p-=1^5 for the quotient 

in each case is x. 

113. Any integral quantity may, without altering its 
value, be thrown into the form of a fraction, by making 1 the 
denof^inator ; or by multiplying the quantity into any proposed 

Quest. — Are fractions in arithmetic or algebra the more frequent? 
When division is expressed in the form of a fraction, where do you 
place the divisor ? What is the valne of a fraction 7 If the numerator 
and denominator are both multiplied, or both divided by the same quan- 
tity, how IS the value affected 7 How put an integer into the form of a 
fraction 7 
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denominator^ and the product will be the numercOor of thefraC' 
iion required. 

Thus a=g=^= °'^+°^ =gg^. The quot. of each is a. 
1 b d+k 6dA 

So«i+A=^±^. Andr+1=?*!:+?* 
X 2dr 

114. Signs. — (1.) Each sign in the numerator and denomi- 
nator of a fraction, afiects only the single term to which it 
is prefixed. 

(2.) The dividing line answers the purpose of a vinculumy 
i. e. it connects the several terms of which the numerator 
and denominator may each he composed. 

The sign prefixed to it, therefore, affects the whole fraction 
collectively. It shows that the value of the whole fraction is 
to he suhjected to the operation denoted hy this sign. 

(3.) Hence, if the sign before the dividing line is changed 
from + to — yOr from — ro +, the value of the whole fraction 
is also changed. 

The value of — is a. (Art 110.) But this will become 

negative if the sign — is prefixed to the fraction. Thus, 

. ab , n ab 

y+—=y+a. But y — r-=y--a. 
o 

Note.— There is frequent occasion to remove the denomi- 
Bator ; also to incorporate a fraction with an integer, or with 
another fraction. In each of these cases, if the sign — is 
prefixed to the dividing line, all the signs of the numerator 

Quest. — ^How far does the effect of each sign in the numerator and 
denominator extend ? How far, the sign prefixed to the dividing line ? 
What does it show ? When this sign is changed, what is the efiect 7 If 
the sign — is prefixed to the fraction, and you wish to remove the denomi- 
nator, or to incorporate the fraction with an integer, or with another 
fraction, what must jou do ? 
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muse be changed^ as in Art. 66, where a parenthesis, having 
the sign — • before it, is removed. 

Thus b-^+^^ ig 5-d-A 5 and I^^t=^=b--d+A. 
a a 

(4.) If all the signs of the numerator are changed^ the value 

of the fraction is changed in the same manner. 

Thus ?^+a, (Art. 100 5) but Z^-a. And?^""^''- 



a—C] but — — It — =— a+c. 
b 

(5.) Again^ if all the signs of the denominator are changed^ 

the value is also changed. 

Thus — =+05 but =—a, 

b — b 

115. If then the sign prefixed to a fraction^ or all the signs 
of the numerator^ or all the signs of the denominator^ be change 
ed; the value of the fraction will be changed^ from positive to 
negative^ or from negative to positive. 

116. If any two of these changes are made at the same time^ 
they will balance each other^ and the value of the fraction will 
not be altered. 

Thus by changing the sign of the numerator, 

— =+a becomes H — =— a. 
b b 

But by changing both the numerator and denominator, it 

becomes =+a, where the positive value is restored. 

— b 

By changing the sign before the fraction, 

y+ — =y+a becomes y— — zziy—a. 

Quest. — If all the signs of the numerator, or of the denominator, or the 
sign before the fraction are changed, what is the effect ? What is the 
effect when any two of these changes are made at the came time 7 
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Bat by changiog the sign of the numerator also, it becomes 

y- ^, where the quotient — a is to be subtracted from y, 

or which is the same thing, (Art. 59,) -|-a is to be adied^ 
making y-|-^ as at first. 

6-6 —6 6 

^^^■zr^T — 2~-^^ — ^- 

Hence the quotient in division may be set down in difierent 

a — c a c 
ways. Thus (a — c)-r-ft, is either t+"t~j <>' T — ^r* 

The latter method is the more common. See tl^ examples 
in Art. 103. 

EEDUCTION OP FEACTIONS. 

1 17. A FBACTioN may be reduced to lower terms^ by dividing 
both the numerator and denominator^ by any quantity which will 
divide them without a remainder^ 

According to Art. 112 this will not altet the value, of the 
fraction. 

1. Reduce -r to lower terms. Ans. -. » 

cb c 

2. Reduce ^r-. 3. Reduce -— . 

Sdy Imr 

4. Reduce - — =i? — . 5. Reduce , "T^ . 

(a-^-bc) X m bm'^'by 

N. B. If a letter is in every term, both of the numerator 
and denominator, it may be cancelled^ for this is dividing by 
that letter. (Art. 97.) Thus, 



QxTEST. — ^How reduce-a fraction to lower tenns t 
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6. Reduce ^^. Ans. ^-^. 7. Reduce $th$?. 

If the numerator and denominator be divided by the great" 
est commdn measure^ it is evident that the fraction will be 
reduced to the lowest terms. For the method of finding the 
greatest common measure, see Art. 195, a. 

118. To reduce fractions of difierent denominators to a 
common denominator. 

Multiply each numerator into all the denominators except its 
awn for a new numerator ; and all the denominators together^ 
for a common denominator, 

8. Bedute t, and -^ and — to a common denominator. 

axdxy'^ady ^ 

^Xbx y=cby > the three numerators. 
mxbxd'=mbd) 
b X dxy^:=^bdy the common denominator. 

m. /. . 1 ^ ^y bey _ bdm 

Ine tractions reduced are T-rt rr- w^d -j-r-* 

bdy* bay bdy 

N. B. It will be seen that the reduction consists in. multi- 
plying the numerator and denominator of each fraction, into 
all the other denominators. This does not alter the value. 
(Art. 112.) 

dr 2h 6c 

9. Eeduce r— , and -^, and — to a common denom. 

3m* g' y 

2 a r+1 

10. Reduce ^, and -, and -7-7-7 to a common denom. 

o X d^h 

1 1. Eeduce — r-r, and j- to a common denom. 

a^f-o a — o 



Quest. — ^How to a common denominator 7 Does this alter the value 
of each fraction 7 Why not 7 
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An integer and a fraction are easily reduced to a common 
denominator. (Art. 113.) 

12. Thus a and - are equal to - and -, or — and -• 

C • - 1 C C C ' 

13. Beduce a, 6,i., t 14. Reduce * f, 4 

my b a f 

15. Reduce !f,iL, 1. 16. Reduce b, E, f. 

n Reduce **?£., 1. 18. Reduce !?, *-, t 

a z y 3 a 4c 5 

19. Reduce ?, ^, ??, 1. 20. Reduce — , 17, % x, i-. 
1 y 2 OD c Aa 

119. To reduce an improper fraction to a whole or mixed 
quantity. 

Divide the numerator by the denominator^ as in Art. 103. 

21. Thus ^+^'"+^=a+m-|-l 
b b 

' 22. Reduce ««»-«-h^y-^r ^ ^^ ^ ^.^^^ quantity, 
a 

120. To reduce a mixed quantity to an improper fraction. 
Multiply the integer by the given denominatory and add the 

given numerator to the product. (Art. 113.) The sum will be 
the required numerator ; and this placed over the given dmomi- 
nator vnll form the improper fraction required, 

N. B. If the sign before the dividing line is— , all the signs 
in the numerator must be changed. (Art. 114, note.) 



Quest. — ^How reduce an improper fraction to a whple or mixed qnaa* 
tity 7 How reduce a mixed quantity to an improper fraction 7 When the 
sign — is before the dividing line, what must be done 7 
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23. Reduce «+- to an improper frtctioo. Ans. 7" ■ 
b o 

24r. Reduce • 25. Reduce x -^. 

c c 

26. Reduce aft—" . 27. Reduce oa? ' 



X ' d 

T ' C 

28. Reduce w-frf— - — -. 29. Reduce 5— ^ . / 

121. To reduce a compound fraction to a simple one. 
Midtiply all the numerators t(^etker for a new numerator^ 
and all the denominators for a new denominator. 

30. Reduce ? of J!L_. Ans. ^ ■ 

7 b+% Ib+U 

31. Reduce ? of ^ of J+L . 32. Reduce 1 of 1 of -L. 

3 5 2a— ffi 7 3 8-a 

EXAMPLES FOB PRACTICE., 

1. What is the value of ?^ % 

2axy 

2. What is the value of ^^^^'W % 

abcdf 

3. What is the value of—x^% 

4. What is the value ofl^^tel 

a 

5. What is the value of when the denom. is x 4 1 

2a 

6. What is the value of J?^ when the denom. is-T-6aa: 1 
Qttxst. How reduce a compound fraction to a simple one ? 
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7. What is the value of -^ — when both numerator and 
denominator are x2d1 

8. Reduce ^, to a whole or mixed number. 

24<cy— 4«8air 

9. Reduce j^- — to a whole or mixed number. 

10. Reduce = ■ to a whole or mixed No. 

a 

Reduce the four next examples to the lowest terms. 

It ^^ 10 ^^ iQ ^^+^ 1. flgay— gfl^ 

aac l^ucyy ab-^-bx ac-f*aoc 

ax c 

15. Reduce — and -;j to a common denominator. 

y d 

a c f X 

16. Reduce -r, -:, - and - to a common denominator. 

b' d' g y 

17. Reduce a — -~- to an improper fraction. 

X 

X — y 

18. Reduce a-j-^— -7 — to an improper fraction. 

19. Reduce 7: of t of 1 of - to a simple fraction. 

^ b d y 

2 2a? 4a5 ^ 2c ^ Mx ^ obc ^ 

20. Redace ? of | of -^ of - of ^ of -^ to a 

simple fraction. 



ADDITION OF FEACTI0N8. 

122. Rule. — Reduce the fractions to a common denominator ; 
then add their numerators^ and place the sum over the common 
denominator. 



QXTS8T.--H0W are fractions added 7 
6 
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EXAMPLES. 

1. Add — and — of a pound. Ans. —t- or — 

16 16 ^ 16 16 

2. Add ^andf. First reduce them to a common denomi- 

b d 

nator. They wUl then be gj and if and their sum '^^+^, Ans. 
^ bd bd bd 

3. Given «» and — ^^+ , to find their sum. 

J ^^ 

4. Given ? and — ^. 5. Given 1 and J-. 

d y y — »» 

6. Given ^and J-. 7. Add ZH to Jzh. 

a-^-b a — b d m — r 

8. Add =* to =15. 9. Addi?, ?i to ^. 

2 7—3 b d 3x 

10. Add ?^, *? to£f+2 

1 1. Add 04. *, C4. ^, a;y and 

2 a! » 

12. Add 42-2*, a_ Hf and a+ Hf. 

^' 3a! ^ 3a! 

ri3. Add i?-?=^, ±, ?3g^ and M. 
2c c 2c xy 4tc 

^2 by 

123. For many purposes, it is sufficient to add fractions 
in the same manner as integers are added, by writing them 
one after another with their signs. (Art. 47.) 

Qttest.— What other way ? 
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15. Thus the sum of - and - and — r-, is 2j -— . 

by 2m' h ' y 2i» 

124*. To add fractions and integers. 

Write them one after another with their signs ; or convert 
the integer into a fraction^ (Art. 113,) and then add their nti- 
merators. 

16. What is the sum of a and ~ % 

m 

17. What is the sum of 3d and^'^'^1 

m— y 

18. What is the sum of bx and ?+?il 

c 



SUBTKACTION OF FKACTIONS. 

125. Rule. — Change the signs of the fractions to be sub' 
traded from -|- to — ^ and from — ^o -}- j and then proceed as 
in addition of fractions. (Art. 122.) 

1. From -subtract-. 
b m 

Firsty Reduce the fractions to a common denominator. 

' axm=amy the numerator of the minuend. 

Thus, < hxb =bhy the numerator of the subtrahend. 

bxin=bm. the common denominator. 
\ ' 

The fractions become — and — . 
bm bm 

Second, Change the sign before the dividing line of the 

subtrahend, as . 

bm bm 

Qt7bst.->How ave integers and fractions added ? What is the role for 
subtraction of fractions 7 What sign do you dhnnge 7 
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Thirds Unite the tertM as in addition of fractions; 

om ofti bm 

2. From^i3^8ub*fa^l 

r d 

3. From ~ subtract— I^. 



m y 

4. From t^ subtract ^^~H 

4 3 

5. From subtract . 

m y 

6. From ?±1 subtract—. 

d m 

3 4 

7. Prom - subtract — 

a h 

126. Fractions may also be subtracted, like integers, by- 
setting them down, after their signs are changed, without 
reducing them to a common denominator. 

8. From^ subtract-:^ Ansi +^. 

m y ^ y 

127. To subtract an integer from a fraction, or a fraction 
from an integer. 

Ck^mge the sign of the sitbtrahend^ and write it after the 
minuend ; or^ throw the integer into the form of a fraction^ 
(Art. 113,) and then proceed according to the general rule 
for subtraction of fractions, 

10. From- subtract m, Ans. — m = ■ ^ * 

y y y 

QxTxsT. — ^How subtract an integer from a iraction, or a fraction from an 
integer? 
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11. From 4«4--8ubtHict 3a—-. 

c d 

12. From 1+ 5zi subtract '^"^ 



d d 

13. Froma-J-3A— ^ subtract So— A+^. 



14. 


From -^ take ^+9. 
b c 


15. From 'H-* take f=i 
X y 


16. 


From " take " . 
4 — X d-j-y 


17. From a—* take ^'^. 

y 2 


18. 


From x-{-y take 


19. From ^-^take '•^. 
10 x+y 


20. 


From X— j?~^ take _ 


^r'y+a. V. 



MULTIPLICATION OF FRACTIONS. 

128. By the definition of multiplication, multiplying by a 
fraction is taking a part of the multiplicand as many times as 
there are like parts of an unit in the multiplier. (Art. 71.) 

3 
Suppose a is to be multiplied by -. 

4 

A fourth part of a is 

4 

This taken 3 times is -4--+?=!l 

4 4 4 4 

130. Hence, to multiply a fraction by a fraction. 

Multiply the numerators together for a new numerator ^ ami 

the denominators together for a new denominator. 

Quest. — ^What is meant by multiplying liy a fraction? Rule to multi- 
ply a fraction by a fraction ? 
6* 
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1. Multiply E into —. Ans. ^. 

c 2m 2cm 

2. Multiply^ into J:i^. 

y m — 2 

3. Multiply f^±!02i* into * . 

*^ ' 3 (a— ») 

4. Multiply^ into ±1^. 

'^'3+d c+y 

1 3 

5. Multiply into -. 

^ ^ a+3r 8 

6. Multiply?,^ and ^. 

b d y 

7. Multiply ??,^, * and -L. 

m y c r — 1 

8. Multiply it^i and -^. 

n h r+2 

9. Multiply ?^f:Z^ and?. 

131. The multiplication may often he shortened^ by rejecting 
equal factors from the numerators and denominators » 

10. Multiply ? into * and £ Ans. ^ 

r ay ry 

Here a, being in one of the numerators, and in one of the 
denominators, may he omitted. If it he retained, the product 

will he . But this reduced to lower terms, hy Art. 117, 

ary 

will hecome — as hefore. 

. '^ 

Quest. — How shorten the process, when the numerators and denomi- 
nators contain equal factors ? 
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11. Multiply ^ into HL and ^. 

m 3a 2d 

12. Multiply 2±linto 22. 

y ah 

13. Multiply ^m^ into A and ^ 

A m ba 

132. To multiply a fraction and an integer together. 
Either multiply the numerator of the fraction by the integer / 
or divide the denominator by the integer. 

U. Thus !!- X a is ^ For a^^; and f x HL^!^ Ans. 
y y A 1 y y 

15. Multiply ~ into a. Dividing the denominator hy a, we 



have — 



X 



And multiplying the numerator by a, we have ^!^. But 

ax 

**-^.?, which is the same result as before. 
ax X 

133. .^ fraction is multiplied into a quantity equal to iti 

denominator, by cancelling the denominator* Thus, 

16. ?x6=a. For ^x^=^. But the letter 5, being in 
b b 

both the numerator and denominator, may be set aside. 

17. Mult, -i^ into (a— y). 18. Mult.i±?£ into (3+i»). 

a — y 3+jw 

N. B. On the same principle, a fraction is multiplied into 
vny factor in its demmrnuOorf by cancelling that factor. 

19. Mult. ± into y. 20. Mult. A into 6. 
*y ^ 24 

Quest.— How miiltiply a fraction and an integer ? How by a qoantity 
equal to its denominator ? * 
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EXAMPLES FOE PEACTICE. 

I. Multiply % ^ and 12?. % Mult. 5 into ^il 

a 5 21 a a — x 

3. Mult. !finto!5. 4. Mult. -J±^ into 8. 

2 36 24a-|-32c 

5. Mult. "+* into 5*. 6. Muh. - into ^ into %. 

20a;+25a!y x Z b 

7. Mult. -?*^ into ^ 8. Mult. ?=* into JL.. 
Zx+y abed z a — b 

9. Mult, f xix?x * 10. Mult.^ into!!!=l 

6 a 4 a 4 3 

II. Mult, ax^ X6x. 12. Mult. ^x^X?. 

3x 3a; 8a 4 

DIVISION OF FEACTIONS. 

134. To divide a fraction by a fraction. 
Invert the divisor^ and then proceed as in imdtiplicaiion 
of fractions. (Art. 130.) 

1. Divide - by _. Ans. - x -=~ 

b d b c be 

To understand the reason of the rule, let it be premised, 

that the product of any fraction into the same fraction inverted, 

is always a unit. 

Thu8«x^=^=l. And -^x*+l!=l. 

b a ab h-^y d 

But a quantity is not altered by multiplying it by a unit. 
Therefore, if a dividend be multiplied, first into the divisor 
inverted, and then into the divisor itself, the last product will 



Quest. — How divide one fractioa by another 7 Explain the reason 
ofthemlef 
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be equal to the dividend. Now, by the definition, (Art. 91,) 
" division is finding a quotient, which multiplied into the 
divisor will produce the dividend." And as the dividend 
multiplied into the divisor inverted is such a quantity, the 
quotient is truly found by the rule. 

2. Divide^ by ^. An..|^xJ=^. 

,, , «iy 3A m 

3. Divide ^ by ^. 4. Divide ^ by *^. 

. ^. . , 36rf 18A ^ _ . . . 06+1 ^ ab—1 

5. Dmde -j- by j^. 6. Dmde -^ by -^. 

7. Divide^ by "* 



135. To divide a fraction by an integer. 

Dipidt the numerator by the given integer^ when it can be 

done without a remainder $ but when this cannot be done^ mul-' 

tiply the denominator by the integer. 

am , a 

8. Thus the quotient of -r- divided by iti, is v. 

9-I^>^-^*'y*- ■^'^'-^rai- 10. Div.|by6. 

136. To divide an integer by a fraction. 

Reduce the integer to the form of a fraction^ (Art. 113,) 
and proceed as in Art. 134. Or, multiply the integer by the 
denominator^ and divide the product by the numerator. 



QussT. — How many ways to divide a fraction by an integer ? What 
are they ? How does it appear, that multiplying the denominator divides 
a fraction ? How divide en integer by a fraction ? 
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c a c ad ^ e axd ad 
ILDiv. aby5 = i^2 = 7. Or.a-^ - = -. 

12. Div. xy by-——. 13. Div. a6-|-cxby -j^ • 

14j. Div. 3ac — a?by^. 

136.tf. By the definition, (Art. 32,) " the reciprocal of a 
quantity is the quotient arising from dividing a unit by that 
quantity." 

Therefore the reciprocal of-isl -r-T=* lX-=-. That 

a a 

The reciprocal of a fraction is the fraction inverted. 
Thus, the reciprocal of —r- is —^ ; the reciprocal of 

^ is -~ or 3y ; the reciprocal of ^ is 4. 
3y 1 

Hence |the reciprocal of a fraction whose numerator is 1, 

is the denominator of the fraction. 

Thus, the reciprocal of - is a j of "— 7T» *' *+^» ^®' 



EXAMPLES FOE PEACTIOE. 



^ _^. ., 3abc , ^ ^ 

1. Divide hy Sab. 

X — y ^ 

^ ^. ,. lOaxx+lbabx^ ^ 

2. Divide t~^ by box. 

3. Divide ^"^ by 3a. 



Quest.— What is the reciprocal of a firactioii 7 
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4. Divide £±i=f by d. 

5. Divide 2+i by i 

« ' b 

6. Divide— by y . 

3ab ' 4, + 2m 

7. Divide f±* by-*-. 

3 0—6 

8. Divide fH by 1 

a a 

9. Divide ^"^-^ by ***— ^ 

6 ' 2 

10. Divide 21o*c by 2?*. 

a; 

11. Divide 8iEy by Hfl 

12. Divide 18«r by ^("^-y). 

' 3m 

13. Divide ^«(''+'') w 2«^«-y) 

3 ' 2» 

14. Divide 2«+^by«+i^. 



SECTION VII. 

8I1CFLB EQUATIONS. 

137. Most of the investigations in algebra are carried on 
by means of tquations. In the solution of problems, for ex- 
ample, we represent the unknown quantity, or number sought 
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by a certain letter ; and then, to ascertain the value of this 
unknown quantity, or letter, we form an algebraic expression 
from the conditions of the question, which is equal to some 
given quantity or number. Thus, 

A drover bought an equal number of sheep and cows for 
$840. He paid $2 a head for the sheep, and $12 a head for 
the cows. How many did he buy of each % 

OF£E ATION. 

Let 07= the number bought of each, 
then 2a? = the price of all the sheep, 
and 12x= " " cows. Hence, 

2a?+ 1207=840 by the conditions. (Ax. 9.) 

14a? =840 by uniting the a7's. 
and a? =60, the number bought of each. 

It will be perceived that the unknown quantity or number 
sought^ is represented by the letter x \ and from the condi- 
tions of the problem we obtain the quantity 14a?, which is 
equal to the given quantity $840. This whole algebraic ex- 
pression, 14x=$ 840, is called an e^fwo^zo/i. Hence, 

138. ^n EQUATION is a proposition expressing in algebraic 
charecters the equality between one quantity or set of quantities 
and another, or between different expressions for the same 
quantity. 

This equality is denoted by the sign =, which is read 
" is equal to," or " equals." Thus, x-^a=b-\-c j and 5-}-8 = 
17 — 4, are equations in which the sum of a? and a is equal to 
the sum of b and c { and the sum of 5 and 8 is equal to the 
difference of 17 and 4. 



QussT* — How are iDvestigationa generally carried on in Algebra? 
What is an equation ? What are the members of an equation ? 
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The quantities on the two udes of the sign = are called mem- 
bers of the equation i the several terms on the left constituting 
the first member, and those on the rtgA^the second member. 

139. When the unknown quantity is of the first powery as 
3a?, the proposition is called a simple equation ; or an equa- 
tion of tk^ first degree 

140. The reduction of an equation consists^ in bringing the 
unknown quantity by itself on one side^ and all the known 
quantities on the other side^ without destroying the equality of 
the members. 

To effect this, it is evident that one of the members must 
be as much increased or diminished as the other. If a quan- 
tity be added to one, and not to the other, the equality will 
be destroyed. But the members will remain equal. 
If the same or equal quantities be added to each. Ax. 1. 
If the same or equal quantities be subtracted from each. Ax. 2. 
If each be multiplied by the same or equal quantities. Ax. 3. 
If each be divided by the same or equal quantities. Ax. 4. 

140. a. The principal reductions in simple equations are 
those which are effected by transposition^ multiplication and 
division. 

BEDUCTION OF E Q IT A T I O N S BY TB AN S PO S IT I N. 

141. In the equation x — 7=9, the number 7 being con- 
nected with the unknown quantity x by the sign — , the one 
is subtracted from the other. To reduce the equation, let 
7 be added to both sides. It then becomes a?— 7+7=9+7. 
(Art. 59.) 

The equality of the members is preserved, because one is 
increased as much as the other. (Axiom 1.) But on one 



QnxsT. — ^What is a simple equation ? In what does the redaction of an 
equation consist ? How are the principal reductions effected ? 
7 
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side, we have — 7 and -|-7. As these are equal, and have con- 
trary signs, they balance each others and may be cancelled. 
The equation wiU then be a: = 9-f-7. (Art. 54.) 

Here the value of x is found. It is shown to be equal to 
9-|-7, that is to 16. The equation is therefore reduced. The 
unknown quantity is on one side by itself, and all the known 
quantities on the other side. 

In the same manner, if x—b=a 

Adding b to both sides a?— 5-|-6=a-|-ft 

And cancelling (—b-{-b) x=a-{-b. Hence, 

142. When known quantities are connected with the unknown 
quantity by the sign -f- or — , /Ae equation is reduced by trans- 
posing the known quantities to the other side^ and prefixing the 
contrary sign. 

This is called reducing an equation by addition or subtrac- 
tion^ because it is, in effect, adding or subtracting certain 
quantities, to or from each of the members. 

1. Reduce the equation a;-|-36— m=A— rf 
Transposing -\-Zb we have x—m=h — d — V> 
And transposing — m, x^=h — d — 36-f-^. 

143. When several terms on the same side of an equation 
are olikt^ they must be united in one, by the rules for reduc- 
tion in addition. (Arts. 50, 51.) 

2. Reduce the equation a;-}-5ft— 4A=75 
Transposing 56— 4A x=^b — 56-|-4A 

Uniting 76 — 56 in one term ar=:26-|-4A. 

144. The unknown quantity must also be transposed, when- 
ever it is on both sides of the equation. It is not material 
on which side it is finally placed. 

Quest. — Rule to reduce an equation by transposition ? How does it 
appear that this does not destroy the equality of the members ? When 
several terms are alike, what must be done ? When the unknown quan- 
tity is on both sides of the equation, what ? 
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3. Reduce the equation . ix+2h=h+d+3x 
By transposition, 2A— A — rf=3a?— -2a 
And A — d=x, 

14<5. Wnen the same term^ with the same sign, is on oppo* 
tite sides of the equation, instead of transposing, we may ex- 
punge it from each. For this is only subtracting the same 
quantity from equal quantities. (Ax. 2.) 

4. Reduce the equation x+3h+d=b-^h+ld 
Expunging 3A * a?-f c?=5-|-7(£ 

And x=b-\~6d, 

146. As all the terms of an equation may be transposed, 
or supposed to be transposed, and it is immaterial which 
member is written first, it is evident that the signs of all the 
terms may be changed^ without affecting the equality. 

Thus, if we have x — b=d — a 

Then by transposition, — d-|-^= — x-j-ft 

Or, inverting the members, — x-\-J>= — d-^-a. 

147. If all the terms on one side of an equation be trans- 
posed, each member will be equal to 0. 

Thus, if x+bz=d^ then x-\-b--d=0. 

5. Reduce a+2a? — 8=6— 4-|-a?-|-fl. 

6. Reduce y-\-ab — hm=a-\-2y — ab-\-hm, 

7. Reduce A+SO-f 707=8— 6A-f 6a?— df5. 

8. Reduce bh+21'-4fX-\-d=lQr-3x+d—lbh. 

9. Reduce 5a?-f 10-f a=25-(-4a?-}-a. 

10. Reduce 5c-|-2a?4-12— 3=a?-f-20+5c. 

11. Reduce a+b — 3x=20-\-a — 4a:-f 6. 

12. Reduce a?+3— 2a?— 4=34+3a?— 4— 5x. 



Quest. — ^When the same term with the same sign is on opposite sides, 
what ? What is the effect when all the signs of both members are changed 
at the same time ? If all the terms on one side are transposed to the 
other, to what is each member equal ? 
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HEDUCTION OF EQUATIONS BY MULTIPLICATION. 

14<8. The unknown quantity, instead of being connected 
with a known quantity by the sign + or — , may be divided 

by it, as m the equation - =^b. 

Here the reduction can not be made, as in the preceding 
instances, by transposition. But if both members be multi* 
plied by a, the equation will become, x=ab. (Art, 140.) 

For a fraction is multiplied into its denominator^ by remoih 
ing the denominator. (Art. 133.) Hence, 

149. When the unknown quantity is divided by a known 
quantity^ the equation is reduced by multiplying every term on 
each side by this known quantity. (Ax. 8.) 

N. B. The same transpositions are to be made in this case, 
as in the preceding examples. 

X 

13. Reduce the equation - -j-fl=ft-|-d 
Multiplying both sides by c 



The product is x+acz=zbc^d 

And w=bc+cdr-'-aC. 

X — 4 

14. Reduce the equation — g [-5=20. 

X 

15. Reduce the equation j 4-J=A. 

150. When the unknown quantity is in the denominator of 
a fraction, the reduction is made in a similar manner, by 
multiplying the equation by this denominator. 

Quest. — ^How is an equation reduced by multiplication ? How is a 
fraction multiplied into its denominator? How does it appear that this 
method of reducing equations does not destroy the equality ? When tht 
unknown quantity is in the denominator, how i^ceed 7 
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16. Reduce the equation 1-7=8. 

151. Though it is not generally necessary, yet it is often 
convenient, to remove the denominator from a fraction con- 
sisting of /bnote^n quantities only. This may be done in the 
same manner as the denominator is removed from a fraction, 
which contains the unknown quantity. 

17. Take for example -=-+^ 

a b c 

Multiplying by a x= — +— 
b c 

Multiplying by b bx=ad+ _ 

c 

Multiplying by c bcx=acd+abh. 

152. .^n equation may be cleared of fractions by multiply- 
ing each side into all the denominators. 

Obser. In clearing an equation of fractions, it often happens, that a nu- 
merator becomes a multipje of its denominator, (i. e. can be divided by it 
without a remainder,) or that some of the fractions can be reduced to lower 
terms. When this occurs, the operation may be nhortmed by performing 
the division, and reducing the fractions to the lowest terms according to 
Art. 117. 

18. Reduce the equation -=-+t^—. 

a d g m 

X ^ 4f 6 

19. Reduce the equation _=^+_+-. 

^ 2 3 5 2 

153. N. B. In clearing an equation of fractions, it will be 
necessary to observe, that the sign — prefixed to any frac- 

QuEsrr. — How clear an equation of fractions ? How prove that this 
does not destroy the equality 7 When a numerator becomes a multiple of 
its denominator, what may be done ? When a fraction can be reduced to 
lower terms, what ? What must be observed as to the sign — before the 
dividing line ? 

7* 
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tion, denotes that the whole value is to be subtracted, which, 
is done by changing the signs of all the terms in the nume- 
rator. (Art. 114.) 

20. Reduce =c — . 



21. Reduce ?— -=6. 

3 4 

22. Reduce ^=^+^+4 

5 D 5 10 

23. Reduce 2a?— ??=— +1 

5 25 5 

24. Reduce — a?+-+ — — — + — =— . 

2 4 7 14 4 



BBDUCTION OP EQUATIONS BY DIVISION. 

154. When the unknatm quaniUy is kultifued into any 
known quantity , the equation is reduced by nrviniNG every term 
on both sides by this known quantiiy, (Ax. 4.) 

25. Reduce the equation ax-^-b — 3A»({ 
By transposition aX'=^d-\'3h — b 

Dividing by a a?=.?[±!^zl 

a 

26. Reduce the equation 2a;«=~ — ^+4tb. 

c h 

155. If the unknown quantity has co-efficients in several 
termSy the equation must be divided by all these co-efficients, 
connected by their signs, according to Art. 98. 

Quest.— What does this sign, when thns sitoated, show? When th« 
unknown quantity has a co-efficient, how reduce the equation ? If the un* 
known quantity has a co-efficient in several tenns, how f 
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27. Seduce' the equation 3a? — hx=a — d 

That is, (^rt. 97,) (3—^) X x==a-^. 

Dividing by 3— ft ^=Q--r. Ans. 



3—6- 

28. Reduce the equation acc-^xz=h — 4. 

29. Reduce the equation 



X — b a+d 



156. If any quantity, either known or unknown, is found 
as a factor in every term, the equation may be divided by it. 
On the other hand, if any quantity is a divisor in every term, 
the equation may be multiplied by it. In this way, the factor 
or divisor will be removed, so as to render the expression 
more simple. 

30. Reduce the equation aa?-|-3a5=6a(f-{-a 

Dividing by a a?+3ft=6J-|-l 

And x=6d+l—3b. 



31. Reduce the equation 



x-{-i b h — d 

XXX 



Multiplying by a?, (Art. 133,) x+1 — b=h — d 
And ' x=^h — d+b — 1. 

32. Reduce the equation a?x(a-fft)--a— ft=(f x((i+ft). 
157. ^ proportion is converted into an equation by making 

the product of the extremes, one side of the equations and the 
product of the means, the other side. 

33. Reduce to an equation axibiichid. 
The product of the extremes is adx 

The product of the means is bch 

The equation is, therefore, adx=bch. 

34. Reduce to an equation o+6 : c : : h — m : y. 

Quest. — If any quantity is found as a factor in every term, how 7 How 
convert a proportion into an equation 7 
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158. On the other hand^ an equation may he converted into a 
proportion^ by resolving one side of the equation into two factors ^ 
for the middle terms of the proportion ; and the other side into 
two factors^ for the extremes, 

35. Convert the equation, adx=^bch, into a proportion. 
The first member may be divided into the two factors ax 
Kadd'y the second, into ch and b. From these factors we 
may form the proportion ax:b::ch:d. 

36. Reduce to a proportion ay+by^ssch — cm. 

37. Reduce the equation 16a?+2=:34>. 

38. Reduce the equation 4a?— 8= — 3a?+13. 

39. Reduce the equation 10a? — 19=7a?+17. 

40. Reduce the equation 8a?— 3+9=— 7a?+9+27. > 

SUBSTITUTION. .^ 

159. In the reduction of an equation, as well as in other 
parts of algebra, a complicated process can often be rendered 
shorter and more simple^ by using letters for the given num- 
bers when large, (Art. 35 ^) and also by introducing a new 
letter which shall be made to represent a whole algebraic ex* 
pression. 

160. This process ts called substitution. After the opera- 
tion is completed, the numbers, or the compound quantity for 
which a single letter has been substituted, must be restored. 

41. Reduce -^+A=1. 

750^375 

Clearing of fractions, 375a?-|.3 x 750= 1 x 750 x 375 

and .=??1?52=?^=744. Ans. 
375 

Quest. — ^How can an equation be converted into a proportion ? What 
is meant by substitution ? What is the advantage of it ? After the ope- 
ration is performed, what must be done ? 
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By substituting a for 750 ; 5 for 8 ; and c for 375 ; the 

30 b 

equation becomes — i = i. 

a ' c 

nh 

Clearing of fractions, cx-\-ab=aci and x=a , 

c 

3x750 

Restoring the numbers, a?=750 — =744. Ans. 

375 

42. Reduce _-}.6=84.. Substitute o for 3 3 ft for 4 ; c for 
6 \ and d for 84. 

43. Reduce -^i^= 10. Substitute a for 350: h for 

350^7000 ^ 

4500 ; c for 7000 j and d for 10. 

44. Reduce u-=J). Substitute d for (w+n), and the 

equation is--] — =ft, 
a c 

Clearing of fractions, cx-\-ad^^hcd ) and £» ""^ ; restor- 

ing («+»); <r=*<^!±!>Zf(fLt^. Ans. 
c 

45. Reduce—-? 1— =aft. Substituted for (/— m-n). 

46. Reduce ? — =C(f . Substitute A for (b+c+d). 



EXAMPLES FOB PRACTICE. 



1. Reduce ?li.6=^ . 7. 

IT^ 8^ 

2. Reduce f4.A=-~^d 

a be' 

3. Reduce 40- 6a; - 16= 120 - 14a:. 
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4. Reduce ?z!j-?=20-.^=^ 

2 * 3 2 

5. Reduce ?-l?=:20— -. 

6. Reduce iz^— 4=5. 

X 

Q 

7. Reduce — ^2=8. 

x-fA 

8. Reduce -^=1. 

a:-f4 

9. Reduce a?4-?-Lf=ll. 

^2^3 

10. Reduce ?+?-.?==!. 
2^3 4 10 



11. Reduce ^+6^=??!:z£. U - ^ 

4 5 

12. Redace 3«+?^=5+l^. 

13. Reduce g£zi^2==^^""^+^. 

3 3 ^^ 



14. Reduce 21- 



I 3ap— ll _ 5jg— 5 97— 7a? 
^16 8 + 2 ' 



^K i> J « ®— 4> ^ 5ap+14 1 
15. Reduce 3a: : 4= — zr- 



12- 
16. Reduce l^^l^+e^'J±l. 

n. Reduce l^-^=5«6.+!^. 

to i> J 3a?— 3 , ^ 20— a? ^^—8 , 4a?— 4 
18. Reduces = — h4>= — 7: =--H — ^ — • 
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-19. Reduce ^^+'^ I '^^^^ ^-M> 
9 ^ 6a?4-3 3 

"20. Reduce ^^^:lt^::7U. 
2 4 

SOLUTION OF PROBLEMS. 

161. For the solution of problems in Simple Equations, we 
derive from the preceding principles tl^e following 

GENERAL RULE. 

I. Translate the statement of the question from common to 
algebraic language^ in such a manner as to form an equation^ 
i. e. put the question into an equation. (Art. 33.) 

II. Clear the equation of fractions by multiplying every term 
on each side by all the denominators. (Art. 152.) 

III. Transpose all the terms containing the unknown quantity 
to one side, and all the known quantities to the other, taking 
care to change the signs of the terms transposed, and unite the 
terms that are alike. (Arts. 50, 51.) 

IV. Remove the co-efficients of the Unknown quantity, by divid* 
ing all the terms in the equation by them. (Art. 154.) 

Proof. — Substitute the value of the unknown quantity for the 
letter itself in the equation ; and if the number satisfies the 
conditions of the question, it is the answer sought. 

Problem 1. A man being asked how much he^ye for his 
watch, replied j If you multiply the price by 4, and to the 
product add 70, and from this sum subtract 50, the remainder 
will be equal to 220 dollars. 

To solve this question, we must first translate the condi- 
tions of the problem into such algebraic expressions as 
will form an equation. 

QxTxsT.— What is the first step in the solution of a problem ? Second f 
Third? Fourth? Proof? 
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Let a?=the price of the watch* 
This price is to be mult'd by 4, which makes 4x 
To the product, 70 is to be added, making 4a?-|-'70 
From this, 50 is to be subtracted, making ^oj-f-^O— ^50. 
Here we have a number of the conditions, expressed in 
algebraic terms ^ but have as yet no equation. We must ob- 
serve then, that by the last condition of the problem, the pre- 
ceding terms are said to be equal to 220. 

We have, therefore, this equation 4a?+70 — 50=220 
Which reduced gives a?=:50. Ans. 

Here the value of x is found to be 50 dollars, which is the 
price of the watch. 

Proof. — The original equation is 4a? +70— 50=220 
Substituting 50 for a?, it becomes 4x50+70—50=220 
That is, 220=220. 

Prob. 2. What number is that, to which, if its half be added, 
and from the sum 20 be subtracted, the remainder will be a 
fourth of the number itself 1 

In stating questions of this kind, where fractions are 
concerned, it should be recollected, that ^ is the same as 

?5that|a?=??,&c. (Art. 108.) 

t> D 

Let a?=sthe number required. 
Then by the conditions proposed, 0?+- — ^20=? 
And reducing the equation (r=16. Ans. 

Proof. 16+15— 20=J^ 



2 4 

Prob. 3. A father divides his estate among his three sons, 
in such a manner, that. 

The first has $1000 less than half of the whole 5 
The second has 800 less than one-thiid of the whole ; 
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The third has 600 less than one fourth of the whole ; 

What is the value of the eSate 1 .:^ ^/ ^ . ' /. 

Prob. 4. Divide 48 into two such parts, that if the less be 
divided by 4, and the greater by 6, the sum of the quotient! 
will be 9. 

Let X = the smaller part. 

Then 48 — x = the greater part. 

'By the conditions of the problem, - -| — = 9. 

162. Letters may be employed to express the known quan- 
tities in an equation, as well as the unknown. (Art. 159.) 
A particular value is assigned to the letters, when they are 
introduced into the calculation ; and at the close, the num- 
bers are restored. (Art. 35.) 

Prob. 5. If to a certain number, 720 be added, and the sum 
be divided by 125, the quotient will be equal to 7392 divided 
by 462. What is the number 1 

Let a?= the number required. 

a=720 rf=7392 

^=125 A=462 

Then by the conditions of the problem, — i^ = -' 

o h 

Therefore ^ x:=^ "7 ' 

h 

Restoringthe numbers. . = (125x7392)-(720x462) ^ j^gO. 

462 
162.a. When the solution of an equation brings out an^gfa- 
tivt answer, it shows that the valuz of the unknown quantity 

QxTEST. — ^When letters are substituted for known quantities, what must 
be done at the close of the calculation ? When the solution brings out 
a negative answer, what does it show ? 
8 
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is contrary to the quantities, which in the statement of the 
question are considered positive. But this heing deter- 
mined by the answer, the omission of the sign — before the 
unknown quantity in the course of the calculation, can lead 
to no mistake. 

/ Prob. 6. A merchant gains or loses, in a bargain, a certain 
sum. In a second bargain, he gains 350 dollars, and in a 
third, he loses sixty. In the end he finds he has gained 200 
dollars, by the three together. How much did he gain or 
lose by the first 1 

In this example, as the profit and loss are opposite in their 
nature, they must be distinguished by contrary signs. (Art. 
39.) If the profit is marked +9 the loss must be — . 

Let x= the sum required. 

Then according to the statement, a?-f350 — 60=200 

And ^ 07= —90.^ . 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N. then 19 S. and has finally"! 1 degrees of south latitude. 
What was her latitude at starting 1 / - /*. 

Prob. 8. If a certain number is divided by 12, the quotient, 
dividend, and divisor, added together, will amount to 64. 
What is the numberl /, '^ \ , j^ t / / 

Prob. 9. An estate is divided among four children, in such 
a manner that i^f ^-^ "* / * ' ^ . • ? ^ -i---' r ~ >. 

The first has 200 dollars more than J of the whole, 

The second has 340 dollars more than \ of the whole, 
■ The third has 300 dollars more than \ of the whole, 

The fourth has 400 dollars more than | of the whole, 

What is the value of the estate! • < *■' ' ' 

Prob. Wv What^ is tlmt number wJiich is as much less 
than 500^; as a fifth jmrt Of it is greater than 40^» /, J - /, 

Prob. 11. There are two nnmbers whose difierence is 40, 
-^mnd which are to each other as 6 to 5. What are the numbers V 
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Pj^. 12. Three persons, A, Band Cdraw prizes in a lot- 
tery. A draws 200 dbllars ; B draws as much as A, together 
-with a third of what C draws \ and C draws as much as A and 
fff^ Bboth. What is the amount of the three prizes \ j^D d^ 

Frob. 13. What number is that, which is to 12 increased 
by three times the number, as 2 to 9 ? )f, ^-^ T " '-'^.t ^ ^^ 

Prob. 14. A ship and a boat are descending a river at tiie 
same time. The ship passes a certain fort, when the boat 
is 13 miles below. The ship descends five miles, while the 
boat descends three. At what distance below the fort will 
they be together 1 i^ ^: >' , ^ ^ Vjj^^ 

Prob. 15. What number is that, a sixth part of which ex- 
ceed? aji qighth part of it by 20 1 V ^ ^ // V/ ^'^ • ' V " ** ^ 
^f a ==ProbT 16. Divide a prize of 2000 dollars into two such 
parts, that one of them shall be to the other as 9 to7/y^ 5X 5f 7 ^; 

Prob. 17. What sum of nloney is that, whose third part, 
fourth part, and fifth part, added together, amount to 94 
.dollars ? flp^ / } f y^ ., I ^- /'r ' 

Prob. 18. Two travellers, A and B, 360 miles apart, travel 
towards each other till they meet. A's progress is 10 miles 
an hour, and B's 8. How far does each travel before they 
meetl ->-'^' ^* :,^\ ^, » /.* , -; ^ . . . 

Prob. 19. A man spent one-third of his life in England^ 
one-fourth of it in Scotland, and the remainder of it, which 
was 20 years, in the United States. To what age did he live V; */ 

Prob. 20. What number is that, \ of which is greater than 
Jofitby96r>-"- /;V' /. >^' T%S^>^ • 

Prob. 21. A post is ^ in the earth, f in the water, and 13 
feet above the water*v^ What is the length of the post % J \^ 

Prob. 22. What number is that, to which 10 bemg added» 
I of the sum will be 66 V. . - '^' 
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Prob. 23. Of the trees in an orchard, f are apple trees, ^ 

pear trees, and the remainder peach trees, which are 20 more 

than 1^ of the whole. What is the whole nu&iber of trees in 

the orchard ? ^ ;/ ^- vf ^^^ ,T --^^^ ^ T * ^^ 

^u > ^Prob. 24. A gentleman bought several gall^Jns of wine for 

^r^^ dollars 5 and after using 7 gallons himself, sold J of the 

remainder for 20 dollars. How many gallons had he at ^t^\ 

Prob. 25. A and B have the same income. A contrrctB 

an annual debt amounting to ^ of it 5 B lives upon f of it ; 

at the end of ten years, B lends to A enough to pay off his 

debts, and has 160 dollars to spare. What is the income of 

Prob. 26. A gentleman lived single \ of his whole life ; 
and after having been married 5 years more than ^ of his life, 
he had a son who died 4 years before him, and who reached 
only half the age of his father. To what age did the father 

Prob. 27. What number is that, of which if J, J and'Y ^ 
added together the sum will be 73 1 v, / / >- * "^ ^y^ 

Prob. 28. A person after spending 100 dollars more than \ 
of his income, had remaining 35 dollars more than \ of it. 

Required his income. - v v ^ / . * ^ ^' > ; i' v - - V 

. *^ .' * . f . 

Prob. 29. In the composition of a quantity of gunpowder, 
The nitrt was 10 lbs. more than f of the whole. 
The sulphur 4^ lbs. less than \ of the whole. 
The charcoal 2 lbs. less than \ of the nitre. 
' f W\idX was the amount of gunpowder ? t ^, 

Prob. 30.' A c^sk which held 146 gallons, was filled with 
a mixture of brandy, wine and water. There were 15 gal- 
lons of wine more than of brandy, and as much water as the 
brandy and wine together. What quantity was there of each % 

'. *.-'. -' ;. . ^t ^■^^' : ' ''^. ''. 
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Prob. 31. Four persons purchased a farm in company for 
4755 dollars; of which B paid three times as much as A^y 
C paid as much as A and B ; and D paid as much as C and 
B. What did each pay 1 ^ /yj, ) >\/J. /i o k\< .< : ' / 1 ^ '. 

Prob. 32. It is required to divide the number 99 into five 
such parts, that the fi^^st may exceed the second by 3, be less 
than the third by 10, greater than the fourth by 9, and less 
than the fifth by 16. /^^ /' , ^ ^ V. -^ *^* .>f^. <->^ih^/-^/i^/^ 

Prob. 33. A father divided a small sum among four sons. 

The third had 9 shillings more than the fourth j 

The second had 12 shillings more than the third ; 

The first had 18 shillings more than the second ; 

And the whole sum was 6 shillings more than 7 times the 
sum which the youngest received. 

What was the sum divided % J .C },^ ■/. y'^-^ 0^ '^ - f- ^ 

Prob. 34. A farmer had two flocks of sheep, each contain- 
ing the same number. Having sold from one of these 39, 
and from the other 93, he finds twice as many remaining in 
the one as in the other. How many did each flock originally 
contain'? JJ^ V. ' "x^-^"-- V -^*' 

Prob. 35. An express, travelling at the rate of 60 miles a 
day, had been despatched 5 days, when a second was sent 
after him, travelling 75 miles a day. In what ti&e will the 
one overtake the other 1 0', '. f o Sf^ 

Prob. 36. The age of A is double that of B, the age of B 
triple that of CJ and the sum of all their ages 140. What is 
the age of each 1 ^' „ * * , ^ i. - 

Prob. 37. Two pieces of cloth, at the same - price by the 
yard, but of diflTerent lengths, were bought, the one for J65, 
the other for £6^. If 10 be added to the length of each, 
the sums will be as 5 to 6. Required the length of each 
piece. l^t\\ '\ ,? V ^ 
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Prob. 38.' A andT^ began trade with equal sutos of money. 
The first year, A gained forty pounds, and B lost 40. The 
second year, A lost ^ of what he had at the end of the first, 
*" and B gained 40 pounds less than twice the sum which A 
had lost. B had then twice as much money* as A. What 
sum did each begin with % y ^ 0, 

Prob. 39. What number is that, which being severally 
added to 36 and 52, will make the former sum to the latter 

as 3 to 41 /4 .^^r- ^;' 

Prob. 40. A gentleman bought a chaise, horse and harness 
for 360 dollars. The horse dost twice as much as the har« 
, ness ; and the chaise cost twice as much as the harness and 
horse together. What^was the price of each't^* , . ;. » » «<^^,^ 

Prob. 41 . Out of a cstsk of wine, from which had leaked 
^ part, 21 gallons^vere afterwards drawn; when the c^k 
was found to be half lullX How much did it hold "^ f 1'^, 

Prob. 42. A roan has 6 sons, each of whom is 4 years older 
than his next younger brother ; and the eldest is three times 
as old as the yoimgest. "What is tne age of eachl 1 /^' • • 

Prob. 43f^ Divide the number 49 into two such parts, that 
the greater increased by 6, shall be to t)ie Idss diminished 
by 11 as 9 to 2. ^ f, /> ^^^ V 

Prob. 44. yrhjt t^p^ numbers are as 2 to 3; to each of 
which, if 4 be%d(Jed,'ttfe sums will be as 5 to 7 y ; ^ , 

Prob. 45. A person bought two casks of porter, one of 
which held just 3 times as much as the other ; from each of 
these he drew 4 gallons, and then found that there were -h 
times as many gallons remaining in the larger, as in the otiier. 
How many gallons were there in each W -^ » '^ ( ' ^ ' ' 'i - h 

Prob. 46. Divide the number 68 into two such parts, that 
the difference between the greater and 84, shall be equal to 
3 times the difierence between the less and 40. -/ - , 
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Prob. 47. Four places are situated in the order of the let-^- ^ ' 
ters A, B, C, D. The distance from A to D is 34 miles. Th^ ^ , / 
distance from A to B is to the distance from C to D as 2 to Zii ' '■. 
And \ of the distance from A to B, added to half the distance 
from C to D, is three times the distance from B to C. What 
are the respective distances 1 / -< ^ / "^* ^' i^^'^i- ^T: ' *?' 

Prob. 48. Divide the number 36 into 3 sttch parts, that \ 
-of the first, \ of the second, and \ of the third, shall be equal 
to each other. ^'', j X,, / <, c . i-V--'/ >'^^'*^' ' 

Prob. 49. A merchant supported himself 3 years, for JS50 X^ 
a year, and at the end of each year added to that part of his 
stock which was not thus expended, a sum equal to one-third 
of this part. At the end of the third year his original stock 
was doubled. What was that stock 1 //. - \ ' ^ '< L - 

Prob. 50. A general having lost a battle, found that he had 
only half of his army-|-3600 men left fit for action ; \ of the 
army4-600 men being wounded ; and the rest, who were \ of 
the whole, either slain, taken prisoners, or missmg. Of how 



many men did his ariny consist 1 *' - 



SECTION VIII. 

INVOLUTION. 

Art. 163. Definitions. — (1.) When a quantity is multiplied 
into itself^ the product is called a power. Thus 3 X 3=9 5 and 
dxd=dd. The 9 and (/(fare powers of 3 and d, 

(2.) Powers are divided into different orders or degrees, as 
the fir sty second^ third, fourth^ fifth powers, 4*c., which are also 
called the square, cube, biquadrate, S^c, 

Quest. — ^What is a power 7 How are powers divided ? What is tlie 
second power called 7 Third ? Fourth 7 
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They take their name from the number of times the rooi^ or 
first power J is used as n. factor in producing the given power. 

The original quantity is called the first power or root of all 
the other powers, because they are all derived from it. 

Thus, 2 X 2=4, the square or second power of 2. 

2x2x2=8, the cube or third power. 
2x2 X'2 X 2= 16, the biquadrate or fourth power, &c. 

And a x a=aa^ the second power of a. 

axax a=zaaa, the third power. 
axaxaxa^saaaa^ the fourth power, &c. 

(3.) The number of times a quantity is employed as a 
factor to produce the given power, is generally indicated by 
a figure or letter placed above it on the right hand. This 
figure or letter is called the index or exponent. Thus axa 
is written o^ instead of aa; and axaxa=a^. 

The index of the first power is 1 ; but this is commonly 
omitted^ for o^=(i. 

Ohser. An index is totally different from a %)^fficient. The latter show9 
how many times a quantity is taken as a part of a whole ; the former 
how many times the quantity is taken as ti factor. Thus 4as:sa-{-a-j-a^\-a ; 
bat a^ =saXaXaXa='aaaa, If a=:4, then 4a=»16 ; and a4=:256. 

(4.) Powers are also divided into direct and reciprocal. 

Direct Powers are those which have positive indices, as d^^ 
d^y &c., and are produced by multiplying a quantity into itself. 
Thusdxrf=rf2. dxdxd=d^i and dxrfxrfxrf=rf*. 

A Reciprocal Power of a quantity is the quotient arising 
from dividing a unit by the direct power of that quantity, 

a8i-,J-,i-, &c. (Art. 32.) 
d^d^d^ ^ ^ 

QtTEST.— From what do they take their name? What is the first 
power? How are powers denoted? What is this number called? 
What does it show ? What is the difference between an index and a 
co-efficient ? What is the index of the first power ? Is it usually writ- 
ten ? How else are powers divided ? What are direct powers ? Reci- 
procal pow^ ? 
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It is produced by dividing a direct power by its rootj till 
we come to the root itself; and then continuing the division, 

•we obtain the reciprocal powers. Thus — =rf^ ; and-y.=rf5 

d d 

^=(^0=1; and l-f-rf=J-; and i.^(£=JL, &c. 
d d d^ d^ d»' 

For convenience of calculation, reciprocal powers are 

written like direct powers with the sign — before the index; 

thus _.=(^«, (fee. The direct and reciprocal powers of d^ 

are d*, d', d^, Ji, d^ c/i, d'^, J"', d-\ &c. in which d»=l; 

164. Involution is the process of finding any power of a- 
quantity by multiplying it into itself. Hence, 

165. To involve a quantity to any required power. 
KuLE. — Multiply the quantity into itself, till it is taken as a 

factor as many times as there are units in the index of the power 
to which the quantity is to he raised, (Art. 80.) 

N. B. All powers of 1 are the same, viz. 1. For 1 X 1 X 
1x1, &c. =1. 

166. A single letter is involved, by giving it the index of 
the proposed power j or by repeating it as a factor as many 
times as there are units in that index. 

N. 6. If the letter or quantity has a co-efficient^ it mast be 
raised to the required power by actual multiplication. 

1. The 4th power of a, is a^, or aaaa. (Arts. 163, 165,) 

2. The 6th power of y, is y®, or yyyyyy» 

3. The nth power of a?, is x% or xxx ,.,n times repeated. 

4. Required the 3d power of 3a?. jJ^V^ 



Quest.— How are reciprocal powers written? What is involntioal 
The rule ? What are all powers of 1 ? How is a single letter involvedl 
If the quantity has a co-efficient, what must be done with it ? 
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5. Bequired the 4th power of 4y. X "? l * 

6. Kequired the 7th power of 2a. j^ V A. ' 

167. The method of involving a quantity which consists of 
several factors, depends on the principle, that the power of 
the product of several factors is equal to the product of their 
powers. 

7. Thus (ay)2=ay. For hy Art. 164, {ayf^ayxay. 
Bat ay xay=ayayz=:aayy=ia'^y\ ^ 

8. What is the 3d power of bmx 1 ^&* -V 

9. What is the nth power of adyl (<^^^ ' ' 

In finding the power of a product, therefore, we may either 
involve the whole at once ; or we may involve each of the 
factors separately, and then multiply their several powers into 
each other. ^ ; 

10. What is the 4th power o{dhy% ^ '^ 

11. What is the 3d power of 461 ^/j^K^ 

12. What is the nth power of 6ad 1 ; x: " ' 

13. What is the 3d power of 33» x 2y ? ;^y,, , J^' ^^, '^ 

168. Signs. — When the root is positive, all its powers are 
positive also ; but when the root is negative, the odd powers are 
negative, while the even powers are positive. (Art. 82.) 

169. Hence any odd power has the same sign as its root. 
But an even power is positive, whether its root is positive or 
negative. Thus -^-a x + a=a\ And — a x — a^=a^. 

170. To involve a quantity which is already a power. 
Multiply the index of the quantity into . the index of the 

power to which it is to be raised. 



Quest. — On what principle does the method of involving a quantity 
which consists of several factors, depend ? How then may we find the 
power of a product? Rule for signs ? Does this differ from the rule for 
signs in multiplication ? What sign has every odd power? Even pow- 
ers ? How involve a quantity which is already a power ? 
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14. The 3d power of a*, is a^ • •=u»'. 

For a^=zaa: and the cube ofaainaaxaax aa=zaaaaaazsa^ ; 
which is the 6th power of a, but the thirdpower of a^. 

15. Find the 4th power of aH^. ^ -^K 

16. Find the 3d power of ia^x. /JffiS")^ ,^ %^^j. 

17. Find the 4th power of 2ii» X Bx^d. /^IL ^ Y/Y C 

18. Find the 5th power of (o+ft)*. (Xi l^^ 

19. Find the 2d power of (a-f^)«. iXi-ij^^ 

20. Find the nth power of (a?— y)"*.A^^ ^nY^^^^ 

21. Find the nth power of (x-^-y^^y^*)' "^ 

22. Find the 2d power of (a^Xb^)/ot^x^yyj 

23. Find the 3d power of («'^^^*)f7tV(*^'^'9 

171. Jl FRACTION is raised to a poioer by inwlving both the 
numerator and the denominator. 

a a^ 

24. The square of - is — .. For, by the rule for the mul- 

b b^ 

tiplication of fractions, t ><: ^=— =^ (Art. 130.) 
b b bb b^ 

25. Find the 2d, 3d and nth powers of -. 



a>^ 



26. Find the cube of f^. i^^^ 



x^r 'V- 



27. Find the nth power of l_l 

28. Find the square of ^r?— ^- - / . , ^ 

(^+1)1 [ - / / 

172. A compound quantity consisting of terms connected 
by -f-^i^^ — J is involved by an actual multiplication of its 
several parts. Thus, 

Quest. — How is a fraction involved ? How is a compound qtiantitj 
involved ? ' 
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(a+*)i=a+&, the first power 

a+b 

a^+ab 
+ab+b^ 



(a+b)^z=a^+2ab+b^^ .... the second power 

a +b 

^ + a^b+2ab^+b^ 

(a^)^=a^+3aH+3ab^+b\ . the third power 
a + 3 

a^+da^b+3a^b^+ ab^ 
+ a^b+3a^b^+3(^^^* 

{a+by=a^+^aH+QaH^+i>ab^+b\ fourth «ower 

30. Find the square of a—b. /I — X ^^^ -A 

31. Find the cube of a+1. ^t'^f - HCr^^^^f U^^K^ 

32. Find the square of a+5+A. X'^lXCtUv^^^VtSM^^ 

33. Required the cube of a-\~U^3. 

34. Required the 4th power of b+% 

35. Required the 5th power of a?4-l. 

36. Required the 6th power of 1 — b. 

173. The squares of binomial and residual quantities occur 
so frequently in algebraic ptocesses, that it is important to 
make them familiar. 

If we multiply a+A into itself, and also a— A into itself, 

37. We have a+h 38; And a— A 

«+^ a—h 






aa+2aA+A2. a^^2ah+h^. 
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Here it will be seen, that in each case, the first and last 
terms are squares of a and A ; and that the middle term is 
twice the product of a into A. Hence the squares of bino- 
mial and residual quantities, without multiplying each of the 
terms separately, may be found, by the following proposition.* 

(1.) The square of a binomial, the terms of which are both 
positive^ is equal to the sf^mre of the first term^ + twice the fro* . 
d%u:t of the two terms^ -f- the square of the last term, 

(2.) The square of a residual quantity, is equal to the square 
of the first term, — ttoice the product of the two terms^ 4- the 
square of the last term, ^ \ r / ' ^ 

39. Find the square of 2a+ft. J^ CL~i v . C- -,-^ , - 

40. Find the square of A+1. '!\^^ v u.i^A--^ / 

41. Find the square of a^+crf. y// % ^ !'-cc-t ^^ 

42. Find the square of 6y-|-3. ^^C^^V ^i? 7 -^ 9 

43. Find the square of 3d^h. jilf^^lC^4^ 

44. Find the square of a — 1. /^^^ *) CL-t/ 

174. For many purposes it willbe sufficient to express the 
powers of compound quantities by exponents without an 
actual multiplication. 

45. Thus the square of a-p, is a+b^ or {a+hy. 

46. Find the nth power of i^c-j-S-j-a?. 

In cases of this kind, the vinculum must be drawn over 
all the terms of which the compound quantity consists. 

175. But if the root consists of several /actors, the vincu- 
lum which is used in expressing the power, may either 
extend over the whole 5 or may be applied to each of the 
factors separately, as convenience may require. 

Quest. — What is the square of a binomial whose signs are plus f Of a 
residual ? Is it always necessary to perform the multiplication 7 How 
far must the Yinculnm extend when the root contains factors 7 

• EucHd 2. 4. 

9 
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47. Thus the square of (a-\-b) x (c-|-cO> is either 

(a+b)x(c+dy, or {a+b)^x(c+d)\ 
For the first of these expressions is the square of the pro- 
duct of the two factors, and the last is the product of their 
squares. But one of these is equal to the other. (Art. 167.) 
The cuhe of ax(A-fd), is ax (6+3)3, or a^x{b+dy. 

176. When a quantity whose power has heen expressed hy 
a vinculum and an index, is afterwards involved hy an actual 
multiplication of the terms, it is said to he expanded. 

48. Thus (a+i)^ when expanded, hecomes a^+2ab+b'^. 

49. Expand (a+d+A)2. ^^la.^^J& 

BINOMIAL TUEOREM.* 

177. To involve a binomial to a high power hy actual mul- 
tiplication, as in Art. 172, is a long and tediotcs process. A 
much easier and more expeditious way to obtain the required 
power, is hy what is called the Binomial Theorem. This 
ingenious and beautiful method was invented by Sir Isaac 
Newton, and has been deemed of so great importance to 
mathematical investigation, that it is inscribed on his monu- 
ment in Westminster Abbey. 

178. To illustrate this theorem, let the pupil involve the 
binomial a-|-A, (Art. 172,) and the residual a— ^, to the 2d, 
3d and 4th powers. Thus, 

(a— ^)2=a2— 2a^+J2. 

(a— A)5=a» ~3a2^+3aA2— J». 

(a— 6)*=a*— 4a3^+6a2^2— 4a^» + J*. 



Quest. — ^What is meant by expanding a quantity ? What is the best 
mode of involving a binomial to a high power ? Who is the author of this 
theorem ? In what light is it regarded ? What is (<H-*)^ ? («4-^)' ' 
(«+&)* ? (a— *)2 ? (a— *)3 ? (a— *)4 ? 

• See Preface. 
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179. By a careful inspection of the several parts of the 
preceding work, the following particulars will be observed to 
be common to each power, 

I. By counting the terms it will be found that the number 
in each power is greater by 1 than the index of that power j 
e. g. in the 3d power the number of terms is 4 ; in the 4th 
power, it is 5, &c. 

II. If we examine the signs we shall perceive when both 
terms of the binomial are positive^ that all the signs in every 
power are + ; but when the quantity is a residual^ all the 
odd terms, reckoning from the left, have the sign +, and all 
the even terms have the sign — • Thus in the 4th power, the 
signs o( the first J third and fifth terms are +, while those of 
the second and fourth are — . 

III. Let us now direct our attention to the indices. 

1. It will be seen that the index of the first term, or the 
leading quantity* in each power, always begins with the in- 
dex of the proposed power^ and decreases 1 in each successive 
term towards the right, till we come to the last term from 
which the letter itself is excluded. Thus in (adzby the in- 
dices of the leading quantity a, are 4, 3, 2, 1. 

2. The index of the following quantity begins with 1 in 
the second term, and increases regularly by 1 to the last 
term, whose index, like that of the first, is the index of the 
required power. Thus in (aztby the indices of the following 
quantity b, are 1, 2, 3, 4. 

3. We shall also perceive, that the sum of the indices is 
the same in each term of any given power ; and this sum is 

_ — r — 

Quest. — ^How many terms are there in each power ? What signs has 
a binomial ? Residual ? What are the indices of the leading quantity ? 
Of the following quantity ? Which is the leading quantity ? The follow- 
ing ? To what is the sum of the indices in each term equal ? 

• The first letter of a binomial is called the leading quantity, and the 
other, the following quantity. 
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equal to the index of that power. Thus the sum of the in- 
dices in each of the terms of the 4th power, is 4. 

lY. The last thing to be considered is the co-effiderUs of 
the several terms 

1. The c(heffUiera of the first and last terms in each power, 
is 1 ; the co-efficient of the second and next to the last terms, 
is the index of the required power. Thus in the 3d power, 
the co-ef. of the second and next to the last terms, is 3 ; and 
in the same terms in the 4th power, it is 4, &c. 

2. It will be observed also, that the co-efficients increase 
in a regular manner through the^ri^ half of the terms ; and 
then decrease at the same rate through the last half. Thus, 

in the 4th power they are 1, 4, 6, 4, 1, 

in the 6th power they are 1, 6, 15, 20, 15, 6, 1. 

3. The co-efficients of any two terms equally distant from 
the extremes, are equal to each other. Thus in the 4th 
power, the second co-ef. from each extreme is 4 ; in the 6th 
power, the second co-ef. from each extreme is 6, and the 
third is 15. 

4. The sum of all the co-efficients in each power, is equal 
to the number 2 raised to that power. Thus (2)^=16 ; also, 
the sum of the co-efficients in the 4th power, is 16, and (2)^ 
:=64 I so the sum of the co-efficients in the 6th power, is 64. 

180. If we involve any other binomial^ or residtml, to any 
required power whatever^ we shall find the foregoing 
principles are true in all cases, and will apply to 



Quest.— What is the co-efficient of the first and last tenn ? What of 
the second and next to the last ? What is peculiar to the first half of them ? 
To the last half? How do those equally distant from the extremes com- 
pare ? To what is the sum of aU the co-efficients in any power equal ? 
What is said as to the extent of the foregoing principles ? 
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all examples. Hence we may safely conclude, that they are 
universal principles^ and may be employed in raising all bino- 
mials to any required power. They are the basis^ or elements 
of what is called the Binomial Theorem, 

181. The Binomial Theorem may be defined, a general 
method of involving binomial quantities to any proposed power. 
It is comprised in the following 

general rule. 

I. Signs. — If both terms of the binomial have the sign +, all 
the signs in every power will ^e + ; but if the given quantity 
is a residual^ all the odd terras in each power^ reckoning from 
the lefty will have the sign -{-, and the even terms the sign — . 

II. Indices. — The index of the first term or leading quantity^ 
must always be the index of the required power ; and this cfe- 
creases regularly by 1 through the other terms. The index of 
the following quantity begins with 1 in the second term, and in- 
creases regularly by 1 through the others. 

III. Co-EFFiciENTS. — The co-efficient of the first term is 1 ; 
that of the second is equal to the index of the power ; and uni- 
versally, if the co-efficient of any term be multiplied by the index 
of the leading quantity in that term, and divided by the index 
of the following quantity increased by 1, it will give the co-effir 
cient of the succeedir^ term. 

IV. The number of terms will always be one greater than the 
power required. 

In algebraic characters, the theorem is this, 



(aJ^by^u^'+n X a-^H+n x ?_Ja«-2^2^ ^^ 



/ 



Quest. — What is the Binomial Theorem ? What is the rule for the 
signs ? For the indices ? For the co-efficients ? The number of terms 7 
9* 
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N. B. It is here sapposed, that the terms of the binomial 
have no other co-efficients or exponents than 1. Other bino- 
mials may be reduced to this form by substitotion. (Art. 159.) 

1. What is the 6th power of x-\-y 1 
The terms without the co-efficients, are 

a?*, a?*y, a?*y*, x^y*j ic^y*, a?y*, y*. 

And the coefficients, are 

- ^ 6x5 15x4 20x3 f. - 
1- 0, , , 0, 1. 

that is 1, 6, 15, 20, 15, 6, 1. 

Prefixing these to the several terms, we have the power 
required ; 

a?«-f.6a?*y-|-15a?*y^4-20a?»y'4-15a?2y*-|-6a:y*4-y«. Ans. 

2. What k the 5th power of (rf+A) % 

3. What is the nth power of (b+y) 1 

Ans. b*+M*-^y+Bb*-^y^+Cb'^^y^'\'Db*-^y^, &c. 

That is, supplying the co-efficients which are here repre- 
sented by ^, B, C, &c. we have. 

b^'+nxb^-^y+nx^^—^xb^^y^y &c. 

At 

4. What is the 5th power of iF*+3y^ 1 

Substituting a for o;^, and b for 3y^, (Art. 159,) we have 
(a4.^)fi=o54-5o*^-|-10a362+10a2A3+5o^4^. 
And restoring the values of a and 6, 
(x3 -f 3y2)*=»ap^0-|-15x8y^ 4.90apV4-270a?*yS+405ar2y8+ 
243yio. 

5. What is the 6th power of (3a?4-2y) \ 

6. What is the 2d power of (a— 6) \ 

7. What is the 3d power of (a— i) \ 



QuxsT.^— Can this rule be applied to binomials whose co-efficients ex- 
ceed If How? 
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8. What is the 4.th power of (a— 6) 1 . 

9. What is the 6th power of (a?— y) % 

10. What is the nth power of (a— ft) 1 

182. When one of the terms of a binomial is a unity it is 
generally omitted in the power, except in the first or last 
term ; because every power of 1 is 1, (Art. 165,) and this 
when it is a factor, has no efiect upon the quantity with 
which it is connected. (Art. 70.) 

11. Thus the cube of (a?-|-l) is a?»+3j?a x l+3a?x 1^+1», 
Which is the same as a?'-}-3^*+3a?+ 1. 

12. What is the 4.th power of (a— 1) 1 

The insertion of the powers of 1 is of no use, unless it be 
to preserve the exponents of both the leading and the follow- 
ing quantity in each term, for the purpose of finding the 
co-efficients. But this will be unnecessary, if we bear in 
mind, that the sum of the two exponents, in each term, is 
equal to the index of the power. (Art. 179, 3.) So that, if 
we have the exponent of the leading quantity, we may know 
that of the following quantity, and v. v. 

13. What is the 6th power of {1—y) 1 

14. What is the nth power of (1-j-a?) 1 

183. The binomial theorem may also be applied to quanti- 
ties consisting of more than two terms. By substitution, 
several terms may be reduced to two, and when the com* 
pound expressions are restored, such of them as have expo- 
nents may be separately expanded. (Art. 159.) 

15. What is the cube of a-\-b-{-c 1 
Substituting A for (A+c), we have a+(ft-fc)a=sa+A. 
And by the theorem, (a+hy==a^+3a^h+3ah^+h^. ' 



Quest. — ^When one of the terms of a binomial is a unit, how proceed 7 
Can the binomial theorem be applied to quantities which have more than 
two terms 7 How 7 
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That is, restojing the ralue of A, 

(a-|-i+c)3«a' + 3a2 x (6+c)+3a X (b+cy+{b+cy. 

The last two terms contain powers of (b-\-c) ; but these 
may be separately involved. 

183.a. Binomiak, in which one of the terms is a fraction, 
may be involved by actual multiplication ', or by reducing 
the given quantity to an improper fraction, and then involv- 
ing the fraction according to Art. 171. 

16. Find the square of x+^ ; and a?— ^, as in Art. 173. 

x^-\-^x x^ — ^x 

Or, reduce the mixed quantities to improper fractions. 
Tlius, x+^=^f±l ; and a;— i^^^Zll. (Art. 120.) 

( ?£+! ^ '=*fl±f^±l • and /' 2g-l \''_ 4g'— 4^+1 
I 2 / 4 ' I 2 j 4 ' 

2 - ^ ? 

17. Find the square of a-|--. t t 4 J " 

18. Find the square of or — -. . ^ . ' 

19. Find the square of h3a?y. 

20. Find the square of — = -{-^abc/^j i^-- n ' 



QuKST. — ^How involve a binomial when one tenn is a fraction ? 
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iXAUPLES FOR PRACTICE. 



1. Expand (ac+y)^ 


2. Expand («+*)♦. 


3. Expand (a— ^)«. 


4. Expand (a?+y)«. 


5. Expand (as-y)8. 


6. Expand (m+n)^. 


^. Expand (a+ty. 


8. Expand (a?+y)i^ 


9. Expand (x—yY^ 


10. Expand (a— 6)^ 


11. Expand (a+by. 


12. Expand (2+a?)«. 


13. Expand (a-^bx+cf. 


14. Expand (a+Ucy. 


15. Expand (2a5-<r)*. 


16. Expand (4a6+5c«)*. 


17. Expand (Bar— 6y)3. 


18. Expand Iba+Sd)^ 


ADDITION 


OP POWERS. 



184. It is obvious that powers may be added, like other 
quantities, by writing them one after another^ mth their signs* 
(An. 47.) 

1. Thus the sum of a' and 6^, is a^+b^, 

2. And the sum of a^— 6« and A^— cZ*, is a^-^-b^+h^—d^. 

185. The same powers of the same letters are like quantities^ 
(Art. 28;) hence their co-efficients may be added or sub- 
tracted, as in Arts. 50 and 51. 

3. Thus the sum of 2a^ and 3a^, is 5a^. 

4 5. 6. 7. 8 

To —Bafif 3^ 3a*y« —6a^^ 3(a+y)« 

Add —%7fif 66~ — .7tfV 6a3A« 4(a+y)* 

185.a. Put powers of different letters^ and different powers 

of the same letter, are unlike quantities^ (Art. 28 ;) hence th«y 



Quest. — ^What is the general method of adding powers ? How are the 
tame powers of the aame letters added 7 How are powers of different let- 
ters^ and different powers of the same lettety added ? 
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can be added only by writing them down with their signs. 
(Art. 55.) 

9. The sum of a^ and a% is a^-\^\ 

It is evident that the square of a, and the cube of a^ are 
neither twice the square of a, nor twice the cube of a. 

10. The sum of a^i" and 3a^b», is a^^'+^a^b^ 

186. From the preceding principles we deduce the fol- 
lowing 



6ENEEAL RULE FOR ADDING POWERS. 

I. if the powers are like quantities j add their co-efficients, 
and to the sum annex the common letter or letters with their 
given indices. 

II. If the powers are unlike quantities, they must be added 
by writiTig them, one after another, without altering their 
signs, fi 

11. Add bx(a—by+x(a—by to 2x(a'-'by+10x(a—by. / ^^ 

12. Add 3(a?4-3^)*+5a2— 4(a?+y)* to 10a^ + 6(x+yy. 

13. Add a3d2+a;Y+a2ft3 and —x^y^+a^b^. ^ , 

14. Add 5aHc^, Sa^bc^, aHc^ and %iHc^. I i iJ^^ ^'^ ' 

15. Add 3a3+^c2+5a3+2i^c2 and a^-\.^bc^ to ^a^J^lbc^. 

16. Add ^(a?y — cmy, 3(xy — cmy, — i (j'y — cjw)^ and 

^(xy-^my. 

SUBTRACTION OF POWERS. 

187. Rule. — Subtraction of powers is performed in the same \ 
manner as addition, except that the signs of the subtrahend must 
be changed as in simple subtraction. (Art. 60.) 



Quest. — General rule for adding powers? How are powers sub- 
tracted ? 
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1. From 2a* take 

2. From — 36« 
Take 46« 


—6a*. Ans. 8a*. 
3. 3A266 4. c?b* 


5. 5(a— A)« 
2(a— A)9 



6. From 6fl(a+6)* take a[a^h)K f 

7. From I7a2a?3+5a7y2 take 12aV— 4a7y2. 

8. From ^a\l^—%f take a3(62-.8)3. 

9. From a^A^+ayy take a^^-^a^yK 

10. From 5(a?34.y4)3_3(a2_53)5 take _3(a^«— 63)3+4<a?3 

11. From 2a?(a— 6)3+3(a— 6)3 take a?{a— 6)3+3(a— 5)8. 

12. From i(a?+y)2+J(a+6)3 take i(a?+y)^+|(a-h^)y 

MULTIPLICATION OP POWERS. "^ 

188. Powers may be multiplied, like other quantities, by- 
writing the factors one after another, either with, or without, 
the sign of multiplication between them. (Art. 72.) 

1. The product of a^ into l^ is aW\ and ar^ into a"* is 

2. Mult. h%-* 3. 3aV 4. dh^x-^ 5. a%Y 
Into a* —2a? 46y* a^^ 

188.a. If the quantities to be multiplied are powers of the 
same rooty instead of writing the factors one after another, 
as in the last article, we may add their exponents^ and the 
sum placed at the right hand of the root will be the product 
required. 

The reason of this operation may be illustrated thus : 

o^Xa^ is a^d?y (Art. 188.) But a^z=:aay and a^=zaaa. 

And aaxaaa=aaaaa=^a^, (Art. 80.) The sum of the ex- 
ponents 2+3, is also 5. So cfr» x «i"=c?'"+«. 

N. B. The same principles hold true in all other powers 
of the same root. 
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7. 


8. 


9. 


10. 


4a« 


3x* 


4y 


cMy 


(i+A-y)« 


2a« 


2ac3 


**y 


aJjay 


(6+A-y) 
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189. Hence we deduce the following 

6SNSRAL RULE FOR MULTIPLTIN6 POWERS. 

I. Powers of the same root may be multiplied by adding their 
exponenis. (Art. 188.0.) 

II. If the powers have co-efficients^ these must be multiplied 
together y and their product prefixed to the common letter or let* 
ters. 

ni. Powers of different roots are multiplied by writing them 
one after another^ either withy or without^ the sign of multiplica- 
tion between them. (Art. 188.) 

Thus fl« X €fi:=a^^=:(]^. And a^xx^x x=ai3***-i=aj». 

Mult. 
Into 

11. Mult, sfi+s^+on^+y^ into a^-y. 

12. Mult. ^a^+Zxy—1 into2aj«— a?. 

13. Mult. a?3+a?— 5 into 2a;«+ir-f 1. 

190. The rule is equally applicable to powers whose ex- 
ponents are negative^ i. e. to reciprocal powers. 

14. Thus a-2 X 0^3=0^. That is, -L x J_=_l— . 

aa aaa aaaaa 

15. Mult, y* into y^ into y*. 

16. Mult, a^ into a'^ into <r®. 

17. Mult. <r* into a» into — o^. 

18. Mult. a**» into a?^ into — a^«. 

19. Mult. y2 into f into — y^y3. 



QxTEST. — How are powers of the same root multiplied ? Of different 
roots ? When the powers have co-efficients, what must be done with 
them ? Is this role apidicable to reciprocal powerst 
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20. If a'{-b be multiplied into a — 6, the product will be 
o2— 62, (Art. 86 ;) that is, 

191. The product of the sum and difference of two quantities^ 
is equal to the difference of their squares. 

This is an instance of the facility with which general truths 
are demonstrated in algebra. 

If the sum and difference of the squares be multiplied, the 
product will be equal to the difference of the fourth powers, 
6cc. 

21. Mult, (a— y) into (a-\-y). 

22. Mult. (a2— y2) into (fl^-f y2). 

23. Mult, (o*— y*) into (a*+y*). 
— ^24j. Mult. a2-}-a*4-a« into a^— -l. 

25. Mult. 3a(a;2l-y3)3 into 2a(x^-^^y. 

26. Mult, ^(a^+b'^y into iia^+b'^y. 

27. Mult, o^— ^2 into a'-j-fe^. 

28. Mult, x^+x^y+xy^+y^ into x+y. Ji^ ciiij i" 

29. Mult. a^'-'2a^b+4MH^—Sab^+l6b^ into a+%. L '/ ^-^^ 

30. Malt. a^J^b into a^— 8. / 



DIVISION OF POWEES. 

192. Powers may be divided, like other quantities, by 
rejecting from the dividend a factor equal to the divisor ; or 
by placing the divisor under the dividend, in the form of a 
fraction. Thus the quotient of a^b'^ divided by 6^, is a'. 

1. 2. 3 4. 

Div. 9a'y* 12J'a;« a^A-f-Sa^y* Jx(a— A-fy)' 
By — 3a3 26' a2 (a— A+y)^ 



Quest. — ^What is the product of the siun and difference of two quatiti« 
ties equal to ? 

10 
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5. The quotient of a^ divided by a', is . But this is 

equal to a^. For, in the series 

a+*, a+», 0+2, a+i, a®, a-i, cr^, «-», a"*, &c., 
if any term be divided by another, the index of the quotient 
will be equal to the difference between the index of the divi- 
dend and that of the divisor. 

CLCLQCLCL OS^ 

Thus a* H-a3= =a2. And a^-^a.'^v^. — =a»»-". 

aaa a" 

193. Hence we deduce the following 

GENERAL RULE FOR DIVIDING POWERS. 

I. A power may be divided by another power of the same 
root by subtracting the index of the divisor from that of the divi' 

dend, 

II. If the divisor and dividend have co-efficients, the co-efft- 

dent of the dividend must be divided by that of the divisor, 
(Art. 96.) 

III. If the divisor and dividend are both compound quantities^ 
the terms must be arranged, and the operation conducted in the 
same manner^ as in simple division of compound quantities. 
(Art. 107.) 

6. Thus y^-^y2^y3-2--yi. That is, '^ =y. 

7. Divide a^t^ by a. 8. Divide «« by a;». 

9. 10. 11. 1?. 13. 

Divide y^m ^6 go'**"* a«+3 12(6+y)* 

By y^ b^ 4a« a^ 3(6+y)3 

194. The rule is equally applicable to reciprocal powers. 

Quest. — How is a power divided by another power of the same root ? 
If the divisor and dividend have co-efficients, how proceed ? When they 
are both compound quantities, how ? Is this rule applicable to reciprocal 
powers ? I 
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Thus the quotient of 


a-6 ^ ^-3 ^ Jg ^-2 . 




That is ^ 


1 


1 ^oaa_ 




1 


aaaaa 


aaa 


aaaaa' ] 


aa 



HI 



1 5. Divide — z"^ by a;"^ . 

16. Divide h^ by A'^. 

17. Divide 6a» by 2a'^. 

18. Divide Aa^ by a, 

19. Divide 6^ by b^> 

20. Divide a* by a'.\ 

21. Divide (a3-)-y3)»i by (fl'+y^)". 

22. Divide (6+ar)» by (d-f^). 

Examples of compound divisors with indices. (Art. 105.) 



23. D 

24. D 

25. D 

26. D 
'27. D 

28. D 

29. D 

30. D 

31. D 

32. D 

33. D 

34. D 

35. D 

36. D 



5 A I ^ a^ 

de a'+a:^ by tf+z.tf.. - ^^ "*" ^ 

de a*+42:* by a^—2ax-\-2x^.^ U 0.c^ -^ SL^^ 

de x^—1 by x— 1. ^^''-^ 1^ ^-^ Y * -^ ':ik'* ^ N - ' 

de o*+2a3Z»+2a262_|^3 by a^^a^b+ab^. <x 4 ^ 

de 6B-16c8 by 52~2c2.^^f iJ ^ '^^ ^v4e^^ -^.if Cv^ 

de a^ — a% — a^x^-^2x^ by a* — x^^ejJ^ ^ ^ ..Jjj^ ^ 

de a^ + iaH+6a^b^+4fab^+b^ by a24.2a6+527^j£j]^ 

de 8a;?— y 3 by 2x—y. ^^.^-4^^^^ ^ ^ *. 

de x^ — 3ax^ + 3a^x^a^ by x — a." X^^Viti-v' ^ cv^ 

de 2y3— 19y2+26y— 16 by y— 8. <^c^f.<I ^ ^ 3, 

de x^-^l by rc+l/x^- *^^ f^ - ^^ ^ ^— / 

de 4a:^— 9a:2 + 6a>— 3 by 2a?^+3x— U^^ /-%^y-~ ? * - ^ 

de a*+4a25+3&* by a+26A?J.JUi-*/^<f ^^*^ *^ ^H^-^PyL^i 

de a;* — a2a:2-j-2tf^a: — a* by a;2 — aa;+a2- ^ r* j 



194.a. A regular series of quotients is obtained, by divid- 
ing the difference of the powers of two quantities, by the dif- 
ference of the quantities or roots. Thus, 
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37. Divide (y' — a^) by (y — a). Ans. y+a. 

38. Divide (y^—a^) by (y^-ai.y ^4-^^ ^C^\ ^ 

39. Divide(y*— a*)by(y--Hi).Cj^X4 ^^X ^^ 

40. Divide (y^-a*) by (y-a).^uh *H^^ ^VW^.^ 

GREATEST COMMON MSASUBE. 



195. (1.) A common measure of two or more quantities, is 
a quantity which will divide or measure them without a re- 
mainder. (Art. 30.) Thus 2d is a common measure of 12dy 
6J, Sd, &c. 

(2.) The greatest common measure of two or more quanti- 
ties, is the greatest quantity which will divide these quanti 
ties without a remainder. Thus 6d is the greatest common 
measure of 12d and ISd ; and 8 is the greatest common 
measure of 16, 24 and 32. 

195.a. To find the greatest common measure of two or 
more quantities. 

Divide one of the quantities by the other, and the preceding 
divisor by the last remainder, till nothing remains ; the last di" 
visor will be the greatest common measure, 

196. The greatest common measure of two quantities is not 
altered by multiplying or dividing either of them by any quan^ 
tity which is not a divisor of the other, and which contains no 
factor which is a divisor of the other. 

The common measure of ab and at, is a. If either be 
multiplied by d, the common measure of abd, and ac, or of 
ab and acd^ is still a. On the other hand, if ab and acd are 



Quest. — ^What i» a common measure 7 What the greatest common 
measure ? How found ? How is it affected by multiplying or dividing 
either of the quantities by any quantity which is not a divisor of the 
other? 

f 
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the given quantities, the common measure is a \ and if acd he 
divided hy d, the common measure of ab and ac, is a. 

Hence, in finding the common measure hy division, the 
divisor may often he rendered more simple, hy dividing it hy 
some quantity which does not contain a divisor of the divi- 
dend. Or the dividend may be multiplied by a factor, which 
does not contain a measure of the divisor. 

1. Find the greatest common measure of 
6o2-f-llfla?+3a?8 and 6a«-f.7fla?— 3a^. 

6a^+7ax—3a^)6a^+l lax+3a?(l 

Dividing hy 2a?)4(M:-|-6df8 

2a-f.3:2;)6a2-f.7(M?— 3«2(3a— a? 
6fl«+9aa? 






After the first division, the remainder is divided by 2a?, 
which reduces it to 2a-|-3r. The division of the preceding 
divisor by this, leaves no remainder. Therefore Za-^-Bx is 
the common measure required. 

2. What is the greatest common measure of as^ — b^x and 

x^+2bz+i^'\ ^y-4- L 

3. What of ca:-k*' and a^c+a^x'i \. j r 

4. What of 4^—24*— 9 and 2*3— 16*— 6 1 / / - 

5. What of a*— 6* and a«— ftV ^ ^f'- / 

6. What of *«— 1 and xy^y'i / -^ / 

7. What of a?3— a3 and *♦— a^l ^ -^ ^' 

8. What of a«— 0^—2*2 and a^^—Sab+^b^l -— /- f 

10* 
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9. What of a*-HC* and a^--<fix—iufi+x^'l OiL^ JL^f-'^^ 
10. Wh4t of nfi^-aJt^ and a«+2a*+^ 1 

FRACTIONS CONTAINING POWERS. 

197. In the section on fractions, the following examples 
were omitted for the sake of avoiding the anticipation of 
powers. 

1. Beduce — to lower terms. Ans. — • 

3a^ 3 

For 5^_.5aaaa_5aa ^^^ ^^^ ^ 
3a2 Soa 3 ^ ^ 

2. Reduce 5^. 

3a?« 

3. Reduce ^^+^'. 

4> Reduce 8^^-l^¥+6< 

5. Reduce — and ^ to a common denominator. 

a^Xar^ is a~*, the first numerator. (Art. 118.) 
oSXff"* is fl®=l, the second numerator. (Art. 163,4) 
a^ X ar^ is a~~^, the common denominator. 

0—^ 1 
The fractions reduced are therefore and , 

6. Reduce and — to a common dMHmnator. 



5a3 a* 



^ 



7. Multiply !^ into ^ - 

8. Multiply ^±L into ?=1 «^ ^ "^^^ -^^-^ ' 

^ 3 
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9. Multiply ^ into ^!=1. t:lA^±-—^ 

10. Multiply il into ^ll and ^ S^^-k"*-^-. 






11. Divide !L. by f!:. *-/„ 

12. Divide — by . ~^-^.->- —r — 

13. Divide t:?:! by ?!±tl. ^ ^ "^ A^77 "" 

14. Divide ^ by ^. £*-.2 ^ . ^ 



SECTION IX. 

ROOTS. 

Art. 198. If we resolve b^, or bbb^ into equal factors, viz. 
5, b and 6, each of these equal factors is said to be a root of 
^3. So if we resolve 27 into any number of equal factors, 
as 3x3x3, each of these equal factors is said to be a root 
of 27. And when any quantity is resolved into any number 
of equal factors, each of those factors is said to be a root of 
that quantity. 

199. .^ root of a guaniity, then^ is a factor^ whichy multiplied 
into itself a certain number of timesy wUl produce thai 
quantity. 

The number of times the root must be taken as a factor to 
produce the given quantity, is denoted by the name of the root 

Quest. — ^What is a root ? ■ 
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Thus 2 is the 4th root of 16; because 2x2x2x2=16, 

where two is taken /otir times as a factor to produce 16. 

So o^is the square root of a'j for c^xa^^^ffi. (Art. 189.) 

Powers and roots are correlative terms. If one quantity 

is a power of another, the latter is a root of the former. As 

V^ is the cube of 6, so h is the cube root of Ifl. 

200. There are two methods in use, for expressing the 
roots of quantities ; one by means of the radical sign -y/, and 
the other by a fractional index. The latter is generally to 
be preferred ; but the former has its uses on particular occa- 
sions. 

When a root is expressed by the radical sign, the sign is 
placed before the given quantity, in this manner, -y/a. 
Thus ^ a is the 2d, or square root of a. 
^ a is the 3d, or cube root. 

201. The ^^gttre placed over the radical sign, denotes the 
number of factors^ into which the given quantity is resolved ; 
i. e. the number oi times the root must be taken as Vifitctor to 
product the given quantity. 

Thus y/ a? shows that a^ is to be resolved into two factors, 
and ^ a^, into three factors ; and ^a»,into n factors. 

The figure for the square root is commonly omitted, and 
the radical sign is simply written before the quantity, thus 
^a2=^ a\ 

202. When a figure or letter is prefixed to the radical sign, 
without any character between them, the two quantities are 
to be considered as multiplied together. 



QxTEST. — ^How many ways to express the roots of quantities ? The 
first ? Second ? Which is preferred ? What does the figure placed over 
the radical sign denote? Is the figure used in denoting the square 
root 7 When a figure or letter is prefixed to the radical sign, what does it 
show? 
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Thas 2-^0, is 2x '\/a, that is, 2 maltiplied into the root of 
a, or which is the same thing, imce the root of a. 

And x^by is 0? X -y/b, or x times the root of b. 

When no co-efficient is prefixed to the radical sign, 1 it 
always understood ; ^a being the same as l-i/a, that is, onct 
the root of a. 

203. The cubt root of a^ is a^. For a^y.a^Y.ik^^'sv^. 
(Art. 199.) 

Here the index is divided into thru equal parts, and the 
quantity itself resolved into three equal factors. 

The square root of a? is aS or a. For a x as=a^. 

By extending the same plan of notation, fractional indices 
are obtained. 

Thus, in taking the square root of a^ or a, the index 1 is 

divided into two equal parts, ^ and^; and the root is a^. 
On the same principle, the cube root of a, is a^sa^ a. 
The nth root, is a»=y a, &c. 

204. Every root, as well as every power of 1, is 1. (Art. 
165.) For a root is a factor, which multiplied into itself will 
produce the given quantity. But no factor except 1 can pro- 
duce 1, by being multiplied into itself. 

So that 1«, 1, ^1, Y 1, &c., are all equal. 

205. Jfegative indices are used in the notation of roots, as 
well as of powers. (See Art. 163, 4.) 



1 «i 1 -1 1 -1 
-j=a ^5 -T=« ^i 1='" 
o2 a^ an 



Thus -T-=a~'* ; -t=o " > '-j=a «. 



QxTEST.— When none is prefixed, what is understood ? What is every 
root of 1 ? Do roots ever have negative indices 7 
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PO WEBS OF BOOTS . 

206. In the preceding examples of roots, the numerator 
of the fractional index has been a unit. There is another 
class of quantities, the numerators of whose indices sregrectier 

than 1, as ^*, c*, &c. These quantities may be considered 
either bs powers of roots j or roots of powers, 

N. B. In all instances, when the root of a quantity is de- 
noted by a fractional index, the denominator^ like the figure 
over the radical sign, (Art. 201,) expresses the root, and the 

numerator the power. Thus a^ denotes the cube root of the 
first power of a, i. e. that a is to be resolved into three equal 

factors ; for a^xa^x a^=a. On the other hand, c* denotes 
the third power of the fourth root of c, or the fourth root of 
the third power. One expression is equivalent to the other. 

4 3. 

1. What is o^ equal to 1 2. What is x^ equal to 1 

8 X 

3. What is y^ equal to 1 4. What is b^ equal to 1 

5. Write the fifth root of the fourth power of a. ^^^ r 

6. Write the seventh power of the ninth root of d. (ji^ 

207. The value of a quantity is not altered, by applying 
to it a fractional index whose numerator and denominator are 



2 3. * 

Thus a=a2=a3=a". For the denominator shows that 
a is resolved into a certain number of factors \ and the nu- 

n 

merator shows that all these factors are included in a*^. 

— / " 

Quest.— What is meant by powers of roots ? What does the de- 
nominator of a fractional index express? What the numerator? 

Explain xT • also 63, cTXT, yioo. When the numerator and denomi- 
nator are equal, how does the index affect the quantity ? How simplify 
such an expression ? 



Digitized by VjOOQIC 



Arts. 206-208.] powees of boots. 119 

On the other hand, when the numerator of a fractional in- 
dex becomes equal to the denominator, the expression may- 
be rendered more simple by rejecting the index. 

Instead of a », we may write a, 

207.a. The index of a power or root may be exchanged 
for any other index of the same value. 

2 4 

Instead of a^, we may put d^. 

For in the latter of these expressions, a is supposed to be 
resolved into twice as many factors as in the former j and 
the numerator shows that twice as many of these factors are 
to be multiplied together. Hence the value is not altered. 

208. From the preceding article, it will be easily seen, that 
a fractional index may be expressed in decimals, 

1 5. 

7. Thus a^=aJo^ or a®'* ; that is, the square rpot is equal 

to the fifth power of the tenth root. . 

8. Express o* in decimals,^ 9. Express a^ in decimals.^^ 

10. Express d^ in decimals. 11. Express a* in decimals/L 

12. Express a * in decimals. ^(^ 

In many cases, however, the decimal can be only an op- 
proximation to the true index. 

13. Thus a^=a^'^ nearly, or a®'^^'^' more nearly. 

In this manner, the approximation may be carried to any 
degree of exactness which is requived. . ^ # 

14. Express d^ in decimals. 15. Express a "* in dec. C^ 
N. B. These decimal indices form a very important class 

of numbers, called logarithms, 

Qu£ST. — ^What is the effect when one index is exchanged for another 
index of the same value ? Can a fractional index be expressed in deci- 
mals ? Can it be expressed exactly by decimals in all cases ? What class 
of numbers are thus found ? 
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BTOLIfTIOll. 

209. The process of re«o/tnng quantities into equal factors^ 
is called Evolution. 

In >suMractiony a qnantity is resolved into two parts. 

In division^ a quantity is resolved into two factors. 

In evolution^ a quantity is resolved into equal factors. 

Evolution is the opposite of involution. One is finding a 
power of a quantity, by multiplying it into itself. The other 
is finding a root^ by resolving a quantity into equal factors. 
A quantity is resolved into any number of equal factors, by 
dividing its indesc into as many equal parts. 

210. From the foregoing principles we deduce the following 

GENERAL RULE ^OR EVOLUTION. 

I. Divide the index of the quantity by the number expressing 
the root to be found. Or, 

Place tie radical sign belonging to the required root over the 
given quantity. 

II. If the quantities have co-efiicients, the root of these must 
be extracted and placed before the radical sign or quantity. 
Thus, 

To find the square root of d\ divide the index 4 by 2, i. e. 

J2=d^. So the cube root of d^, is d^=rsd^, 

Obser. — From the manner of perfoiming evolution it is evident, that the 
plan of denoting roots hy fractional indices, is derived from the mode of 
ezpresfing powers by integral indices. (Art. 203.) 

Quest. — What. is evolution? Into what are quantities resolved in 
subtraction ? Into what, in division ? Into what, in evolution ? How 
is a quantity resolved into any number of equal factors ? Rule for evo- 
lution ? Wh^ is the plan of denoting roots by fractional indices derived 
irom? 
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1. Required the cabe root of a^. Aas. a^. 

2. Bequired the cube root of a or a\ Ans. a^, or |/ a, 

^ Fora^Xa^Xa^, or^axJ/flX^a^. (Art. 109.) 

3. Bequired the fifth root of ab, /I f-J^ 

4. Bequired the nth root of o'. yC^'^' y ^ 

5. Bequired the seventh root of 2J — x. ^ JS ^d* — 'V- 

6. Bequired the fifth root of (a — «)'. }^"/»^ v ^ 

7. Bequired the cube root of a^. iX"^„ / 

8. Bequired the fourth root of cf^. '\^ * 

9. Bequired the cube root of €p. {'c^J , , 

10. Bequired the nth root of af». V ' ' 

11. Bequired the third root of a^. f(^ 

12. Bequired the fourth root of a;®. V, 

13. Bequired the second root of a;", y, ^ 

14. Bequired the fifth root of d^, /jt^ 

15. Bequired the 8th root of a'. ^ \, 

210.a. The rule in the preceding article may be applied to 
every case in evolution. But when the quantity whose root 
is to be found, is composed of several factors^ there will fre- 
quently be an advantage in taking the root of eaeh of the 
factors separately. 

This is done upon the principle that the root of ths pro* 
duct of several factors^ is equal to the product of their roots. 

Thus -y/c^^z^ax ^b. For each member of the equation 
if involved, will give the same power. 

When, therefore, a quantity consists of several factors^ we 
may either iextract the root of the whole together; or we may 



Qu£8T.— What is the root of the product of s&rtnl iactoiy eqoal tot 
11 
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find the root of the factors separiately, and then multiply them 
into each other. 

16. The cuhe root of ary, is either (a?y^% or «*y*. 

17. Reqaired the fifth root of 3y.(^5; ^, , ^ t^ 

18. Required the sixth root of abh, \X - i-v.', 

19. Required the cuhe root of 8ft. \Y'i^ ^ 

20. Required the nth root of x^y. i /y,.^ S ) > <^ 

211. The root of a fraction is equal to tlu root of the nume" 
rator divided by the root of the denominator, 

21. Thus the square root of ?=!... For ^x—^t 

^ b^ , b^ bi ^ 

a tfl*' ' 

22. Required the nth root of t- ^ i 

23. Required the square root of JL. K^'i 

ay r,7 <;f." 

21^. Signs. — (1.) Jln odd root of any quantity has the same 
sign as the quantity itself 

(2.) wf n even root of an affirmative quantity is ambiguous, 

(3.) ^n even root of a negative quantity is impossible. 

213. But an even root of an affirmative quantity may be 
either fositive or negative. For, the quantity may be pro- 
duced from the one, as well as from the other. (Art. 169.) 

Thus the square root of a^ is -\-a^ or — a. 

An even root of an affirmative quantity is, therefore, said 
to h^f&nbiguous^ and is marked with the sign d=. Thus the 

square root of 3*, is dz -y/Zb. The 4th root of a?, is ±x^. 

The ambiguity does not exist, however, when from the 
nature of the case, or a previous multiplication, it is known 



Quest. — ^What is the root of a fraction equal to? Rule for signs? 
What is.the even root of a positive quantity ? Of a negative quantity 7 
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whether the power has actually heen produced from a post" 
tive or from a negative quantity. 

214. But no even root of a negative quantity can be found. 
The square root of — o^ is neither -(-a nor — a. 

For -fa X -f a=-}-a2. And — a x — fl=-|-a2 also. 
An even root of a negative quantity is, therefore, said to be 
impossible or imaginary. 

215. The methods of extracting the roots of compound 
quantities are to be considered in a future section. But there 
is one class of them, the squares of binomial and residual 
quantities, which it will be proper to attend to in this place. 
The square of a-\-b, for instance, is a^ -\-2ab'\-b^ ^ two terms of 
which, a^ and 6^, are complete powers, and 2ab is twice the 
product of a into 6, that is, the root of a^ into the root of b^. 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial ; 
and this may be found, by taking the root of the two terms 
which are complete powers, and connecting them by the 
sign -|-. The other term disappears in the root. Thus, to 
find the square root of ar^-|-2a^-f 2^^> ^^^ ^^e ^<^ot of x^, and 
the root of y^, and connect them by the sign -f . The bino- 
mial root will then be ^-fy* 

In a residual quantity, the double product has the sign — 
prefixed, instead of 4-. The square of a — 6, for instance, is 
a2 — ^b-\-b^. (Art. 173.) And to obtain the root of a quan- 
tity of this description, we have only to take the roots of the 
two complete powers, and connect them by the sign — . 
Thus the square root of a?^ — 2a?y+y2, is a? — y. Hence, 

216. To extract the square root of a binomial or residual. 
Take the roots of the two terms which are complete powers^ 

and connect them by the sign which is prefixed to the other term. 

QuxsT. — How extract the square root of a binomial or residual ? 
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!• To find the root o£x^^2x+l. ^t^ f / 

The two terms which are complete powers, are x^ and 1. 
The roots are x and 1. (Art. 204.) Then o^-f-l. Ans. 

2. Find the square root of x^—2x+\. (Art. 173.) ^A •— / 

3. Find the square root of a^+a-j-J. ^ .y.^ 

4. Find the square root of a^+^^j*^. ^ j ^. 

.2 * f 

5. Find the square root of a^-fa6-| — . ^ . i 

6. Find the square root of aa+^-fii ^f(tL 

c c ^.. 

217. ^ root whose value cannot be exactly expressed in numf- 
bersj is called a surd, or irrational quar^ity. 

Thus ^2 is a surd, because the square root of 2 cannot be 
expressed in numbers, with perfect exactness. 
In decimals, it is 1.41421356 nearly. 

218. Every quantity which is not a surd^ is said to be roc- 
Honal. 

219. By Radical Quantities is meant, all quantities which 
are found under the radical sign^ or which have a fractional 
index, * 

nBDTTCTION OF BADICAL QT7ANTITIBS. 

220. Case I. To reduce a rational quantity to the form of 
a radical without altering its value. 

Raise the quantity to a power of the same name as the given 
rooty and then apply the corresponding radical sign or index^ 



Quest.— What is a surd? What a rational quantity? What are 
radical quantities 7 How reduce a rational quantity to the form of a 
radical? 
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1. Beduce a to the form of the nth root. 
The nth power of a is a\ (Art. 166.) 

0\rer this, place the radical sign, and it hecomes y a". 
It is thus reduced to the form of a radical quantity, with- 

out any alteration of its value. For y a«=a»=ra., (Ar^. 207.) 

2. Reduce 4 to the form of the cuhe root ■ ^ J; T, 

3. Beducedato the form of the 4th root. [^/^^ , . . 
1^4. Reduce ^ab to the form of the square root. ¥ X >'- 

5. Reduce 3 x (a — x) to the form of the cuhe rg^: . h :. _ 'Y- 
— 6. Reduce a* to the form of the cuhe root J A^ T ^ 

N. B. In cases of this kind, where a power is to be reduced 
to the form of the nth root, it must be raised to the nth 
power, not of the given letter^ but of the power of the letter. 

Thus in the 6th example, a^ is the cube, not of a, but of a^. 

7. Reduce aH^ to the form of the square root, ^r /t^ . 

8. Reduce ar^ to the form of the nth root. 7 ' -y ' ' * * ^ 

221. Case II. To reduce quantities which have different 
indices^ to others of the same value having a common index. 

(1.) Reduce the indices to a common denominator. 

(2.) Involve each quantity to the power expressed by the nu- 
merator of its reduced index. 

(3.) Take the root denoted by the common denominator* 

9. Reduce a^ and b^ to a common index. 

1st. The indices \ and \ reduced to a common denomina* 
tor, are ^ and ^. (Art. 118.) 

2d. The quantities a and b involved to the powers express- 
ed by the two numerators, are a^ and b^. 



Quest. — ^How reduce quantities which have different indices to a com- 
moil index 7 
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3d. The root denoted by the common denominator is the 
j^th. The answer, then, is (a')^^ and (b^)^. 

The two quantities are thus reduced to a common index, 
without any alteration in their values. 

For by Art. 207.a, a^=za^^^ which by Art. 206,=(a3)i^. 
And universally, a'*=o"*"=:(a»»)»^. 

10. Reduce a^and bx^ to a common index. 

3 4 1 1 ' 

Ans.a^ and (bz)^, or (o^)^ and (6*«*)». 

11. Reduce a^ and 6**v / 12. Reduce x^andy^r/^^ ^; 

— 13. Reduce 2^ and 3^. -^ 14. Reduce (a-^b)^ and(ar— y)^. 

* 15. Reduce a^ and 6*. «.16. Reduce rc^^ and 5^. / 
222. Case III. To reduce a quantity to a given index. 
Divide the index of the quantity by the given index^ place the 
quotient over the quantity^ and set the given index over the whole. 
This is merely resolving the original index into two fac- 
tors. (Art. 209.) 

17. Reduce a^ to the index \. 
ByArt.l35,i-i=ixf=f=i. 

This is the index to be placed over a, which then becomes 

cfi ; and the given index set over this, makes it (a^)^, the 
answer. 

18. Reduce a^ and xi to the common index \, 
2-r-i«2 X 3=^6, the first index. } 
•|-^|^=f X3s=^, the second index. ) 

Therefore {a^Y and (a?*)^ are the quantities required. 
Quest.— How reduce a quantity to a f^iven iodez? 
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19. Reduce 4^ and 3^ to the common index iJ-^ , * 

20. Reduce x^ and y* to the common index i^^jf^ ^ 'V* *^y J^ 

21. Reduce (fi and 6* to the common index \. ^^ ' "^ ,' ^ TT^ 

22. Reduce c^ and d* to the common index f j c-^'4 t^ *^"^ 

23. Reduce a«* and b^ to the common index «• ^- i^*.* .^ '''^^ . " 

24. Reduce a* ^3^ and c* to the common index^^'j. /^ I ri ' ., . 
223. Case IV. To reduce a radical quantity to its mM sM^ . C 

pie terms J i. e. to remove a factor from under the radical sign. ^ 

Resolve the quantity into two factor Sy one of which is an exact -j * ^ 
power of the same name with the root ; find the root of this power ^ 
and prefix it to the other factor^ with the radical sign between 
them. 

This rule is founded on the principle, that the root of the 
product of two factors is equal to the product of their roots. 
(Art. 210.a.) 

It will generally be best to resolve the radical quantity into 
such factors, that one of them shall be the greatest power 
which will divide the quantity without a remainder. 

N. B. If there is no exact power which will divide the 
quantity, the reduction cannot be made. 

25. Remove a factor from -y/S. 

The greatest square which will divide 8 is 4. 

We may then resolve 8 into the factors 4 and 2 For 
4x2=8. 

The root of this product is equal to the product of the 
roots of its factors ; that is -y/8==-^4 x ^2. 

But'Y/4=2. Instead of -y/4, therefore, we may substitute 
its equal 2. We then have 2 x V^, or 2^2. 

QtJEST. — ^How reduce a radical quantity to its simplest tennS. 
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26. Reduce Va%. Ans. -y/a^x-y/x^^ax-y/x^^^a-^x, 

27. Reduce VTs. 5 1' i 28. Reduce V 646^^- /^ K^ 

29. Reduce \/-^s l-'c"? 30. Reduce ^i=3: /? ' 

31. Reduce (os--^)*'^/^ ^^^2! Reduce (b^a%)^J\^ ^^' 
33. Reduce V98a^a?.y C^^.jfS*. Reduce >/ ^I^^^ — ^^-^ 



224. Case V. To introduce a co-efficient of a raaicalquan< 
tity under the radical sign. (Art. 220.) 

Raise the co-efficient to a power of the same name as the radi 
col part, then place it as a factor under the radical sign, 

35. Thus, aY b^V o^. 

For fl=y a* or a« . (Art. 207.) And !{/ a« x ^ b=.V a^'b. 

36. Reduce a{x — b)^ to the form of a radical. 



,>,M'j 



Ans. (a%-*a86)3. 
37. Reduce 2ab(2al^)^. 38. Reduce - ( /^^ ^ . 
39. Reduce 2^2. %- { 40. Reduce 46^ c. / , , , ^jj ^> 



EXAMPLES FOR PRACTICE. 



1. Reduce 5-1/6 to a simple radical form. /; / ^ • 

2. Reduce jVSa to a simple radical form^ ^ 

3. Reduce 5* and ^ to the common index ^//^flT ' o ' 

4. Reduce a* and dfi to the common index \. ^ ^ 



^ 



5. Reduce -y/98 to its simplest form. ^J*] ^ 

6. Reduce ^^243 to its simplest form. ,> ' [ 

QxTssT.— How introduce a co-efficient under a radical sign ? 
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7. Keduce ^54" to its simplest form. *^ / ^ ,. 

8. Eeduce 7-^/80 to its simplest form. J^ Jr - ^. ^ 

9. Reduce 9^ 81 to its simplest form. Jy^/f^ "^ " 

10. Reduce ^l^~f^^ to its simplest form. ^ 7 / "f ^^^ 

11. Reduce -y/l^Sa^x to its simplest form. ^fiL^^' fi^ ^ » /.. 

12. Reduce -Y/a?^ — a%2 to its simplest form, ^y * -;>' '^ 

ADDITION OF RADICAL QUANTITIES.*' ' ** \ 

225. It may be proper to remark, that the rules for addi- 
tion, subtraction, multiplication and division of radical quan* 
titles depend on the same principles j and are expressed in 
nearly the same language, as those for addition, subtraction, 
multiplication and division of powers. So also the rules for 
inyolution and evolution of radicals, are similar to ihose for 
involution and evolution of powers. Hence, if th^ leatner 
has made himself thoroughly acquainted with the principles 
and operations relating to powers, he has substantially ac* 
quired those pertaining to radical quantities, and will find no 
difficulty in understanding and applying them. 

225.a. When radical quantities have the same radical party 
and are under the same radical sign or index, they are like 
quantities. (Art. 28.) Hence their rational parts or co-effi' 
dents may be added in the same manner aft rational quanti- 
ties, (Art. 56,) and the sum prefixed to the radical part. 
Thus, 2^b+3^b==^5^b. 

1. Add y ay to 2y ay. 

2. Add — 2V« to 5^a. l ] '^ ^ , 

3. Add 4(0?+ A)^ to 3(x+h)^. ^ . / / * ' 



v 



QxTEST. — What is said rejecting the rules for addition, subtraetion, 
maltiplicatioD and division ; also for involution and evolution of radi- 
cals ? How are radical quantities added, when the radical parts aro 
alike f 
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. 4. Add 7W*to 5W* ''J^^'^ 

5. Add y^/b^ to a^h-^h. [O^ t % V } — ^^ 

226. If the radical parts are originally different, they may 
sometimes be made alike, by the rules for reduction of radi- 
cal quantities. 

6. Add -y/S to ^50. Here the radical parts are not the 
same. But by reduction as in Art. 223, -y/8=2-/2, and 
^^50=5^2. And 2^2+5^2=7^2. Ans. ^ , 

7. Add ^i6b to ^u, ,: : ;>- ? i : ' .* . -t ; .- 

8. Add ^a^x to -/^*x..t; V ■ ; ' V ., jtf ;^X '^ 0^ 

9. Add(36a2y)i to (25^)^^-^ / y /r' 
^ 10. Add VlS^to 3^/2a./^Jji^ - 

227. J^ut if the radical parts, after reduction, are differentj 
or have c^t^erenr ixponeniSj the quantities being i^n^iilrtf (Art. 
28 ;) then they can be added only by writing them one after 
the other with their sigQs. (Art. 55.) 

11. The sum of 3^b and 2v'a, is 3^b+2^a. 

It is manifest that three times the root of 6, and twice the 
root of a, are neither five times the root of b, nor five times 
the root of a, unless b and a are equal. 

12. The sum of ^ a and ^ a, is ^ a+ J/ o. 

The sqttare root of a, and the cube root of a, are neither 
twice the square root, nor twice the cube root of a. 

228. From the preceding principles we deduce the following 

GENERAL RULE FOR ADDITION OF RADICALS. 

I. If the radical parts are the samcy add their co- efficients ^ 
and to the sum annex the common radical parts. 



Quest. — If they are originally different, how can they be made alike ? 
When they are unlike quantities, how add them ? General rule 7 
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U. If the radicals are unlike quantUies^ they must he added 
by vrriting them^ one after (mother^ withoui altering their 
signs. (Art. 186.) 



EZAlfPLES ton PSACTICE. 

1. Add V^7to V4«. (Art. 226.))^; 5^ 

2. Add V72 to vias. ^f^x -f ^: > t -^ /^/ '* 

3. Add v^lSO to v'^OS./ ; v ^ / ; •' V ' .^^ .* -s 

4. Add a^ 40 to ^ 135. f\ <,l. ' 

5. Add 4^ 54 to 5?/ 128. tf^ / A. 



6. Add 9V243 to 10-v^363. /? /. '/ ,1 , 

7. Add V816 to yigg. ?■ ,N-t 7 ^ ^ 



8. Add v^9 ^to v'ie^S^y A ; /^ 

9. Add x^'^fc to ^36^^*0. // yA^ '^ 
10. Add 3^ a«6 to 4a^ a'6. nJ^Ji^f 






SUBTRACTION OF RADICAL QUANTITIES. 

229. KuLE. — Subtraction of radicals is performed in the 
same manner as addition^ except that the signs of the subtra- 
hend must be changed as in subtraction of powers. (Art. 187.) 

1. From -y/ay take Z'yjay. Ans. — 2'v/ay. 

2. From 43/a+a? take 3^a-|-(r. l V| v 

3. From 3A^ take — 5Ai ' ^ 

4. From a{xJ^y^ take &(a?+y)"^</^,^ ' V '^ (^ / • 

5. From — a"« take — 2a''". ;; /- -^ 

6. From V^O take ^%. S^l I -- A ^ A -^ ' 

7. Tiom ^ b*y t^iU^ by \;yl_yyf:%*, 

Qt7£ST.^How are radical quantities subtracted 7 
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/. / 

8. From yaUJce^ir. 'yL'^_.%> 

9. From 2V^ take ^187/ r ' 



10. From ^ 320 take {/ i^.A.'f ,-Ky 

11. From5V20 take 3^45. -2 ^ 

12. From ^SOa'a; take 'y/^Qjiii^ x<_p ^.• 



/^ 

^-n: 



MTTLTIPLICATION OP RADICAL QTTANTITIBe. 

230. Radical quantities may be multiplied, like other quan- 
tities, by writing the factors one after another, either with, or 
without the sign of multiplication between them. (Art. 72.) 

1. Thus the product of -y/a into yb, is ^a x ^b, 

2. The product of A^ into y*, isA^y*. 

But it is often expedient to bring th^ factors under the 
same radical sign. This may be done, if they are first re- 
duced to a common index. (Art. 221.) 

231. Hence^ quantities under the same radical sign or index 
may be multiplied together like rational quantities^ the pro* 
duct bdng placed under the common radical sign or index,* 
(Art. 210UI.) 

3. Multiply ^ X into ^ y, that is, a?* into y^. 

The quantities reduced to the same index, (Art. 221,) are 

{x^)\ and (y2)i, and their product is, {x^y^)i=^ iy . Ans. 

4. Multiply ^a-\-m into -y/a — m, . T - > ' '^ ' 

5. Multiply y/dx into -y/hy. ' 



Quest.— How may radical quantities be multiplied 7 How are factors 
brought under the same radical sign ? How multiplied nvhen under the 
same radical sign ? 

* The case of an imaginary root of a negative quantity may be consider 
ed an exception. (Art. 214.) 
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it 1 A 

6. Multiply d2 into x^. ^ X^y^ 

7. Multiply (fl+y)* into (*+A)»». ^ /^ -f -^ \ ^ -^ -/ /vA 

8. Multiply flr» into «*. ^(C^y^^'^) ' ' ' ^ 



9. Multiply / 8ap3 into / 2a;6. Prod. / X^xn^^^sih. 

In this manner the product of radical quantities often 
becomes rcUionaL 

10. Thus the product of / 2 into / 18=/ 36=6. Ans. 

11. Multiply (a2y3)i into (a^y)t r^^ ^^] >T 

232. RootB of the same letter or quantity may be multiplied^ 
by adding their fractional exponents. 

N. B. The exponents, like all other fractions, must he 
reduced to a common denominator, before they can be united 
in one term. (Art. 122.) 

12. Thusaixa^;=o^*^=ra^'*^=ai 

The yalues of the roots are not altered by reducing their 
indices to a common denominator. (Art. 207.a.) 

1 3 

Therefore the first factor a^^^^a'^ 
And the second a^=a« 

But a* ssa*' X fl» X a^. (Art. 206.) 
Anda^=aexo^. 

The product therefore is a» x a® x fl« X a^ X ^«o^. 
N. B. In all instances of this nature, the common denomi- 
nator of the indices denotes a certain root; and the sum of 



QussT.— How multiply roots of the fame letter? How are etpo- 
aeats united f 

12 
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the numerators, shows how often this is to be repeated as a 
factor to produce the required prodiict. 

L L ^ • ** **+* 

13. Thusa*xa"^=tf**Xa"*'*=fl"**. 

14. Multiply Byi into y^. $ ijt 

15. Multiply (a+b)i into (a+b)^.^ H h^ 



16. Multiply (a— y)* into (a — yY'({)L -- J ^••♦-^'•- 

17. Multiply x"^ into a;" ». *i^l\, 

J 



t"^ into a; *- 
18. Multiply y^ into y"^. ^ * 



19. Multiply a* into cT «. 

20. Multiply a:*";^ into a;^""*.'V '' ^ 

21. Multiply a^ into a^. /t^ 

233. Any quantities may be reduced to the form of radi- 
cals, and may then be subjected to the same modes of ope- 
ration. (Art. 220.) 

1 1 19 1 J±L 

22. Thusy»xy«=y'+«»ByT. 23. Anda;xa?*=ar •• . 

N. B. The product will become rational^ whenever the 
numerator of the index can be exactly divided by the denomi- 
nator. 

24. Thus a^xa'^x a^:=(fi «=a*. (Art. 207.a.) . 

25. Multiply (a+6)^ into (a+^r^fx ^ (j) f - ^ ^^ 

26. Multiply a* into a*. ,\ V " '- 

234. When radical quantities which are reduced to the 
same index, have raiional co-efficients^ the rational parts may 

Quest. — Can all quantities be reduced to the form of radicals ? How 
may they be treated then ? When radicals have co-efficients, what must be 
done with them ? 
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be multiplied together j and their product prefixed to the product 
of the radical parts. 

27. Jiialtiply a-y/b into c-^d. 

The product of the rational parts is ac. 
The product of the radical parts is -y/bd. 
And the whole ^loduct^ac-y/bd. Ans. 

28. Multiply ax^ into bd^. Ans. a5(a?3rf^)«. 

But in cases of this nature we may save the trouble of re- 
ducing to a common index, by multiplying as in Art. 230. 

29. Thus ax^ into bd^^^^ax^biJ^. Ans. ^ , / 

30. Multiply a(H»)^ into y(*—:c)i -^f*^ ^ ' /'. 

31. Multiply a^y^ into b-y/hy. 'i t^ I , ,' • ' 

32. Multiply a -v/a? into 6 y'j?. v [^liL^^ (H^h^^ 

I ' / 

33. Multiply ax^ into by-^. /7>- O .^^ 

34. Multiply x^ 3 into y ?/ 9. ^ )^ ^^ 

235. If the rational quantities, instead of being co'ejfficients 
to the radical quantities, are connected with them by the 
signs 4- and — , each term in the multiplier must be multi- 
plied into each term in the multiplicand^as in Art. 78. 

35. Multiply a+v'^ 
Into c-^y/d 

ac^-y/b 

a^d+^bd 

ac+c-y/b-^-^i-y/d-^-y/bd. Ans. 

36. Multiply a+ y/y into l-fr-y/y. 



Quest. — ^When the radicals are compound quantities, how proceed 7 
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236. Hence we deduce the foQowing y 

GENERAL RULE FOR MVLTIPLTIKG RADICALS. 

I. Radicals of the same root^ are multiplied by adding their 
fractional exponents* 

n. If the quantities have the same radical sign^ or indez^ 
multiply them together as you multiply rational quantities^ place 
the product under the common radical sign^ and to this prefix 
the product of their cO'Cfficients. 

III. If the radicals are compound quantities^ each term in the 
muliiplier must be dulHplied into each term of the multiplicand 
by writing the terms one after another ^ either wUh^ or without 
th§ sign of multiplication between them, (Art. 189.) 

EXAMPLES FOR PRACTICE. 

1. Multiply ^ a into ^b.^^iL ^ ' 

2. Multiply 5^5 into 3^8. '5\ / ^^ 

3. Multiply 2^3 into 3f/ 4. it ^i I 

4. Multiply ^d into ^ ab. / i^ t- §J 

5. Multiply y -Jif int^y 2^' 'V'^\y 

6. Multiply a(a-.a7)i into (c— (Ox(iia?)i/^- ^ ''*^!>^^7-^^ ' 

7. Multiply 5 -v/8 into ^/^* I ^Yl '^ 

8. Multiply \\/^ into ^V^. v^. • '. 

9. Multiply ^^18 into 5-v/20. ] ^ 
10. Multiply 2^3 into 13J y'S. J^ / 

II. Multiply 72ia* into 120^^ %' y ^ ■ '^^ 

12. Multiply4+2V2into2— y2. J 

* 

Qx7S8T.-<-(xeaeral rale for multiplying radical quantities 7 
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DIVISION OF radical QUANTITIES. 

237. The division of radical quantities may be expressed 
by writing the divisor under the dividend, in the form of a 
fraction. 

1. Thus the quotient of ^ a divided by -y/h^ is il-?. 

2. And (a+A) * divided by (6+a:)« is ^?[±^. 

In these instances, the radical sign or index is separately 
applied to the numerator and denominator. But if the divi- 
sor and dividend are reduced to the same index or radical 
sign, this may be applied to the whole quotient. 

3. Thus ?/a-^5/ ^=5^=2/-. For the root of a 

fraction is equal to the root of the numerator divided by the 
root of the denominator. (Art. 211.) 

4. Again, ^ aft-^^ b^^y a. For the product of this quo- 
tient into the divisor is equal to the dividend ', th&t is, 

y axy b=Y ah. Hence, 

238. Quantities under the same radical sign or index^ may be 
divided like rational quantities, the quotient being placed under 
the common radical sign or index, 

5. Divide (x^y^)^ by y^. 

These reduced to the same index are (a?'y^)» and (y')*. 

And the quotient is (r'')^ =a?^=a?2. Ans. 



Quest. — How is the division of radicals expressed 7 How is the radi- 
cal sign to be placed in this case ? How divide quantities under the same 
radical sigftT 

12* 
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6. Divide V6a»a? by \/3i. 4 .(^^ A- 

7. Divide V5J^ by vQS?. ^vs^- 

8. Divide (a^+ax)^ by a^. ; ^ ^ j /^ 

9. Divide (a»A)« by (aa?)«. ^ ^^ " t 

10. Divide (ay)i by {ay)^.r^2j v 

239. .^ roo^ 19 divided by another root of the same letter or 
quantity, by subtracting the index of the divisor from that of the 
dividend, 

11. Thus a^-r-a^»»a^==:a^=«a^«:a^. 

For a*=a*=a» xa» xaS and this divided by a» is 
a^xa^Xai ¥.1*4 
a* 

12. In the same manner, a"»-r-a »=<!*». 

13. Divide (3a)^by(3a)* f^t - 
14.. Divide (aa?)* by (oar)*. ' '■ 

15. Divide a""*by tf». u' 

i 1 I'' 

16. Divide (J+y)* by (*+y)". j 

17. Divide (f ^y')"*^ by {r^y^)^.(^ 'i '/ ~ 7 

239.a. Powers and roo^s of the same letter, may also be 
divided by each other, according to the preceding article. 

18. Thus fla-T-a^=a2"*J^=al For a^X a* ==a^=a». 



QnB8T.^-How divide one root by another root of the tame letter t How 
powers and roots of the same letter 7 
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240. When radical quantiiies which are redticed to the same 
index, have rational co-efficients, the rational parts may be di' 
vided separately, and their quotient prefixed to the quotient of 
the radical parts. 

19. Thus ac-y/bd-^a-y/b^ic-y/d. For this quotient multi- 
plied into the divisor is equal to the divides^. 

20. Divide "l^^ay by 6 ^a. ^')h'^ % 

21. Divide lUh^bx by %h^x. f OL'I - i^ ^ 

22. Divide by{a^x^Y hy y(axy.-<^ --^ 'f J . 

23. Divide 16^^32 by 8 ^^4. jt^f y -: -^y M. 

24. Divide b-y/xy by -y/y, z^^. t > 

25. Divide ab{x^b)^ by a(x)^. ^ 

These reduced to the same index are ab(x^b)^ and a(x^)*. 

The quotient then is b(b)'^={b^)^. (Art. 224.) 
To save the trouble of reducing to a common index, the 
division may be expressed in the form of a fraction. 

The quotient vjrill then be ^ \^ ) 

a{x)i 

241. Hence we deduce the following 

GENEBAL bulb fob dividing BADICAL8. 

I. If the radicals consist of the same letter or quantity, sub- 
tract the index of the divisor from that of the dividend, and 
place the remainder over the common radical part or root, 

II. If the radicals have co-efficients, the co-efficient of the 
dividend must be divided by that of the divisor, (Art. 96.) 



QussT. — When the radicals have co-efficients, vrhat is to be done with 
them ? General rule for dividing radical quantities 7 
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III. If the quantities have the same radical sign or indeXy 
divide them as rational quantities^ and place the quotient under 
the common radical sign, (Art. 193.) 

EXAMPLES FOR PRACTICE 

1. Divide 2^ be by 3^ac. ^ | '^^ 

2. Divide 10^ 108 by 5^ 4.' / > t . <. 

3. Divide 10^27 by 2v^3. /^ ,, 

4. Divide 8^108 by 2 v^6. / i ? n ^ 

5. Divide (a262(i3)i by d^.i.' ^'' ; 

6. Divide (16a'- 12(i2a?)2 by 2a. . ^ 

7. Divide 6^138 by 2v^6. 5( / ^ : 

8. Divide 8^ 512 by 4^ 2. ^ '^^/l^ 

9. Divide Jv^ by ^^2. x ' r 

10. Divide ^1 by ^ 7. > " / "^ 

11. Divide 6v'54 by 3v'2. . 

12. Divide 4J/ 72 by 2{/ 18. / . 

y INVOLUTION OF RADICAL QUANTITIES. 

242. To involve a radical quantity to any required power. 
Multiply the index of the root into the index of the power to 
which it is to be raised, (Art. 170.) 

1. Thus the square of a^^a^^^z^a^. For a^xa^=^a^. 

2. Required the cube of a*. ^ v; ^/« 
-* 3, Required the nth power of tf". 

4. Required the fifth power of tf^y* *-- 



QuxsT.— How are radical quantities involved? 
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5. Required the cube of a* re*. . c ' ^ / ^ 

6. Required the square of c^x^. {t* 'V-"^ 

7. Required the cube of a*. ,^T— ^^ 

8. Required the nth power of a*. .1 ''-" ^-^ 

24<3. A root is raised to a power of the same name^ by remov- 
ing the index or radical sign. 

N. B. When the radical quantities have rational co-efficients^ 
these must be involved by actual multiplication. 
9. Thus the cube oiV b-\^^ is h-\-x, 

10. And the nth power of (a — ^y)", is a — y. 

11. The square of ay a?, is a^^ ofi. 
For a ?/a?xaya?=a^iJ/a?'. 

12. Required the nth power of cr^. / L - 

13. Required the square of ai/o? — y. '!L' ^'"^^ ^ 

14. Required the cube of 3a ^y. ^Y/TL;^ 

244. But if the radical quantities are connected with others 
by the signs 4- and — , they must be involved by a multipli- 
cation of the several terms, as in Art. 172. 

15. Required the square of a-|-\/y and a — -y/y, 

a+Vy a— v/y 

a^-\-a^y a^-^-a^y 



a^+2a^y+y. a^-2a^y+y. 



QiTEST. — How is a root raised to a power of the same name ? If the 
radicals have co-efficients, how proceed ? If the radicals are compound 
quantities, how T 
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16. Required the cube of a-^V^.^sA^^f^"^^^ 

17. Required the cube of2d+^xyd.Uld\^f^^'*'^^ 

18. Required the 4th power of ^d. (C i 

19. Required the 4th power of — Va?— 1./^^ ^ "^ ^ I 

20. Required the 6th power of Vo+J.^^JIL-i'-f J*^"^' 

EVOLUTION OF RADICAL QUANTITIES. 

245. The operation for finding the root of a quantity which 
is already a root, is the same as in other cases of evolution. 
Hence we derive the following 

RULE FOR THE EVOLUTION OF RADICALS. 

I. Divide the fractional index of the quantity by the number 
expressing the root to be found. Or, 

Place the radical sign belonging to the required root over the 
given quantity, 

n. If the quantities have rational co-efficients, the root of 
these must be extracted^ and placed before the radical sign^ or 
quantity. (Art. 210.) 

1. Thus, the square root of a*, is a*~®=a«. 

2. Required the cube root of a(xyW^'V ^A 

3. Required the nth root of aV by. (i^^y . ^h 

4. Required the 4th root of -y/a x^/ b. iJM ' ' 

5. Required the 7th root of 128^ d. .r ^ ^Z ^ ^^ 

245.a. From the preceding rules, it will be perceived that 
powers and roots may be brought promiscuously together, and 
subjected to the same modes of operation. 

Quest. — Greneral rule for the evolution of radicals? 
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EXAMPLES FOR PRACTICE. 

1. Find the 4th root of Sla^. $ OU^ / 

2. Find the 6th root of (a+ft)-'^^-^-^]^ 

3. Find the nth root of (a;-^)i(^ **^'^''^ 

4. Find the cube root of — 125a'a;«.^^^<U5^ 

4a* XO^ 



5. Find the square root of _. — 

6. Find the 5th root of ^^'^", ^ 

24.3 » I 

7. Find the square root of x^-Shx-\-^b^. ^ — ? ' *^ 

8. Find the square root of a2-(-ay-|iL. ^1 *t - 1 ■ 

9. Reduce ax^ to the form of the 6th root, fdr ^ / ^^ 

10. Reduce — 3y to the form of the cube root. 1 —v^/ ,^/ 

11. Reduce a^ and d^ to a common indexJlL J^ t .t^ 

11 , / .,. 

12. Reduce 4^ and 5* to a common index. ^ ^'^ - ^* ** '' 

1 JL -^ f * 

13. Reduce a^ and b^ to the common index J. \;L 4- '♦^ 

14. Reduce 2* and 4* to the common index \. / /-f / 

15. Remove a factor from -v/294. / ^ ^nC^'V. P /I ^ " 

16. Remove a factor from ^x^ — a^z^.y^^ ./ 

17. Find the sum and difference of ^16a^x and -y/^^x* : 

18. Find the sum and difference of ^ 192 and ^ 24. - a \ 

19. Multiply 7^ 18 into 5^ 4. 7 r / ) ' 

20. Muhiply 4+2^2 into 2- v^2. i; * 

1 1 '• t 

21. Multiply a(a+v^c)* into i(a— V'c)*. ' ^ ; ^ ^ / 
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22. Multiply 2{a+bfinto 3(a+^)*. f^f^ 

23. Divide 6 ^54 by 3^2. j^ Viy -: o't'T 

24. Divide 4^ 72 by 2^/ 18. ^| >} 

25. Divide V7 by ^7. yj 

26. Divide 8^ 512 by 4^ 2. ^j' i * ' ^ . 

27. Find the cube of 17^21. /Jf^f7f^y ^J \ 

28. Find the square of 5+^2. H^y^ i- I ^ ^ 

29. Find the 4th power of \^^. *-; •. •^''^ > 

30. Find the cube of ^z-^-y/h. y / f^H^^A-'f 1"^^' "^ 



SECTION X, 

BEDTTCTION OF EQUATIONS BY INVOLUTION. 

Art. 246. In an equation, the letter which expresses the 
unknown quantity is sometimes found under a radical sign. 
We may have -y/x^sza. 

To clear this of the radical sign, let each member of the 
equation be squared, that is, multiplied into itself. We shall 
then have ^y/xx ^Jx^=aa. Or, (Art. 243,) a?=a^ 

The equality of the sides is not affected by this operation, 
because each is only multiplied into itself, that is, equal 
quantities are multiplied into equal quantities. (Ax. 3.) 

The same principle is applicable to any root whatever. 
If ^ Xsa \ then Xssa". For by Art. 243, a root is raised to 
a power of the same name, by removing the index or radical 
sign. Hence, 
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247. To reduce an equation when the unknown quantity 
is under a radical sign. 

Involve both sides to a power of the same name^ as the root 
expressed by the radical sign. 

N. B. It will generally be expedient to make the necessary 
transpositions, and to clear the equation of fractions, before 
involving the quantities ; so that all those which are not un- 
der the radical sign may stand on one side of the equation. 

1. Reduce the equation V^"}* ^^^^ • 
Transposing -|-4 l/a?s=: 9-^=5 
Involving both sides, ap=52=25. Ans. 

2. Reduce the equation a+y x — ^=(f 
By transposition ^ x=^d+b — a 

By involution xs=i^d-\-b — a)*. Ans. 

3. Reduce the equation y^a;4-l=4. V- -^ .» ,^ , 

4. Reduce the equation 44-3i/^^^=6-f4« 'It ^ ^/ ; 

5. Reduce the equation VaH-iA*= ^ v- V ^ ^f- 

6. Reduce 3+2-v/a;— 1==6. )L "^ ,< 

7. Reduce 4^1=8. y 

8. Reduce (2^4-3)^+4=7. y ./ 

9. Reduce Vl2+a:=2+-v/a;. . . '^ 

10. Reduce Vxr—a=^x — ^-y/a. y — 

11. Reduce ^5 x Va?+2=2+ V^. V 

12. Reduce ^^=:^. 



iK 



I 



-y/X X I * / ' 



Quest. — ^When the trnknown quantity is under the radical sign, how is 
tbe equation reduced ? What preparation, is it advisable to make before 
involving the quantities 7 
13 
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13. Reduce V^±^=V^±^. ^ ^^ ' ') 

14. Reduee Vx+^a-X-xzzz ^ ^. % r "^ '^ 



2^2 



15. Reduce-xf Va^+a;^^^^;^^^^^.^:::: -^ ; f^ 

16. Reduce x+a-Va^J^x^ (^H^^- ^ "^^ '^^ '^^ 

17. Reduce V2+a;+V«= ^ — -v- I/- • ^^^ 

18. Reduce Va;— 32=16— -y/a;. y. . ; / 
- 19. Reduce V4x+17=2 V^+ 1. y ) 

20. Reduce l^(6^h^=i%A6^ ,^ ^. 

ABDUCTION OF EQUATIONS BY EVOLUTION. 

248. In many equations, the letter which expresses the 
unknown quantity is involved to some power. Thus, 

In the equation a;^=16, 
We have the value of the square of rr, hut not of x itself. 
If the square root of hoth sides be extracted, 

We shall have a:=4. 
The equality of the members is not afiected by this reduc- 
tion. For if two quantities or sets of quantities are equal, 
their roots are also, equal. 

If (a;-l-a)»=6+A, then x+a^?^ b-\-h. Hence, 

249. To reduce an equation when the unknown quantity 
IS a power. 

Extract the root of hoth sides which corresponds with the 
power expressed by the index of the unknown quantity. 



Quest.— When the unknown quantity is a power, how is the equation 
reduced? 
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1. Beduce the equation 6-|-a?2— 8=7 
By transposition, x^ =7+8 — 6 =9 

By evolution, a?= =t -/9 = =t 3. Ans. 

The signs -|- and — are both placed before ^9, because an 

even root of an affirmative quantity is ambiguous. (Art. 212.) 

2. Beduce the equation Sa:^— 30=a?2-^34 
Transposing, &c., aj^= 16 

By evolution, x =±4. Ans. 

3. Beduce the equation a \ . = A — j. 

4. Beduce the equation o-|-<fa?"=10— x". 

250. From the preceding articles it will be easy to see, 
that to reduce an equation containing a root of a power, 
(Art. 206,) requires both involution and evolution. 



5. Beduce the equation 


^a?2--4 


By involution, 


a?2=:43=64 


By evolution. 


0? =:d=v^64=zt8.Ans. 


6. Beduce the equation 


Wx^-^a=zh'-d. 'f^y 



7. Beduce the equation (*-H*) = i^y^-^ ^^ 

(x--ay 

8. Beduce the equation {x^ — 1) = y ^ • 

(^^-1)* 
/ 

9. Beduce the equation ^a?^— -11=5. v 



10. Beduce the equation '^y^^4tab=za—b. 

11. Beduce the equation (13+^23+y^y^=z5. 



12. Beduce the equation (3+{/ 329+ x' ) =144. 

Quest. — ^Why are the signs + and — placed before the root ? How 
is an expression containing a root of a power reduced ? 
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PR OBLEMS. 



Frob. 1. A gentleman being asked his age, replied, ^^ If 
you add to it 10 years, and extract the square root of the 
Slim, and from this root subtract 2, the remainder will be 6." 
What was his age % 



By the conditions of the problem, -v/ar+10— 2=6 



By transposition, ^x-fl0=6+2=8 

By involution, a?-|-10=82=64. 

And 0^=64.-10=54. 



Proof. (Art. 161.) ^54+10- 2=6. 
Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extracted, and from this 163 be 
subtracted, the remainder will be 237. What is the number ? 
Let x=: the number sought, 6=163 

0=22577, (Art, 159,) c=23» 

By the conditions proposed, -/IcII^— fc^ 

By transposition, VH^=c+6 

By involution, a?-}"^c=:(c-f^)' 

And a?=(c-|-6)3— a 

Restoring the numbers, (Art. 35,) aj=(2374-163)2— 22577 
That is a?=160000— 22577=137423. 



Proof. V137423+22577— 163=237. 

'251. When an equation is reduced by extracting an even 
root of a quantity, the solution does not always determine 
whether the answer is positive or negative. (Art. 212.) But 
what is thus left ambiguous by the algebraic process, is fre 
quently settled by the statement of the problem. 
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Prob. 3. A merchant gains in trade a sum to which 320 
dollars bears the same proportion as five times this sum does 
to 2500. Wh^t is the amount gained ? ^ r: ^j^' ^ 

Prob. 41 The distance to a certain place is such, that if 96 
be subtracted from the square of the number of miles, the 
remainder will be 48. What is the distance ? \^ t^ / ^ 

Prob. 5. If three times the square of a certain number be 
divided by 4, and if the quotient be diminished by 12, the 
remainder will be 180. What is the number 1 *V^ :\2 / *^ 

Prob. 6. What number is that, the fourth part of whose 
square being subtracted from 8, leaves a remainder equal to 4 w 

Prob. 7, What two numbers are those, whose sum is to the 
greater as 10 to 7 ^ and whose sum multiplied into the less 
produces 2701 Xh % 

Prob. 8. What two numbers are those, whose difference 
is to the greater as 2 to 9, and the difference of whose 
squares is 1281 / y, J^* 

Prob. 9. It is required to divide the number 18 into two 
such parts, that the squares of those parts may be to each 
other as 25 to 16. y^ -^^ } i^\ ^, 

Prob. 10. It is required to divide the number 14 into two 
such parts that the quotient of the greater divided by the 
less, may be to the quotjent of the less divided by the 
greater as 16 to 9. "^ V . 

Hob. 11. What two numbers are as 5 to 4, the sum of 
whose cubes is 5103 1 / ; ^ ^ ;^ 

Prob. 12. Two travellers, A and Bi set out to meet each 
other, A leaving the town C at the same time that B left D. 
They travelled the direct road between C and D ; and on 
meeting, it appeared that A had travelled 18 miles more than 
B, and that A could have gone B's distance in 15|^ days, 
13* 
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but B would have been 28 days in going A's dietanc^^. Ke- 
quired the distance between C and D. I X^h% 

Prob. 13. Find two numbers which are to each other as 8 
to 5, and whose product is 360. Ij i /$V 

Prob. 14. A gentleman bought two pieces of silk, which 
together measured 36 yards. Each of them cost as many 
shillings by the yard as there were yards in the piece, and 
their whole prices were as 4 to 1. What were the lengths 
of the pieces'! X^JXj 

Prob. 15. Find two numbers which are to each other as 3 
to 2 j and the difference of whose fourtji powers is to the 

sum of their cubes as 26 to 7. ^ % , 

\. • -j' • 

Prob. 16. Several gentlemen made an excursion, each 
taking the same sum of money. Each had as many servants 
attending him as there were gentlemen ; the number of dol- 
lars which each had was double the number of all the ser- 
vants, and the whole sum of money taken out was 3456 dol- 
Jars. How many gentlemen were there ? ^'* % 

Prob. 17. A detlCchment of soldiers from a regiment being 
ordered to march on a particular service, each company fur- 
nished four times as many men as there were companies in 
the whole regiment ; but these being found insufficient, each 
company furnished three men more ; when their number ^s 
found to be increased in the ratio of 17 to 16. How many 
companies were there in the regiment/ I i , 

/affected quadratic equations. 

252. Equations are divided into classes, which are distin- 
guished from each other by the power of the letter that ex- 
presses the unknown quantity. Those which contain only 

Qux8T. — ^Into what are equations divided ? 
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the first power of the unknown quantity are called simple 
equations, or equations of the^r^r degree. Those in which 
the highest power of the unknown quantity is a square^ are 
called quadraiic, or equations of the second degree ; those in 
which the highest power is a cube are called cubiCy or equa* 
tions of the third degree, &c. 

Thus x=a'\-bj is an equation of the^r*^ degree, 

x^=^Cy and x^-\-ax^=:d, 
are quadratic equations, or equations of the second degree. 

a?'=A, and x^-^ax^-{-bx=:d, 
are cubic equations, or equations of the third degree. 

253. Equations are also divided into pure and affected equa* 
tions. A pure equation contains only one power of the un- 
known quantity. This may be the first, second, third, or any 
other power. An affected equation contains different powers 
of the unknown quantity. Thus, 

( x^^d—bj is a pure quadratic equation. 

(. x^-^-bxszizd, an affected quadratic equation. 

( a?'=6--c, a pure cubic equation. 

I x^-\-ax^-\'bx=:=h, an affected cubic equation. 

In a pure equation, all the terms which contain the un- 
known quantity may be united in one, (Art. 185,) and the 
equation, however complicated in other respects, may be re- 
duced by the rules which have already been given. But in 
an affected equation, as the unknown quantity is raised to dif' 
ferent poweis, the terms containing these powers cannot be 
united. (Art. 185.o.) 



Quest.— What are thos^ called which contain only the first power ojt 
the unknown quantity ? When the unknown quantity is a square what T 
When a cube ? How else are equations divided ? What is a pure equa- 
tion ? What an affected equation? 
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254. .^n affected quadratic equation is one which contains the 
unknown quantity in one term, and the square of that quantity 
in another term. 

The unknown quantity may be originally in several terms 
of the equation. But all these can be reduced to two, one 
containing the unknown quantity, and the other its square. 

255. It has already been shown that a pure quadratic is 
solved by extracting the root of both sides of the equation. 
An affected quadratic may be solved in the same way, if 
the member which contains the unknown quantity is an 
exact square. (A.rt. 249.) 

Thus the equation x^-{-2ax-\-a^=b-{-h, may be reduced by 
evolution. For the first member is the square of a binomial 
quantity. (Art. 173.) And its root is a?-fa. Therefore, 
ir-|-a= Y^6-|-A, and by transposing a, 

256. But it is not often the case, that the member of an 
affected quadratic containing the unknown quantity, is an 
exact square, till an additional term is applied, for the purpose 
of making the required reduction. 

In the equation x^-^-^ax^b, the side containing the un- 
known quantity is not a complete square. The two terms 
of which it is composed, are indeed such as might belong to 
the square of a binomial quantity. (Art. 173.) But one term 
is wanting. We have then to inquire, in what way this may 
be supplied. From having two terms of the square of a bino- 
mial given, how shall we find the third 1 

Of the three terms, two are complete powers, and the 
other is twice the product of the roots of these powers, or 

, Quest. — ^What is an affected quadratic equation ? How is a pure qua- 
dratic equation solved ? How an affected quadratic, when it is an exact 
square ? How, when it is not an exact square ? 
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which is the same thing, the product of one of the roots into 
twice the other. 

In the expression x^-f 2ax, the term 2aa? consists of the 
factors, 2a and a?. The latter is the unknown quantity. The 
other factor 2 a may be considered the co-efficient of the un- 
known quantity ; a co-efficient being another name for a fac- 
tor. (Art. 24.) As x is the root of the first term x^ ; the 
other factor 2a is twice the root of the third term, which is 
wanted to complete the square. Therefore half of 2a is the 
root of the deficient term, and a^ is the term itself. 

The square completed is a?^-|-2aa7-|-a2, where it will be 
seen that the last term a^ is the square of half of 2a, and 2a 
is the co-efficient of a?, the root of the first term. 

In the same manner, it may be proved, that the last term 
of the square of any binomial quantity, is equal to the square 
of half the co-efficient of the root of the first term. 

257. From this principle is derived the following 

METHOD FOR COMPLETING THE SQUARE. 

Take the square of half the co-efficient of the first power of 
the unknown quantity^ and add it to both sides of the equation. 

258. It will be observed that there is nothing peculiar in 
the solution of affected quadratics, except the completing of 
the square. Quadratic equations B.Te formed in the same man- 
ner as simple equations ; and after the square is completed, 
they are reduced in the same manner as pure equations. 

1. Reduce the equation a?^-|-6aa?=6 

Completing the square, a?^-|-6aa?-|-9a2=9a2-|-5 

Extracting both sides, (Art. 255,) a?-[-3a=dz VOo^Ip 

And x^ — SadzV9a^-^b. Ans, 

Here the co-efficient of a?, in the given equation, is 6a. 

Quest.— What is the first method for completing the square ? What is 
there peculiar in the solution of quadratics 7 
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The square of half thiis, is 9a3, which heing added to both 
sides completes the square. The ^uation is then reduced 
by extracting the root of each member, in the same manner 
as in Art. 249, excepting that the square here being that of a 
binomial^ its root is found by the rule in Art. 216. 

2. Reduce the equation x^ — Sbx^=h, 

3. Reduce the equation x^+ax=b+h. 

Completing the square, x^ +aa:-f— = — +b+h. 

4 4 

4. Reduce the equation x^ — a?=A — rf. 

5. Reduce the equation x^ +3x=^d+6, 

6. Reduce the equation x^ — abx=ab — cd. 

7. Reduce the equation x^+ — =A. 

b 

8. Reduce the equation x^ — 5=7A. 

b 

259. In these and similar instances, the root of the 4hird 
term of the completed square is easily found, because this 
root is the same half co-efficient from which the term has 
just been derived, (Art. 257.) Thus in the last example, 

half the co-efficient of x is .^, and this is the root of the 

I 26 

third term . ^ 

462 

260. When the first power of the unknown quantity is in 
several terms^ these should be united in one, if they can be 
by the rules for reduction in addition. But if there are 
literal co-efficients, these may be considered as constituting, 



Quest. — ^How do you know what the root of the third term of the com- 
pleted square is ? When the first power is in several terms, what is to be 
done ? If there are literal co-efficients what ? 
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together, a compound co-efficient or factor, iato which the 
unknown quantity is multiplied. 

Thus ax-{-bX'\^dx=(a^-yi)Xx. (Art. 97.) The square 
of half this compound co-efficient is to he added to hoth sides 
of the equation. 

9. Reduce the equation ir2-|_8ap-f-2a?-f a=(l 

Uniting terms x^'^6x=d 

Completing the squarp x^-[-6x-\-9=9-\-d 

And x=-'B±V9+d. Ans. 

10. Reduce the equation x^-^^w-^-bx^Ji 
By Art. 97, x^+{a^)xx^h 

Therefore a?2+(a+6)xir+ ff+^1 "zn (^] %A. 

11. Reduce the equation x^-^-ax — x=b, 

261. Before completing the square, the known and un' 
known quantities must be brought on opposite sides of the 
equation by transposition ; the square of the unknown quan- 
tity must also be positive, and it is preferable to make it the 
first or hading term. 

12. Reduce the equation a-f5a? — 3b=3x — x^ 
Transp. and uniting terms x^^2x=z3b — a 
Completing the square a?2-[-2a?-(-l=l-|-35 — a 
And a?=— ld=Vl+3^— a. Ans. 

13. Reduce the equation -z= — 4>. 

^ 2 x+2 

262. If the highest power of the unknown quantity has a co^ 
efficient, or divisor, before completing the square it must be 
freed from these by multiplication or division. (Arts. 149, 154.) 

QxTEST. — ^Before completing the square what preparations is it expedient 
to make ? If the highest power has a co-efficient or divisor, what should 
be dcme ? 
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14. Reduce the equation fl?2-(-24a — 6A=12x— 5a?* 
Transp. and uniting terms 6a?* — l2a?==6A — 24a 
Dividing by 6, jc* — ^2a;s=A— 4a 
Completing the square, x^ — 2a?-}-l==^+^"~^*^ 
Extracting and transp. a;=«l±\/l+A — 4a. Ans. 

15. Reduce the equation h-^-^x^^d — . 

a 

263. If the square of the unknown quantity is in several 
ierms^ the equation must be divided by all the co-efficients 
of this square. (Art. 155.) 

16. Reduce the equation hz^-^-dx^ — 4a;=6 — h 

Dividing by d-f-c/) 



4a7 h — h 



hJ^d 6+d 

17. Reduce the equation aa?*-fap=^+3^ — i*. 

Given ax^-\~hx=id^ to find a?. 

If this equation is multiplied by 4a, and if 6* is added to 
both sides, it will become, 

4a2a?2+4ai2;+62=:4arf+ft^ ; 
the first member of which is a complete square of the bino- 
mial 2ax+L 

264. From the foregoing principle is deduced \v' 

A SECOND METHOD OF COMPLETING THE SQUARE. 

Multiply the equation by 4 times the co-efficient of the high* 
est power of the unknown quantUy^ and add to both sides the 
square of the co-efficient of the lowest power. 

The advantage of this method is, that it avoids the intro- 
duction of fractions^ in completing the square. 



Quest. — ^If the square of the unknown quantity is in several teims, how 
proceed ? What is the second method of completing the square ? What 
advantage has this method ? 
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Demonstration. 

1. The object of multiplying the equation by the co-effir 
tteru of the highest power, is to render the first term a per- 
fect square without removing its co-efficient, and at the same 
time to obtain the middle term of the square of a binomial. 
But we must multiply all the terms of the equation by this 
quantity to preserve the equality of its members. (Ax. 3.) 
The equation above when mult, by a, becomes a^+abx^ssad. 

That the first term will, in all cases, be rendered a com* 
plete square when multiplied by its co-efficient, is evident 
from the fact, that it will then consist of two factors, each 
of which is a square, viz. x\ and the square of its co-effi- 
cient. But the product of the squares of two or more factors, 
is equal to the square of their product. (Art. 167.) 

2. It will be seen that one term is still wanting in the first 
member, in order to make it the square of a binomial, viz. 
the square of the last term (Art. 173.) 

This deficiency may be supplied by adding to both sides 
the square of half the co-efficient of the lowest power, as in 
the first method of completing the square. But in taking half 
of this co-efficient, the learner will often be encumbered with 
fractions which it is desirable to avoid. Thus in the equation 

above, half of the co-efficient of the lowest power is ^, the 

square of which is -r-, Addkig this to both sides, the equa- 
ls ^2 

tion will become, aV-f a6ar-|- -—=ad-\' —-, the first member 

4" 4 

of which is a complete square of the binomial, aa?-|- ^. 

Quest. — ^Why is the equation multiplied by the co-efficient of the highest 
power ? How does it appear that this will make the first term an exact 
square ? Why add the square of the co-efficient of the lowest power to both 
sides ? 

U 
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Now it is obvious, that multiplying the equation by 4, is 
the same as removing the denominator 4 from the third term. 
Hence multiplying the equation by 4, will avoid the introduc- 
tion of fractions, and also leave the square of the whole of 
the co-efficient of the lowest power to be added to both sides 
according to the rule. 

The first term evidently continues to be a square after it 
is multiplied by 4, for it ii^ stiU the product of the powers of 
certain factors. (Art. 167.) 

3. It will be perceived at once, that the second term is 
composed of twice the root of the first term multiplied into 
the co-efficient of the last term, which constitutes the middle 
term of a binomial square. (Art. 173.) 

Obser. It is manifest from the preceding demonstration, that multiplying 
by 4 is not a ntcessary step in completing the square, but is resorted to as 
an expedient to prevent the occurrence of fractions. When therefore the 
co-efficient of the lowest power is an even number, so that half of it can be 
taken without a remainder, we may simplify the operation by multiplying 
by the co-efficient of the highest power alone, and adding to both sides 
the square of half the co-efficient of the lowest power of the unknown 
quantity. 

Take the equation 7aj2-f-40x=7lf . 

Multiplying by 7, it becomes 49x2 -f-280x:= 500 

Adding the square of half the co-efficient, 49ar2-f-280a:-|-400=900 

By evolution and transposition, a;sr40. 

265. From the preceding principles we may also deduce 

OTHER METHODS OF COMPLETING THE SQUARE. 

Multiply the equation by 16 times the co-efficient of the high' 
est power of the unknown quantity, and add to both sides 4 times 
the square of the co-efficient of the lowest power. 

Quest. — ^Why multiply the equation by 4 ? How may the operation be 
simplified when the co-efficient of the lowest power is an even number ? 
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m^nd universally^ multiplying the equation by the product of 
any square number, as n\ into the co-efficient of the highest 
power, and adding to both sides the sqtuire of half the root of 
this number into the square of the co-efficient of the lowest power, 
will render it a complete square. 

Take the equation x'^ — 3a?=4«. 

Multiplying by 16, &c. 16a?2_48a?+36=100 

By evolution and transposition, a?=4. Ans. 

Or, take the equation ax^+cx=:d. 

Mult, by n\ &c. n^a^x^+n^acx+J!Lf,^n^ad+^^; the 

4 4 

first member of which is the square of the binomial, nax-^^ 

** 

There is an obvious advantage, however, in employing 4 in 

preference to any other square number. For multiplying the 

equation by 4 times the co-efficient of the highest power, will 

produce the middle term of a binomial square, the third term 

of which is the square of the co-efficient of the lowest power 

18. Reduce the equation ax^-\'dx=h. y ^"^ ^'^ iJlb^S- 

19. Reduce the equation 3a?2+5a7=42. K^^j *^ 

20. Reduce the equation x^ — 15a:= — 54. , / 2^^7^ /^ 
265. a. In the square of a binomial, the first and last terms 

are always positive. For each is the square of one of the 
terms of the root, and all even powers are positive. (Arts. 
168, 173.) 

If then — x^ occurs in an equation, it cannot with this sign 
form a part of the square of a binomial. But if all the signs 
in the equation be changed, whilst the equality of the sides 
will be preserved, the term — x^ will become positive, and 
the square may then be completed. (Art. 146.) 

Quest. — What other ways of completing the square are mentioned ? In 
the sqoare of a binomial, what sign have the first and last terms ? If the 
sqnare of the unknown quantity has the sign — before it, what must be 
done? 
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21. Reduce the equation — x^+2x=:d — h. 

Changing all the signs ai'^—2x=:h — rf.^ * 'i/v-^- cC 

22. Reduce the equation ^-x^=:—S2/f^*r ^ /^ *r 

266. In a quadratic equation, the first term x^ is the square 
of a single letter. But a hinomial quantity may consist of 
terms, one or hoth of which are already powers. 

Thus a?^+a is a binomial, and its square is x^+2ax^+a\ 
where the index of x in the first term is twice as great as in 
the second. When the third term is deficient, the square 
may be completed in the same manner as that of any other 
binomial. For the middle term is twice the product of the 
roots of the two others. 

So the square of a?»+a, is a?2»-^2aj?'»+a^ 

1 1 i 

And the square of a»+a, is x^+^ax'^+a^. Therefore, 

267. ^dny equation which contains only two different powers 
or roots of the unknown quantity^ the index of one of which is 
twice that of the other, may be solved in the same manner as a 
quadratic equation, by completing the square, 

N. B. It must be observed, that in the binomial root, the 
letter expressing the unknown quantity may still have a frac- 
tional or integral index, so that a farther operation may be 
necessary. (Art. 250.) 

23. Reduce the equation a?* — x^=b-—a. 
Completing the square x^ — a?2_j^-_l_|_5 — ^ 
Extracting and transposing, x'^=^±.'^\-\J) — a 



Extracting again, (Art. 249,) a?=±-v/i^ Vd-f^— «)• 
24. Reduce the equation JL a?^^~ 4to"=«« \ 

Quest. — ^How solve equations which contain only two different powers 
or roots of the unknown quantity, when the index of one is twice that of 
the other ? 
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25. Reduce the equation a?+4Va?=A— n^t^-"^^^"^-^^ 

26. Reduce the equation a?«+8a;»=a4-ft.?^Ti-^-h^"^^^'^ 

268. The solution of a quadratic equation, whether pure 
or affected, gives two results. For after the equation is re- 
duced, it contains an ambiguous root. In a 'purt quadratic, 
this root is the whoU value of the unknown quantity. 

Thus the equation a?^se64, 

Becomes when reduced, a:=±y^64. (Art. 249.) 

That is, the value of x is either +8 or — 8, for each of 
these is a root of 64. Here both the values of x are the 
same, except that they have contrary signs. This will be the 
case in every pure quadratic equation, because the whole of 
the second member is under the radical sign. The two 
values of the unknown quantity will be alike, except that one 
will be positive, and the other negative. n 

269. But in affected quadratics, a part only of one side of 
the reduced equation is under the radical sign. When this 
part is added to, or subtracted from, that which is without the 
radical sign ; the two results will differ in quantity, and will 
have their signs in some cases alike, and in others unlike. 

27. The equation x^J^^=.^0 

Becomes when reduced, a?= — 4±Vl6-|-20. 
That is, a?=— 4±6. 

Here the first value of a? is — 4-(-6=+ ^ ) one positive, and 
And the second is — 4 — 6= — 10 \ the other negative. 

28. The equation - x^-— 8a?=« — 15 
Becomes when reduced, a?^4±Vl6 — ^15 
That is, a?=4±l. 



Qttzst^ — ^How many results does the solution of a quadratic give ? In 
pore quadratics, is the whole value ambiguous 7 Is this the case in af- 
fected quadratics 7 

14* 
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Here the first value of z is 4+1— f 5 > ^^^^ positive. 

And the second is 4 — 1=+3 i 

That these two values of x are correctly found, may be 
proved by substituting first one and then the other, for x 
itself, in the original equation. (Art. 161.) 

Thus 5«— 8x5=25— 40=— 15 
And 3'— 8x3= 9— 24=— 15. 

270. In the reduction of an affected quadratic equation, 
the value of the unknown quantity is frequently found to be 
imaginary. 

29. Thus the equation a?'— 8a;= — 20 

Becomes when reduced, a?=4d:'v/l6 — 20 
That is, a;=4ifc\/^. 

Here the root of the negative quantity — 4 cannot be as- 
signed, (Art. 214,) and therefore the value of x cannot be 
found. There will be the same impossibility, in every in- 
stance in which the negative part of the quantities Under the 
radical sign, is greater than the positive part. ' 

271. When one of the values of the unknown quantity in a 
quadratic equation is imaginary, the other is so also. For 
both are equally affected by the imaginary root. 

Thus in the example above. 

The first value of x is 4-|-v/""^> 

And the second is 4 — -y/ — 4 \ each of which 

contains the imaginary quantity y^ — 4. 

272. An equation which when reduced contains an ima- 
ginary root, is often of use to enable us to determine whether 



QuxsT.— Is the valae of tlie unknown quantitf ever imaginary ? When 
one of the values is imaginary, what is true of the other I Are cqvttttons 
containing an imaginary root of any use ? What use 7 
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a proposed question admits of an answer, or involves an ab 
surdity. 

30. Suppose it is required to divide 8 into two stieh parts 
that the product will be 20. 

If X is one of the parts, the other will be S—x. 
By the conditions proposed, (8— a?) Xir=:20 

This becomes when reduced, xssz^dz-y/^^* 

Here the imaginary expression -y/^^ shows that an an- 
swer is impossible ; and that there is an absurdity in suppos- 
ing that 8 may be divided into two such parts that their pro- 
duct shall be 20. 

273. Although a quadratic equation gives two results, yet 
both these i^ay not always be applicable to the subject pro- 
posed. The quantity under the radical sign may be produced 
either from a positive or a negative root. But both these 
roots may not, in every instance, belong to the problem to 
be solved. (Art. 251.) 

31. Divide the number 30 into two such parts, that their 
product may be equal to 8 times their difference. 

If a?= the less, then 30— a? = the greater part. 

By the supposition, a;x(30— a?)=8x(30.— 2a?). 

This reduced, gives a?=23=bl7=40, or 6, the les# part. 

But as 40 cannot be a part of 30, the problem can have 
but one real splution, making the less part 6, and the greater 
part 24. 

274. The preceding principles in quadratic equations may 
be summed up in the following 

GENERAL SUtE. 

I. Transpose all the unknown quantities to one aide of the 
equation ; and the known quantities to the other* 

QxTEST. — ^Are both of the results of a quadratic alwajg applicable to the 
problem under consideration ? What is the general rule ibr the solution 
of quadratic equations 7 
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II. Make the square of the unknown quantity positive (if it 
i8 not already) by changing the signs of all the terms on both 
sides ; and place it for the first or leading term. (Art. 261.) 

III. To complete the square, 

1. Remove the co»efficient of the second power of the tin- 
known quantity^ and add the square of half of the co-efficient 
of the first power of the unknown quantity to both sides of the 
equation. (Art. 257.) Or, 

2. Multiply the equation by four times the co-efficient of 
the highest power of the unknown quantity, and add to both 
sides the square of the co-efficient of the first power of the un- 
known quantity. (Art. 264.) 

IV. Reduce the equation by extracting the square root of both 
sides ; and transpose the known part of the binomial root thus 
obtained to the opposite side. (Art. 255.) 

EXAMPLES FOB PRACTICE. 

1. Reduce ar»-9a?-.4=80.^^/^^-^* 1f^ 

2. Reduce 4a?— ^^-^:^46. 4^ :r / 1 >i^ ^ 

.. , I-'. 

3. Eeduce A>x-tIZl=^U.'%-^J^,'-" '/ 

Of+l ' 

4. Reduce 5«_^fL:i=2«-4i^tI?. / -v '"'"'' 

ar-3 ^2 " 

5. Reduce »1_12?=??=3. i - "i ■ ' M- 

a? 4x* 

6. Reduce ?f^+l=»10-^. V ' /? -"^ '' 



7. Reduce f+i:_!=?=*fd£_l. , - 

3 it— 3 9 

8. Reduce ^-^Q;^+i ^.-3.-X^/^^ 
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9. Reduce ^+?=;3. J6. — ^ ^ 
10. Reduce J^-^=i=x-9. J^r^Z-^^y 



a?+2 6 

_2 
a ' X a 



11. Reduce ?+^=?. ^^jtV]-^ 



- c.i . .i-f-r 



12. Reduce (r*+ax2=:6. V ^ f [^ "L *^'^l 

13. Reduce ^-?l = -±. /v -« i^ -4^ 

2 4 32 '^ * 7 

14. Reduce 2a?^+3a?*=2. Y^"- X' ^^^ 

15. Reduce Jo? — l^x=i2Q^. / " "'^ /^ 

16. Reduce 2^:*— <r2^96=99. V ^~ -^ ' ' 

17. Reduce (10+a:)^— (10+a?)*=:2. / - ^-^ 

18. Reduce 3a;2«_2a?«=8. 'l r; ^ < 
^ 19. Reduce 2(1-Hr— a;^)— Vl+a?— a;3=— J. -y tr 7 f ^ ' ' 

i. 20. Reduce ^ ^511^=0;— 6. ^ - ^~t { ^' ' ^ f ^ 
2i: Reduce ^^^^=izV?. /. '"^ '^ 

22. Reduce a?^4-a;5=756. ,.„ ' : //\ f 

23. Reduce V2^+2V.=-^^^ , -V ^^ ., 

. 24. Reduce 2V'i=^3 V2a:=-!?^?^±^. j; ."T A ^"^ ' ^ ^ 

-25. Reducea:+16— 7Va?+16 = 10—4Va;+16. \ J 

26. Reduce v^a;54-v^a;3=6v^a?. V"^- * 

27. Reduce ^?=^-!^=?^±??. . - 

X 3a?+7 13ic 



Digitized by VjOOQIC 



-W 



166 ALGEBRA. [SeCt. X. 

28. Reduce _J_+_^=H. V— ^ 

6a?— a?2 aj2+2a? ^ r- ^ ^ 

29. Reduce (z— 5)'— 3(0?— 5)^=40. ^-7 ^ 

30. Reduce a?+Va?-f6 =2+3 \/i+6.y /^rr /J 

PROBLEMS IN QUADRATIC EQUATIONS. 

Prob. 1. A merchant has a piece of cotton cloth, and a 
piece of silk. The number of yards in both is 110 : and if 
the square of the number of yards of silk be subtracted from 
80 times the number of yards of cotton, the difierence will 
be 400. How many yards are there in each piece 1 
Let xz=: the yards of silk. 
Then 110 — x= the yards of cotton. 
By the supposition 80 x ( 1 10— a?)— a?' =400. 
Therefore a?=— 40ifc V'10000=— 40d= 100. 

The first value of a:, is —40+100=60, the yards of silk; 
And 110—07=110—60=50, the yards of cotton. 

The second value of a?, is — 40 — 100= — 140 5 but as this 
is a negative quantity, it is not applicable to goods which a 
man has in his possession. 

Prob. 2. The ages of two brothers are such, that their sum 
is 45 years, and their product 500. What is the age of each % 
Prob. 3. To find two numbers such, that their difiference 
shall be 4, and their product 117. y- ~ '^ 

Prob. 4. A merchant having sold a piece of cloth which . 
cost him 30 dollars, found that if the price for which he sold 
it were multiplied by his gain, the product would be equal to 
the cube of his gain. What was his gain ? 

Prob. 5. To find two numbers whose difference shall be 3, 
and the difference of their cubes 117. 
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Prob. 6. To find two numbers whose difference shall be 
12, and the sum of their squares 1424. 

Prob. 7. Two persons draw prizes in a lottery, tne^ifier- 
ence of which is 120 dollars, and the greater is to the less, 
as the less to 10. What are the prizes 1 

Prob. 8. What two numbers are those whose sum is 6, and 
the sum of their cubes 72 % 

Prob. 9. Divide the number 56 into two such parts, that 
their product shall be 640. 

Prob. 10. A gentleman bought a number of pieces of cloth 
for 675 dollars, which he sold again at 48 dollars by the 
piece, and gained by the bargain as much as one piece cost 
him. What was the number of pieces % 

Prob. 11. A and B started together, for a place 150 miles 
distant. A's hourly progress was 3 miles more than B's, and 
he arrived at his journey's end 8 hours and 20 minutes before 
B. What was the hourly progress of each \ 

Prob. 12. The difference of two numbers is 6 ; and if 47 
be added to twice the square of the less, it will be equal to 
the square of the greater. What are the numbers 1 

Prob. 13. A and B distributed 1200 dollars each, among a 
certain number of persons. A relieved 40 persons more 
than B, and B gave to each individual 5 dollars more than A* 
How many were relieved by A and B % 

Prob. 14. Find two numbers whose sum is 10, and the sum 
of their squares 58. 

Prob. 15. Several gentlemen made a purchase in company 
for 175 dollars. Two of them having withdrawn, the bill 
was paid by the others, each furnishing 10 dollars more than 
would have been his equal s^ve if the bill had been paid by 
the whole company. What was the number in the company 
at first 1 
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Prob. 16. A merchant bought several yards of linen for 
60 dollars, out of which he reserved 15 yards, and sold the 
remainder for 54 dollars, gaining 10 cents a yard. How' 
many yards did he buy, and at what price ? 

Prob. 17. A and B set out from two towns, which were 
247 miles distant, and travelled the direct road till they met. 
A went 9 miles a day ; and the number of days which they 
travelled before meeting was greater by 3 than the number 
of miles which B went in a day. How many miles did each 
travel ? ~ 

Prob. 18. A gentleman bought two pieces of cloth, the finer 
of which cost 4 shillings a yard more than the other. The 
finer piece cost j£18 ^ but the coarser one, which was 2 yards 
longer than the finer, cost only JS16. How many yards were 
there in each piece ; and what was the price of a yard of eachi 

Prob. 19. A merchant bought 54 gallons of Madeira wine, 
and a certain quantity of Teneriffe. For the former he gave 
half as many shillings by the gallon, as there were gallons 
of Tenerifie, and for the latter 4 shillings less by the gallon* 
He sold the mixture at 10 shillings by the gallon, and lost 
JC28 16^. by his bargain. Required the price pf the Ma- 
deira, and the number of gallons of Teneriffe. 

. Prob. 20. If the square of a certain number be taken from 
40, and the square root of this difference be increased by 10, 
and the sum be multiplied by 2, and the product divided by 
the number itself, the quotient will be 4. What is thejiumber 1 

Prob. 21. A person being asked his age, replied, If you 
add the square root of it to half of it, and subtract 12, the 
remainder will be nothing^ What was his age '^ / p 

Prob. 22. Two casks of wi^^were purchased for 58 dol- 
lars, one of which contained 5 gallons more than the other, 
and the price by the gallon was 2 dollars less than ^ of the 
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number of gallons in the smaller cask. Required the num- 
ber of gallons in each, and the price by the gallon. /4 J y 9 L^^ : 

Prob. 23. In a parcel which contains 24 coins of silver and 
copper, each silver coin is worth as many cents as there are 
copper coins, and each copper coin is worth as many cents 
as there are silver coins ; and the whole is wort)^ 2 dollars 
and 16 cents. How many are there of each % C* 1% 

Prob. 24. A person bought a certain number of oxen for 
80 guineas. If he had received 4 more oxen for the same 
money, he would have paid one guinea less for each. What 
was the number of oxen % / j) 

Prob. 25. It is required to divide 24 into two such parts 
that their product shall be equal to 35 times their difference./^/ , i !) 

Prob. 26. The sum of two numbers is 60, and their product 
is to the sum of their squares as 2 to 5. What are the num- 

' Prob. 27. Divide 146 into two such part^, that the differ- 
ence of their square roots may be 6. 11) XbV 

Prob. 28. What two numbers are those whose difference 
is 16, and their product 36 1 ,^ / %^ 

Prob. 29. Find two numbers whose suf^l^hall be l^ and 
the sum of their reciprocals 3 J. 

Prob. 30. Required to find two numbers whose difference 
*is 15, and half of their product is equal to the cube of the 
less number % 

Prob. 31. A company incurred a bill of J68 8s. One of 
them absconded before it was paid, and in consequence, those 
who remained had to pay 4s. a piece more than their just 
share. How many were there in the company 1 *J?J 

Prob. 32. A gentleman bequeathed £7 4s. to his grandchil- 
dren \ but before the money was distributed two more were 
15 
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added to their number, and consequently the former received 
one shilling a piece less than they otherwise would have 
done. How many grandchildren did he leave 1 / >c r 

Prob. 33. The length added to the breadth of a rectangu- 
lar room makes 42 feet, and the room contains 432 square 
feet. Required the length and breadth. #U/.^. / V* A 

Prob. 34. A says to B, ''the product of our years is 120 ; 
and if I were 3 years younger, and you were 2 years older, 
the product of our a^es would still be 120." How old was 
eachi A^li: J\< 

Prob. 35. Should the square of a certain number be taken 
from 89, and the square root of their difierence be increased 
by 12, and the sum multiplied by 4, and the product divided 
by the number itself, the quotient will be 16. What is the 
number? ^, 

Prob. 36. A mason laid 105 rods of wall, an4 on reflection 
found that if he had laid 2 rods less per day, he would have 
been 6 days longer in accomplishing the job. How many 
rods did he build per day 1 y, 

Prob. 37. The length of a gentleman's garden exceeded 
its breadth by ^ods. It cost him 3 dols. per rod to fence 
it ; and the wh^[^ number of dollars which the fence cost, 
was equal to the number of square rods in the garden. 
What were its length and breadth? //> , '' ,' '^ 
»Prob. 38. What number is that, which being added to its 
i^uare root will make 156 \ I Lt J\ 

Prob. 39. The circumference of a grass-plot is 48 yards, 
and its area is equal to 35 times the difference of its lenfi^th 
and breadth. What are its length and breadth 1 V^jJ// 

Prob. 40. A gentleman purchased a building lot, and in the 
centre of it, erected a house 54 feet long and 36 feet wide, 
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which covered just one half his land. This arrangement left 
him a flower horder of uniform width all round his house. 
What was the width of his border, what the length and breadth 
of his lot, and how much land did he buy 1 

Prob. 41. A general wished to arrange his army, which 
consisted of 20886 men, in a solid body, so that each rank 
should exceed each file by 59 men. How many must he 
place in rank and file % P^^ j / ^^ 

Prob. 42. A man has a painting lb inches long, and 12 
inches wide, which he orders the cabinet-maker to put into a 
frame of uniform width, and to hare the area of the frame 
equal to that of the painting. Of what width will the frame be 1 ^» 

Prob. 43. A and B together invest $500 in business, of 
which each put in a certain share. A's money continued in 
trade 5 months, B's only two months, and each received back 
$450 for his cfipital and profit. What share of the stock did 
each contributed 

Prob. 44. A merchant sold a quantity of goods for JS39, 
and gained as much per cent, as the goods cost him. How 
much did he pay for the goods 1 * 

Prob. 45. A farmer bought a flock of sheep for £60. Af- 
ter selecting 15 of the best, he sold the remainder for JC54, 
and gained thereby 2 shillings a head. How many sheep did 
he buy, and what was the price of each % 

Prob. 46. A and B started from two cities 247 mileslEtpcmfc, 
and travelled the same road till they met. A's progress was 
1 m. per day less than B's, and the number of days before they met 
was greater by 3 than the number of miles B went per day. 
How many miles did each |;ravel % / 

. Prob. 47. Two persons, A and B, invest $900 in business. 
A's money remained in trade 4 months, and he received $512 
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for his share of the profit and stock ,* B's money was in trade 
7 months, and he received $469 for his share of the profit 
and stock. What was each partner's stock "KMa (T^/ iyiL^ 
Proh. 48. A merchant hought a piece of cloth for $54 \ 
the number of shillings which he paid per yard was | of the 
number of yards. Required the length of the cloth, and the 
price per yard. 

Prob. 49. There was a cask containing 20 gallons of wine ; 
a quantity of this was drawn off and put into another cask of 
equal size, and then this last was filled with water ; and af- 
terwards the first cask was filled with the mixture from the 
second. It appears that if 6f gallons are now drawn from 
the first and put into the second, there will be equal quanti- 
ties of wine in each cask. How much wine was first drawn 

offi jO, 

Prob. 50. A man bought 80 lbs. of pepper a^d 100 lbs. of 
ginger for £65, at such prices that he obtained 60 lbs. more 
of ginger for £20 than he did of pepper for £10. What did 
he pay per pound for each \ ,Jk y /. w^ < L 



SECTION XI. 

TWO UNKNOWN QUANTITIES. 

275. In the examples given in the preceding sections, each, 
problem has contained only one unknown quantity. Or if, in 
some instances, there have been tvoo^ they have been so re- 
lated to each other, that they have both been expressed by 
means of the same letter. 
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But cases frequently occur, in which ttoo unknown quan- 
tities are necessarily introduced into the same calculation* 
Suppose the following equations are given. 

1. a?-f-y=:14 

2. X— y=2. 

If ^ be transposed in each, they will become 

1. a?=14« — y 

2. a?=2-fy. 

Here the first member of each of the equations is a;, and 
the second member of each is equal to x. But according to 
Axiom 7, quantities which are respectively equal to any 
other quantity, are equal to each other j therefore, 
2-\-y=sH — y, and ys=6. 

By substituting the value of y in the 1st equation, (Art. 
159,) we have a;-f6s=14; then ar=s8. 

276. In solving the preceding problem, it will be observed 
that we first found the value of the unknown quantity x, in 
each equation ; and then by making one of the expressions 
denoting the value of x^ equal to the other, (Axiom 7,) we 
formed a new equation, which contained only the other un- 
known quantity y. 

This process is called extermination or elimination. 
There are three methods of extermination, viz. by compa- 
rison, by substitution, and by addition and subtraction. 

EXTEEMIN ATION BY COMPAEISON. 

277. Case L To exterminate one of two unknown quanti- 
ties by comparison. 



Quest.— How are problema served which contain two unknown quan- 
tities ? What is this process called ? How many methods of extermina- 
tion? Name them. 

15* 
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Find ike value of one of the unknown quantities in each of 
the equations^ and foirm a new equation by making one of these 
values equal to the other. 

Prob. 1. Given x-|-y=36 ? m /. j ,, . - 

. , ' ^ ^1^0 find the value of x and y. 
And a?— y=l2) ^ 

1. In the first equation, x-f-y=5 36 

• 2. In the second equation, x — ^^=12 

3. Transposing y in first equation, a?=36--y 

4. Transposing y in second equation, x==12+y 

5. Making 3d and 4th equal, (Ax. 7,) 12+y=r36— y 

6. Transposing, &c., y=12 
Substituting the value of y in the 4th, a:=12-|-12=24. 

Prob. 2. Given 2x-f 3y=28 ? rp ^ , ,, i 

A ^ o To n« ( ^® fi°^ ^^® ^^^^e of a? and y. 
And 3a?+2y==:27 ) a^_ ^;^ ^ _ ^ ^ 

Prob. 3. Given 4a:+y=43 ? m ^ j t. , 

And 5x+2y^5Sr^^t^^y''^^^ 

Prob. 4. Given 4ir-2y=16 > ^^ 7'/^^\ ^.. 

A«^ / n < To find th^ value of a? and y. 

Prob. 6. Given 4a?-2y«20 > ^ . , ,, , ^ 

A J 4 . /> ...^ c 'lo Una the value of a? and V. 
And 4a:+2y=100J ^^v / ju ^-ci^i?^ 

Prob. 6. Given 5a?4.8=7y ? ^ .. , 

And 5y+32=7Jr^^^"^^^"^^i""^^^^ 
Prob. 7. To find two numbers such, that their sum shall 
be 24 5 and the greater shall be equal to five times the less. 
Let a?= the greater; and y= the less. / - ^ ^^ ^^ ^ 
. Prob. 8. To find one of two quantities, whose sum is equal 
to A 5 and the diflference of whose squp^gs is^ equal to d. 
Prob 9. Given ax+hy==:h ) r^"^ A- ^'V 

And X4-Vsa:d } J " ^ 



And x+vs 



Quest.— What is the rule to exterminate one of two unknown quanti- 
ties by comparison ? 
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278. When the value of one of the unknown quantities is 
determined, the other may he easily obtained by substituting, 
in one of the previous equations, the value of the one found 
for the quantity ifself. (Art. 159.) 

The .rule given above, may be generally applied for the 
extermination of unknown quantities. But there are cases 
in which other methods will be found more expeditious. 

Prob. 10. Suppose a:=A^ 

And aa?-|-5x=y* 

As in the first of these equations x is equal to Ay, we may 
in the second equation substitute this value of x for x itself. 
The second equation will then become, ahy-^-bhy^:^. 

The equality of the two sides is not affected by this altera- 
tion, because we only change one quantity x for another 
which is equal to it. By this means we obtain an equation 
which contains only one unknown quantity. 

This process is called extermination by substitution. Hence, 

279. Casb II. To exterminate an unknown quantity by 
substitution. 

Find the value of one of the unknown quantities^ in one of 
the equations ; and then in the other equation, substitute this 
value for the unknown quantity itself (Art. 159.) 

Prob. n. Given x-U3y«nl5 ? ^ ^ ^ ^ , ^ , 

And 4^+5y-32 \ ^^ ^"*^ *^^ ^^^"^ ^^* ^"* ^^ 
Transposing 3y in the 1st equation, a?s«=15 — 3y. 
Substituting the value of x in the 2d equation, (Art. 159,) 
we have 60— 12y-f-5y=32 

Then y=4 

And a?=15— 12=3. 



Quest.— After the valne of one unknown quantity is found, how obtain 
the other I Whatii the second method of extermination ealle4T What is 
the role ? 
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Prob. 1% Given 8a.+y=42 . ^o find the value of x and y. 

Prob. 13. Given 2a:+8y=84 . ^^^ ^^^ ;i^^ ^^ ^"^^ ^^^ 
And 4j?+6j/=:68 W^O^j^*-/^^ 

Prob. H. Given 3x+3y=72 . ^o find the val. o{ x and y. 
And 4x+5y=ne] /v = ^, ?.- 2.^ 

V Prob. 15. f venix+10y=:124 .Tofindtheval.of xandy. 
And 2a?+9y=134 U _, tTIJ^-^/i^ 

Prob. 16. A privatc^er in chase or a ship 20 miles distant, 
sails 8 miles, while the ship sails 7. How far will each sail 
before the privateer will overtake the ship % /Jj ^ , / "OA 

Prob. 17. The ages of two persons, A and B, are such that 
seven years ago, A was three times as old as B ; and seven 
years hence, A will be twice as old as 6« What is the age 
of each? XL if- 

Prob. 18. There are two numbers, of which the greater is 
to the less as 3 to 2 ; and their sum is the 6th part of their 
product. What are the numbers 1 /£^, / ^| 

280. There is a third method of exterminating an unknown 
quantity from an equation, which, in many cases, is preferable 
to either of the preceding. 

Prob. 19. Suppose that x-\-3y=a 
And X — 3^=6 

If we add together the first members of these two equations, 
and also the second members, we shall have 

2a:=a+6, 
an equation which contains only the unknown quantity x. 
The other, having equal co-efficients with contrary signs, has 
disappeared. (Art. 54.) The equality of the sides is pre- 
served because we have only added equal quantities to equal 
quantities. 
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Again, suppose Sz+y^i^h 

Ajid 2a;-|-y=rf 

If we subtract the last equation from the first, we shall have 
a:=rA — dj 
where y is exterminated, without afiectmg the equality of the 
sides. 

Again, suppose x — 2yssa 

And x-\-4fys=^b 

Multiplying the 1st hy 2, 2rc— 4y=2a, 

Then adding the 2d and 3d, 3z^b-\-2a. 

This process is called extermination by addition andsub* 
traction. Hence, 

281. Case III. To exterminate an unknown quantity hy 
addition and subtraction. 

Multiply or divide the equations^ if necessary^ in such a man' 
ner that the term which contains one of the unknown quantities^ 
shall be the same in both equations. 

Then subtract one equation from the others if the signs of this 
unknown quantity are alike^ or add them together^ if the signs 
are unlike. 

N. B. It must be kept in mind that both members of an 
equation are always to be increased or diminished alike, in 
order to preserve their equality. 

Prob. 20. G^^en 2x+4p20 | ^^ ,„, ^,^ ^^,„^ „,_,y. 

1. Mult, the 1st equation by 2, 4a?-|-8y=40 

2. The 2d equation is 4a?+5y=28 
Subtracting the 2d from the Ist, 3y«12 
Dividing, &c. ys=4 ; and a;3s2. 



Quest. — ^Whai is the third method of extermination called ? What is 
the rule ? What is the object of multiplying the equation by a certain 
quantity ? How do yon know when to add and when to subtract ? 
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Prob. 21. Given 2a:+y=l6 > ^^ g^^ the value of * and y. 
And 3x-3y=6j ^_ ^ ^_ ^^^ 

Prob. 22. Given 4^+3y=50 > ,p^ ^^^ ^^^ ^^^^^ of * and y. 

And 3^~3y=6Sy^^<^^ 1==^ 
Prob. 23. Given 3*+ y«38 > ^^ g^^ ^j^^ ^^i^^^ ^^ ^ ^^^ y, 

Prob. 24. Given 4a^-40==-4y > To fod the val.^* andj. 
And 6j:— 63=— 7y>/yt^^ w^ ^^ J^ 

Prob. 25. The numbers of two opposing arimes are such, 
that the sum of both is 21110 ; and twice the number in the 
greater army, added to three times tj^e number in the less, 
is 52219. What is the number in each army 1 

Prob. 26. A boy purchased 8 lemons and 4 ors^es for 56 
cents. He afterwards bought 3 lemons and &H>ranges for 60 
cents. What did he pay for each ? i / f /( » 

Prob. 27. The sum of two numbers is 220, and if 3 times 
the less be taken from 4 times the greater, the remainder will 
be 180. What are the numbers ? / 5 /A IP ^^l 

282. In the solution of the succeeding problems, either of 
the three rules for exterminating unknown quantities may be 
used at pleasure. 

N. B. That quantity which is the least involved should be the 
one chosen to be exterminated first. 

The pupil will find it a useful exercise to solve each ex- 
ample by each of the several methods, and carefully observe 
which is the most comprehensive, and the best adapted 
to different classes of problems. 

Prob. 28. The mast of a ship consists of two parts : one- 
third of the lower part added to one-sixth of the upper part, 
is equal to 28 feet ; and five times the lower part, diminished 
by six times the upper part, is equal to 12 feet. What is the 
height of the mast ? ' \^^ C '^ 5^ 
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Prob. 29. To find a fraction such that, if a unit be added to 
the numerator, the fraction will be equal to ^ ; but if a unit 
be.added^to the denominator, the fraction will be equal to ^» 

Let a?ss the numerator, And y=s the denominator. 

1. By the first condition, — i_ ssj , 

By the second, =i , 

^ y+1 ^ 

3. Therefore a?=:4, the numerator. ) * 

4. And yssl5, the denominator. > 
Prob. 30. What two numbers are those, whose difference 

is to their sum at 2 to 3; and whose sum is to their product as 
3to5l/^, ^i 

Prob. 31. To find two numbers such, that the product of 
their sum and difference shall be 5, and the product of the 
sum of their squares and the difference of their squares shall 

bees. 5, ^ 

Prob. 32. To find two numbers whose sum is 32, and 
whose product is 240. 2,l)i /X» 

Prob. 33. To find two numbers whose sum is 52, and the 
sum of their squares 1424. Y^ ^ i, ^\ ^ i=t '^ ^ 

Prob. 34. A certain number consists of two digits o^ 
figures, the sum of which is 8. If 36 be added to the num- 
ber, the digits will be inverted. What is the number % 

Prob. 35. The united ages of A and B amount to a certain 
number of years consisting of two digits, the sum of which 
is 9. If 27 years be subtracted from the amount of their 
ages, the digits will be inverted. What is the sum of their 
ages? 

Prob. 36. A merchant having mixed a quantity of brandy 
and gin, found if he had put in 6 gallons more of each, the 
compound would have contained 7 gallons of brandy for 
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every 6 of gin ; but if he had put in 6 gallons less of each, 
the proportions would have been as 6 to 5. How many gal- 
lons did he mix of each? 

THRKE UNKNOWN QUANTITIES. 

283. In the preceding examples of two unknown quanti- 
ties, it will be perceived that the conditions of each problem 
have furnished two equations independent of each other. It 
often becomes necessary to introduce three or more unknown 
quantities into a calculation. In such cases, if the problem 
admits of a determinate answer, there will always arise from 
the conditions as many equations independent of each other, 
as there are unknown quantities. 

284. Equations are said to be independent when they ex- 
press different conditions. 

They are said to be dependent when they express the same 
conditions under different forms. The former are not con- 
vertible into each other ; but the latter may be changed from 
one form to the other. Thus b — x=iy ; and b=y-\-x^ are 
dependent equations, because one is formed from the other 
by merely transposing x. 

Obser, Bquations are said to be identical wKen they express the same 
thing in the same form ; as 4x— 6=>4x — 6. 

Prob. 37. Suppose ir4-y4-2f= 12 ^ . , r j 

A / Ti « .r. (^^^ g*^®" to find OP, y 
And a?+2y— 2^=10 J and ;r. 

And x-j-y — zz=:^ ) 
From these three equations, two others may be derived 
which shall contain only two unknown quantities. One of the 
three unknown quantities in the original equations may be 



Quest. — ^How many independent equations does a problem of thre€» or 
more unknown quantities furnish? What are independent equations? 
What are dependent ones ? What identical ones 7 
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extermiaated, in the same manner as when there are at first 
only two, by the rules already given. 

In the equations given above, if we transpose y and jer, we 
shall have, 

In the first, arasl2 — y — z. 
In the second, Xs^l0^2y^2z» 
In the third, x^m 4 — y-\-z* 

From these we may deduce two new equations, from 
which X shall be excluded. 

By making the Ist and 2d equal, 1 2— y — 2r= 10 — 2y-|-28r. 

By making the 2d and 3d equal, 10 — 2y4-22f=:4 — y+z. 

Reducing the first of these two, y«3j? — 2. 

Beducing the second, y^siz+Q. 

From these two equations one may be derived containing 
only one unknown quantity. 

Making one equal to the other, Sz — 2=2:-f6 

And, 2=4. Hence, 

285. To solve a problem containing three unknown quan- 
tities, and producing three independent equations. 

Firstyfrom the three equations deduce two^ containing only two 
unknovon quantities. 

TheUyfrom these two deduce one^ containing only one unknown 
quantity. 

For making these reductions, the rules already given are 
suflicient. (Arts. 277, 279, 281.) 

Prob. 38. Given a?-f-5y+62=53 \ 

2. And x-f-3y+3a:=30 5 To find a:, y and z. 

3. And a;+y 4-^=1^ ^ 

From these three equations to derive two, containing only 
two unknown quantities, 



QiTSST. — ^Rule for solving problems with three wiknown quantities I 
16 
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4. Subtract the 2d from the Ist, 2y+3«=23. 

5. Subtract the 3d from the 2d, 2y-|-22r=:18. 
From these two, to derive one, 

6. Subtract the 5th from the 4th, 2r=:5. 

To find X and y, we have only to take their values from the 
third and fifth equations. (Art. 278.) 

7. Reducing the fifth, y— 9— 2;=9— 5=4. 

8. Transposing in the third, a?=12 — z — y=sl2 — 5 — 4=s3. 
Prob. 39. Given a?-fy+2r=12 ^ 

And a?+2y-f3z==20 [ To find a?, y and z. 
And |a?44y+z=:6 ) 

286. In many of the examples in the preceding sections, 
the processes given might have been shortened. But the 
object has been to illustrate general principles, rather than 
to furnish specimens of expeditious solutions. The learner 
will do well^ as he passes along, to exercise his skill in 
abridging the calculations which are here given, or substituu 
ing others in their stead. 

Prob. 40. Given a?-f y=a j 

And a?-j-z=i > To find a?, y and z. 
And y-^z=c ) 

Prob. 41. Three persons, A, B and C, purchase a horse 
for 100 dollars, but neither is able to pay for the whole. The 
payment would require. 

The whole of A's money, together with half of B*s 5 or 

The whole of B's, with one third of C's j or 

The whole of C's, with one fourth of A's. 

How much money had each ? 

287. The learner must exercise his own judgment, as to 
the choice of the quantity to be first exterminated. It will 



Quest. — How do you know which unknown quantity to extcnninate 
first? 
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generally be best to begin with that which is most free from 
co-efficierasy fractions, radical signSy &c. 

Prob. 42. The sum of the distances which three persons, 
A, B and C, have travelled, is 62 miles ,• A's distance is equal 
to 4 times C's, added to twice B's ; and twice A's added to 3 
times B's, is equal to 17 times C*s. What are the respective 
distances 1 

Prob. 43. Given ia?-j4y-fAz=:62 1 

And |a:+iy-|42;=47 [ To find ar, y and z. 
And ia?+iy+iz=38 ) 

Prob. 44. Given a:y=600 j 

And xz=300 i To find j, y and z. 
And yz=200 ) / 

FOUR unknown quantities. 

288. The same method which is employed for the redac- 
tion of three equations, may be extended to 4, 5, or any num- 
ber of equations, containing as many unknown quantities. 

The unknown quantities may be exterminated, one after 
another, and the number of equations may be reduced by 
successive steps from five to four, from four to three, from 
three to two, &c. 

Prob. 45. To find w, rp, y and z, from 

1. The equation Jy-|-2-|.it£?=8 ' 

2. And 2:+y+w7=9 „ 

3. And x^y^z^Vl [ ^^^'^ equations 

4. And rc-fw-f-2r=10 , 

5. Clear the 1st of frac. y+22+«;=16 \ 

6. Subtract 2d from 3d, 2:-w=3 \ Three equations. 

7. Subtract 4th from 3d, y— .tt;=2 J 



Quest.— How are problems solved containing four or five nnJcnown 
quantities ? 
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Quantities 
required. 



To find w^ Xj y and z. 



8. Adding 5th and 6th, y+Sz^l9 ) j.^^ equations. 

9. Subtract 7th from 6th, — y+««=l ) 

10. Adding 8th and 9tb, 4«=20. Or z=x5 ' 

11. Transposing in the 8th, y=19 — ^z^^^ 

12. Transposing in the 3d, a;>xxl2 — y — 2^=3 

13. Transposing in the 2d, tt;«9 — x — yB=s2 . 
Prob. 46. Given w+ 50=a; ^ 

And fl;-j-120=3y 
And y+120=22r 
And 2r+195=«:3io, 
Answer. tt^=100 y=90 

a;=150 jr=105. 

Prob. 47. There is a certain number consisting of two 
digits. The left hand digit is equal to three times the right 
hand digit j and if twelve be subtracted, from the number 
itself, the remainder will be equal to the square of the left 
hand digit. What is the number % 

Prob. 48. If a certain number be divided by the product of 
its two digits, the quotient will be 2 ; and if 27 be added to the 
number, the digits will be inverted. What is the number % 

Prob. 49. There are two numbers, such, that if the less be 
taken from 3 times the greater, the remainder will be 35 ; 
and if 4 times the greater be divided by 3 times the less -(-1, 
the quotient will be equal to the less. What are the num- 
bers 1 

Prob. 50. There is a certain fraction, such, that if 3 be 
added to the numerator, the value of the fraction will be ^ ; 
but if 1 be subtracted from the denominator, the value will 
be \. What is the fraction % 

Prob. 51. A gentleman has two horses, and a saddle which 
is worth ten guineas. If the saddle be put on the^rs^ horse, 
the value of both will be double that of the second horse ; but 
if the saddle be put on the second horse, the value of both 
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will be less than that of the^r*^ horse by 13 guineas. What 
is the value of each horse % 

Prob. 52. Divide the number 90 into 4 such parts, that the 
first increased by 2, the second diminished by 2, the third mul- 
tiplied by 2, and the fourth divided by 2, shall all be equal. 

If a*, y and z, be three of the parts, the fourth will be 90 
— X — y — z. And by the conditions, &c. 

Prob. 53. Find three numbers, such that the first with ^ 
the sum of the second and third shall be 120 ; the second with 
J the difference of the third and first shall be 70 5 and ^ the 
sum of the three numbers shall be 95. 

Prob. 54. What two numbers are those, whose difference, 
sum and product, are as the numbers 2, 3 and 5 1 

Prob. 55. A vintner sold at one time, 20 dozen of port 
wine, and 30 dozen of sherry j and for the whole received 
120 guineas. At another time, he sold 30 dozen of port and 
25 dozen of sherry, at the same prices as before ; and for the 
whole received 140 guineas. What was the price per dozen 
of each sort of wine 1 

Prob. 56. A merchant having mixed a certain number of 
gallons of brandy and water, found that, if he had mixed 18 
gallons more of each, he would have put into the mixture 8 
gallons of brandy for every 7 of water. But if he had mixed 
18 less of each, he would have put in 5 gallons of brandy for 
every 4 of water. How many gallons of each did he mix 1 

Prob. 57. What fraction is that, whose numerator being 
doubled, and the denominator increased by 7, the value be- 
comes f ; but the denominator being doubled, and the nume- 
rator increased by 2, the value becomes f 1 

Prob. 58. A lad expends 30 cents in appies and pears, 
giving a cent for 4 apples and a cent for 5 pears. He after- 
16* 
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wards parts with half his apples and one third of his pears, 
the cost of which was 13 cents. How many did he huy of 
eachl 

289. If in the algebraic statement of the conditions of a 
problem, the original equations are more numerous than the 
unknown quantities ; these equations will either be coniradic' 
ioryy or one or more of them will be superfluous. 

Thus the equations 3a?=60 ) 

And ^_2o r'^ ^^'^^'^^^^^'y- 

For by the first Xs=20, while by the second, a?=40. 

But if the latter equation be altered, so as to give to x the 
same value as in the former, it will be useless, in the state- 
ment of a problem. For nothing can be determined from the 
one, which cannot be from the other. 

Thus of the equations Sx=60 } 

And ia:=10 ] ^^^ '^ superfluous. 

290. But if the number of independent equations produced 
from the conditions of a problem, is less than the number of 
unknown quantities, the subject is not sufficiently limited to 
admit of a definite answer. If for instance, in the equation 
a;+y=100, J? and y are required, there may be fifty dififerenc 
answers. The values of x and y may be either 99 and 1, or 
98 and 2, or 97 and 3, &c. For the sum of each pair of these 
numbers is equal to 100. But if there is a second equation 
which determines one of these quantities, the other may then 
be found from the equation already given. As a?-|-y=100, 
if x=46, y must be such a number as added to 46 will make 
100, that is, it must be 54. No other number will answer 
this condition. 



QxTEST. — ^When the equations are more numerous than the unknown 
quantities, what is said of them ? 
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291. For the sake of tibridging the solation of a problem, 
however, the number of independent equations actually put 
upon paper is frequently less than the number of unknown 
quantities. • 

Prob. 59. To find two numbers whose sum is 30, and the 
difierence of their squares 120. 

292. In most cases also, the solution of a problem which 
contains many unknown quantities, may be abridged by par- 
ticular artifices in substituting a single letter for several 

Prob. 60. Suppose four numbers, u, x, y and z, are requir- 
ed, of which the sum of the first three is 13, the sum of the 
first two and last 17, the sum of the first and last two 18, the 
sura of the last three 21. 

Then 1. u-^+y=13 

2 t<+j?+z=17 

3 tt+y-|-2;=18 

4 a?-j-y+2^=21. 

Let S be substituted for the sum of the four numbers, that 
is, for tt-|-a?-j-y-|-z. (Art. 159.) It will be seen that of these 
four equations, 

The first contains all the letters except z, that is S — ^^sxlS 
The second contains all except y, that is, S— yes 17 

The third contains all except a?, that is, S— XslS 

The fourth contains all except u^ that is, S — Us^2t 

Adding all these equations together, we have 
4 S— z— y— X— ti=69 
Or 4^S—(z+y+x+u)=.69. (Art. 67.) 
But S=(2r+y4^+«) by substitution. 
Therefore, 4S— S=^69, that is, 3Sa.69, and S»23. 
Then putting 23 for S, in the four equations in which it is 
first introduced, we have 
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23— 2:«13 
23--y=17 
23— a?=18 
23— tA=21 



ALGEBRA. 



Therefore 



[Sect. XII. 

z=23— 13=10 
y==23— 17=6 
a?=23— 18=5 
t<=23-21=2. 



N. B. Contrivances of this sort for facilitating the solution 
of particular problems, must be left to be furnished for the 
occasion by the teacher and the ingenuity of the learner. 
They are of a nature not to be taught by a system of rules. 



SECTION XII 



fiATIO AND PROPORTIOH. 



Art. 293. The design of mathematical investigations, is 
to arrive at the knowledge of particular quantities, by com- 
paring them with other quantities, either equal to, or greater, 
or less than those which are the objects of inquiry. This 
end is most commonly attained by means of a series of equa- 
tions and proportions. When we make use of equations, we 
determine the quantity sought, by discovering its equality 
with some other quantity or quantities already known. 

We have frequent occasion, however, to compare the un- 
known quantity with others which are not equal to it, but 
either greater or less. 

294. Unequal quantities mBy be compared with each other in 
two ways. 



QxTEST. — ^What is the design of mathematical investigations ? How is 
this end commonly attained 7 In equations how is the value of the un- 
known quantity determined ? In how many ways are unequal quantiUes 
compared? What are they? 
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First, We may inquire how much one of the quantities in 
greater than the other : or, 

Second, We may inquire how many times one quantity con- 
tains the other. • 

295. The relation which is found to exist between the two 
quantities compared, is called the ratio of the two quantities. 

Ratio is of two kinds, arithmetical and geometrical. It 
is also sometimes called, ratio by subtraction, and ratio by 
division. 

296. Arithmetical ratio is the difference between two 
quantities or sets of quantities. The quantities themselves 
are called the terms of the ratio, that is, the terms between 
which the ratio exists. Thus 2 is the arithmetical ratio of 5 
to 3. This is sometimes expressed, by placing two points 
between the quantities thus, 5 •• 3, which is the same as 5 — 3. 
Indeed the term arithmetical ratio, and its notation by points, 
are almost needless, and are seldom used. For the one is 
only a substitute for the word difference and the other tot 
the sign — . 

297. If both the terms of an arithmetical ratio be multiplied 
or divided by the same quantity, the ratio will, in effect, be 
multiplied or divided by that quantity. 

Thus if tt'-'b^zr 

Then multiply both side^ by h, (Ax, 3,) ha — hbzzzhr 

And dividing by h, (Ax. 4,) Y — r=i* 

h h k 

298. If the terms of one arithmetical ratio be added to, ot 
subtracted from, the corresponding terms of another, the ratio 

Quest. — What is ratio ? Of how many kinds is it ? What are they 
called 7 What is arithmetical ratio ? What are the quantities themselves 
called ? If both the terms are multiplied, or divided, by the same quantity, 
how is the ratio affected ? If the terms of one ratio are added to the cor- 
responding terms of another, how is the ratio affected ? 
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of their sum or difierence will be equal to the sum or differ- 
ence of the two ratios. 

. , ^ > are the two ratios, 
And a—A # 
Then (a+<i)-(*4-A)=(a— ft)4.((f— A). For each =a-|-c?-^-A. 

And (a--(f)-(6--A)=(a--i6)-(d--A). For each =a-(W-{-A. 

Thus the arithmetical ratio of 11 ..4 is 7, 

And the arithmetic!^ ratio of 5 •• 2 is 3. 

The ratio of the sum of the terms 16 •• 6 is 10, which is 

also the sum of the ratios 7 and 3. 

The ratio of the difference of the terms 6 •• 2 is 4, which 

is also the difierence of the ratios 7 and 3. 

299. Geometeical ratio is that relation between quantities 
which is expressed by the quotient of the one divided by the 
other. 

Thus the ratio of 8 to 4, is f or 2. For this is the quotient 
of 8 divided hy 4. In other words, it shows how often 4 is 
contained in 8. 

300. The two quantities compared, are called a couplet. 
The first term is the antecedent^ and the last^ the consequent. 

301. Geometrical ratio is expressed in two ways. 

First, In the form of a fraction, making the antecedent the 
numerator, and the consequent the denominator; thus the 

ratio of a to 6 is — And 

b 

Second, By placing a colon between the quantities com- 
pared ; thus, a : b expresses the ratio of a to b. 

Obaer. The French mathematicians put the aiUecedent for the de^ 
nominator; and the consequent for the numerator. Some American 

QiTEST. — ^What is geometrical rpitio ? What is a couplet ? The ante- 
cedent 7 The consequent ? In how many ways is geometrical ratio ex- 
pressM ? The first ? Second 7 What is the French mode ? What are 
the comparative advantages of the English and French methods 7 
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authors have followed their example. It is believed however that the 
English method, which is adopted in the larger work^ is most in accord- 
ance with reason ; while the French mode may perhaps have some advan- 
tage in practice. 

302. Of these three, the antecedent, the" consequent, and 
the ratio, any iwo being given, the other may be found. 

Let o== the antecedent, c= the consequent, rs= the ratio. 

By definition r= - ; that is, the ratio is equal to the ante- 
c 

cedent divided by the consequent. 

Multiplying by c, a=scr^ that is, the antecedent is equal to 
the consequent multiplied into the ratio. 

Dividing by r, Cs=r ^j that is, the consequent is equal to 

the antecedent divided by the ratio. 

Cor. 1. If two couplets have their antecedents equal, and 
their consequents equal, their ratios must be equal. (Euc. 
7.5.) 

Cor. 2. If in two couplets, the ratios are equal, and the 
antecedents equal, the consequents are equal ; and if the 
ratios are equal and the consequents equal, the antecedents 
are equal. (Euclid 9. 5.) 

303. If the two quantities compared are equal, the ratio is 
a unit, or a ratio of equality. The ratio of 3 x 6 : 18 is a unit, 
for the quotient of any quantity divided by itself is 1. 

If the antecedent of a couplet is greater than the conse- 
quent, the ratio is greater than a unit. For if a dividend is 
greater than its divisor, the quotient is greater than a unit. 

Quest. — ^When the antecedent and consequent are given, how is the 
ratio found ? When the consequent and ratio are given, how find the 
antecedent ? When the antecedent and ratio are given, how find the con- 
sequent ? What is the first corollary ? The second ? If the two quanti- 
ties compared are equal, what is the ratio? If the antecedent is the 
larger, what is the ratio ? What called? 



Digitized by VjOOQIC 



191) ALQBBSA. [Sect. XIL 

Thus the raticof 18 : 6 is 3. (Art. 104, Cor.) This is called 
a ratio of greater inequality. 

On the other hand, if the antecedent is less than the con- 
sequent, the ratio is less than a unit, and is called a ratio of 
less inequaliiy. Thus the ratio of 2:3, is less than a unit, 
because the dividend is less than the divisor. 

305. Inverse or reciprocal ratio is the ratio of the reci" 
procals of two quantities. (Art. 32.) 

Thus the reciprocal ratio of 6 to 3, is ^ to j^, that is ^h-^. 

The direct ratio of a to & is .> that is, the antecedent divid- 

b 

ed by the consequent. 

The reciprocal ratio is - : -, or, - -r « ==: _ x - »= - ; 
a a a 1 a 

that is, the consequent b divided by the antecedent a. 

Hence a reciprocal ratio is expressed by inverting the frac* 
Hon M^hich expresses the direct ratio ; or when the notation 
is by points, by inverting the order of the terms* 

Thus a is to 6 inversely, as b to a. 

306. Compound ratio is the ratio of the products of the cor* 
responding terms of two or more simple ratios. 

Thus the ratio of 6 : 3, is 2 

And the ratio of 12 : 4, is 3 



The ratio compounded of these is 72 : 12=6 

Here the compound ratio is obtained by multiplying to- 
gether the two antecedents, and also the two consequents, 
of the simple ratios. Hence it is equal to the product of the 
simple ratios. 



Quest.— If tlie consequent if the larger, what is the ratio 7 What 
called ? What is inverse ratio ? How expressed ? What is compound 
ratio ? Does it differ from other ratio in its nature ? 
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Compound ratio is not different in its nature from any other 
ratio. The term is ased to denote the origin of the rAtio in 
particular cases. 

307. If in a series of ratios the consequent of each pre- 
ceding couplet, is the antecedent of the foUowiiftg One, the 
ratio of the first antecedent to the last consequent, is equal to 
that which is compounded of all the intervening ratios, (Eu- 
clid 5th B.) 

Thus, in the series of ratios a : b 

b:c 
c:d 
dih 
the ratio of a : A, is equal to that which is compounded of the 
ratios of a : 5, of 6 : c, of c : J, of d:h. For the compound 

ratio by the last article is j.=_ or a : A. (Art. 117.) 

308. A particular class of compound ratios is produced, by 
multiplying a simple ratio into itself or into another equal 
ratio. These are termed duplicate, triplicate, quadruplicate^ 
&c., according to the number of multiplications. 

A ratio compounded of two equal ratios, that is, the square 
of the simple ratio, is called a duplicate ratio. 

One compounded of three, that is, the cube of the simple 
i^atio, is called triplicate, &;c. 

In a similar manner, the ratio of the square roots of two 
quantities, is called a subduplicate ratio ^ that of the cube 
roots a subtriplicate ratio, &;c. 

Thus the simple ratio o( a to b, is a ib 

The duplicate ratio of a to b, is a^ : b^ 

QtTEST. — ^What is it equal to ? When the consequent of each preceding 
duplet is the antecedent of the next, what is the ratio of the first antecedent 
to the last consequent equal to 7 What is a duplicate ratio ? Triplicate 7 
Subduplicate 7 Subtriplicate 7 
17 
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The triplicate ratio of a to 6, is a^ : ¥ 

The subduplicate ratio of a to 5, is -^a i^h 

The subtriplicate ratio of a to 6, is ^ a : ^ 6, &c. 

N. B. The terms duplicate^ iriplicaie, &c., must not be con- 
founded with double^ triple^ &c. 

The ratio of 6 to 2 is 6 : 2=3 

Double this ratio, that is, twice the ratio, is 12 : 2=6 

Triple the ratio, i. e. three times the ratio, is 18 : 2=9 

The duplicate ratio, i. e. the square of the ratio, is 6^ : 2^= 9 
The triplicate ratio, i. e. the cube of the ratio, is 6^ : 2^=27. 

309. That quantities may have a ratio to each other, it is 
necessary that they should be so far of the same nature, that 
one can properly be said to be either equal to, or greater, or 
less than the other. Thus a foot has a ratio to an inch, for 
one is twelve times as great as the other. 

310. From the mode of expressing geometrical ratios in 
the form of afraciiony (Art. 301,) it is obvious that the ratio 
of two quantities is the same as the value of a fraction whose 
numerator and denominator are equal to the antecedent and 
consequent of the given ratio. Hence, 

311. To multiply y or divide both the antecedent and conse- 
quent by the same quantity ^ does not alter the ratio. (Art. 112.) 
To multiply^ or divide the antecedent alone by any quantity, 
multiplies or divides the ratio ; to multiply the consequent 
alone, divides the ratio ; and to divide the consequent, multi" 
plies the ratio. (Arts. 132, 135.) That is, multiplying and 
dividing the antecedent or consequent, has the same effect 
on the ratio, as a similar operation, performed on the nume- 
rator or denominator, has upon the value of a fraction. 



Quest. — ^What effect does it have on the ratio to multiply or divide both 
the antecedent and the consequent by the same quantity ? To multiply or 
divide the antecedent only 7 The consequent only ? 
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312. If to or from the terms of any coupletj two other quau' 
titles having the same ratio be added or subtracied^ the sums or 
remainders will also have the same ratio, (Euclid 5 and 6. 5.) 
Thus the ratio of 12:3 is the same as that of 20:5. And 
the ratio of the sum of the antecedents 12-f-20 to the sum of 
the consequents 3-|>5, is the same as the ratio of either cou- 
plet. That is, 

12+20:3+5::12:3=:20:5, or 1?±^=1?=??=4. 
^ ^ ' 3+5 3 5 

So also the ratio of the difference of the antecedents^ to the 

difference of the consequents^ is the same. That is, 

20— 12:5— 3::12:3=20:5, or ?2z:i?=l?=?2=4. 

' 5—3 3 5 

313. If in several couplets the ratios are equal, the sum of 
all the antecedents has the same ratio to the sum of all the conse- 
quentSy which any one of the antecedents has to its consequent, 
(Euclid 1 and 2. 5.) 

f 12:6=2 
10:5=2 
8:4=2 
6:3=2 
Therefore the ratio of (12+10+8+6) :(6-f5+4+3)=2. 

EXAMPLES FOR PRACTICE. 

1. Which is the greater, the ratio of 11:9, or that of 
44:351 

2. Which is the greater, the ratio of a+3:^, or that of 
2a+7:ia1 



Quest. — ^When you add or subtract the terms of two couplets having 
the same ratio, what is the ratio of their sum or difference ? In several 
couplets of equal ratios, what ratio has the sum of all the antecedents to 
the sum of all the consequents ? 



Thus the ratio 
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3. If the antecedent of a couplet be 65, and the ratio 13, 
what is the consequent! 

4, If the consequent of a couplet be 7, and the ratio 18, 
what i? the antecedent 1 

5« What 16 the ratio compounded of the ratios of 3 : 7, and 
2a : 5i, and Ix+l : 3y— ^ 1 

6. What is the ratio compounded of x-\-y : b^ and a? — y : a-|-^, 
and a-\-b : h 1 

7. If the ratios of 5a?+7:2a? — 3, and a?-|-2 : ^a?-f 3 be com- 
pounded, will they produce a ratio of greater inequality, or 
of less inequality X 

8. What is the ratio compounded of X'\-y:a^ and a? — y:5, 

and hi^ ^ ? 
a 

9. What is the ratio compounded of 7 : 5, and the duplicate 
ratio of 4 : 9, and the triplicate ratio of 3 : 2 1 

10. What is the ratio compounded of 3:7, and the tripli- 
cate ratio of a?:y, and the subduplicate ratio of 49 : 9 '? 

PEOPORTION, 

315. Proportion is an equality of ratios. It is divided into 
two kinds : •Arithmetical and Geometrical, 

Arithmetical proportion is an equality of arithmetical ra- 
tios, and geometrical proportion is an equality of geometrical 
ratios. Thus the numbers 6, 4, 10, 8, are in arithmetical 
proportion, because the difference between 6 and 4 is the 
same as the difference between 10 and 8. And the numbers 
6, 2, 12, 4, are in geometrical proportion, because the quqtieta 
of 6 divided by 2, is the same as the quotient of 12 divided 
by 4. 



Qx7EST,--What is proportion? Of how many kiodsis it? What ii 
arithmetical proportion ? Geometrical proportion ? 
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316. Care must be taken not to confound proportion with 
ratio. This caution is the more necessary, as in common 
discourse, the two terms are used indiscriminately, or rather, 
proportion is used for both. The expenses of one man ar« 
said to bear a greater proportion to his income, than those of 
another. But according to the definition which has just been 
given, one proportion is neither greater nor less than another. 
For equality does not admit of degrees. One ratio may be 
greater or less than another. The ratio of 12 : 2 is greater 
than that of 6 : 2, and less than that of 20 : 2. But these dif- 
ferences are not applicable to proportion^ when the term is 
used in its technical sense. The loose signification which is 
so frequently attached to this word, may be proper enough 
in familiar language ; for it is sanctioned by general usage. 
But for scientific purposes, the distinction between proportion 
and ratio should be clearly drawn, and cautiously observed. 

317. Proportion may be expressed, either by the common 
sign of equality, or by four points between the two couplets. 

^, C 8 •• 6=4 •• 2, or 8 •• 6 : : 4 •• 2 ) are arithmetical 

Thus ^ ' ^ 



C 8-6=4-2, or 8-.6::4..2 )! 
( a •• b=c •' d. 01 a '• b : : c " d ) 



d^ or o •• 6 : : c •• d ) proportions. 
. ^ , ^ 12 : 6=8 : 4, or 12 : 6 : : 8 : 4 ) are geometrical 
\ a : b:=d : A, or a\b :i dih^ proportions. 
The latter is read, *the ratio of a to i equals the ratio of 
J to A j' or more concisely, * a is to 6 as rf to A.' 

318. The first and last terms are called the extremes, and 
the other two the means. Homologous terms are either the 
two antecedents or the two consequents. Analogous terms 
are the antecedent and consequent of the same couplet. 



Qtjest.— What is the difierence between ratio and proportion ? In 
how many ways is proportion expressed? How is the latter read? 
Which are the extremes ? Which the means ? What are homologous 
terms? What analogous terms ? 
17* 
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319. As the ratios are equal, it is manifestly immaterial 
nvhich of the two couplets is placed first. 

If a:b::c:d, then c:d::a:b. For if -=-. then -=— 

a a b 

320. The number of terms in a proportion must be at least 
four. For the equality is between the ratios of two couplets / 
and each couplet must have an antecedent and a consequent. 
There may be a proportion, however, among Mree quantities. 
For one of the quantities may be repeated , so as to form two 
terms. In this case the quantity repeated is called the mid- 
dle term^ or a mean proportional between the two other quan- 
tities, especially if the proportion is geometrical. 

Thus the numbers 8, 4, 2, are proportional. That is, 
8:4: : 4 : 2. Here 4 is both the consequent in the first 
couplet, and the antecedent in the last. It is therefore a 
mean proportional between 8 and 2. 

The last term is cMei a third proportional to the two other 
quantities. Thus 2 is a third proportional to 8 and 4. 

321. Inverse or reciprocal proportion is an equality be- 
tween a direct ratio and a reciprocal ratio. 

Thus 4 : 2 : : |- : ^ $ that is, 4 is to 2 reciprocally^ as 3 to 6. 
Sometimes also, the order of the terms in one of the coup- 
lets is inverted, without writing them in the form of a frac- 
tion. (Art. 305.) 

Thus 4 : 2 : : 3 : 6 inversely. In this case, the first term is 
to the second^ as the fourth to the third; that is, the first divid- 
ed by the second, is equal to the fourth divided by the third. 

322. When there is a series of quantities, such that the 
ratios of the first to the second, of the second to the third, of 



Quest. — Which couplet must be placed firat? How many tenns must 
there be 7 Can there be a proportion with three quantities T What is the 
middle term called 7 The last term 7 What is inveise proportion 7 



Digitized by VjOOQIC 



Arts. 319-326.] arithmetical propoktion. 199 

the third to the fourth^ &c., are all equal ; the quantities are 
said to be in continued proportion. The consequent of each 
preceding ratio is then the antecedent of the following one. 

N. B. Continued proportion is also called progression. 

323. In the preceding articles of this section, the general 
properties of ratio and proportion have been defined and il- 
lustrated. It now remains to consider the principles which 
are peculiar to each kind of proportion, and attend to their 
practical application in the solution of problems. 



SECTION XIII. 

arithmetical proportion and progression. 

Art. 324. If /our quantities are in arithmetical proportion, 
the sum of the extremes is equal to the sum of the means. 
Thus if a.. 6:: A" m, then a-f-«i«ft-f^ 

For by supposition, a — b sssA — m 

And transposing — h and — w, a-[-«»«»^4"^- 

So in the proportion, 12 •• 10 : : 11 .. 9, we have 124-9=10+11. 

325. Again if three quantities are in arithmetical proper* 
tion, the sum of the extremes is equal to double the mean. 

If a .. 3 : : ^ •• c, then, a — bs=b — c 

And transposing — b and — c, a-fc=aa2i. 

326. Quantities, which increase by a common difference, 
as 2, 4, 6, 8, 10, &c. \ or decrease by a common difference, as 



Quest. — ^When four quantities are in arithmetical proportion, what is 
the snm of the extremes equal to? When there are but three terms in the 
proportion, what is the sum of the extremes equal to 7 What is continued 
arithioetical proportion ? 
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15, 12, 9, 6, 3, &c., are in continued arithmetical proportion* 
(Art. 322.) 

Such a series is also called an arithmetical progression ; 
and sometimes progression by difference, or equidifferent se* 
ries. 

327. When the quantities increase, they form what is call- 
ed an ascending series, as 3, 5, 7, 9, 11, &c. 

When they decrease, they form a descending series, as 11, 
9, 7, 5, 3, &c. 

The natural numbers, 1, 2, 3, 4, 5, 6, &c., are in arithmeti- 
cal progression ascending. 

328. From the definition it is evident that in an ascending 
series, each succeeding term is found by adding the common 
difference to the preceding term. 

If the first term is 3, and the common difiference 2 ; 
The series is 3, 5, 7, 9, 11, 13, &c. 
If the first term is a, and the common difiference d ; 
Then a^d is the second term, a-f-(f-|-c/:=a4-2i the third, 
a^U+d=^aJ^U the 4th, a4-3(i+c/=a+4(f the 5th, &c. 

Ut ad 3d 4tb Sth 

And the series is a,a+d, a-\-2d, a-f-3c?, a^d, &c. 
If the first term and the common difference are the samt, 
the series becomes more simple. Thus if a is the first term, 
and also the common difiference, and n the number of terms, 
Then a+o=2a, is the second term, 
2a+fl=3a, the third, &c. 
And the series is a, 2a, 3a, 4a, na. 

329. In a descending series, each succeeding term is found 
by subtracting the common difference from the preceding term. 



Quest. — ^What else is this series called 7 When the series increases, 
what is it called ? When it decreases, what ? How is each successiye 
term found in an ascending series ? How in a descending series ? 
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If a is the first term, and d the common difference, the se- 

Ut 2d 3d 4Ui 6(h 

ries is a, a—d, a — 2d, a — 3d, a — 4rf, &c. 

In this manner we may obtain any term by continued ad- 
dition or subtraction. But in a long series, this process 
would become tedious. There is a method much more ex- 
peditious. By attending to the series, 

Ix " 3d 3d 4th 5th 

a, a+c?, a-|-2rf, a+Sd, a+4c/, &c., 
it will be seen that the number of times d is added to a, is 
one less than the number of the term. Thus, 

The second term is a-\-d, i. e. a added to once d ; 
The third is a-j-2</, a added to twice d ; 

The fourth is a-j-3i, a added to thrice d 5 &;c. 

So if the series be continued, 

The 50th term will be a-f-49(f. 

The 100th term a+99d. 

If the series be descending, the lOOth term will be a — 99(f. 
In the last term, the number of times d is added to a, is 
one less than the number of all the terms. If then 

(f=the common difference, a=the first term, z=the last, 
n=the number of terms, we shall have in all cases, 

z=:a±:(n — 1) X c? 5 that is, 

330. (1.) To find the last term of an ascending series. 

Md to the first term the product of the common difference into 
the nutnber of terms, less one, and the sum vnll he the last term^ 

(2,) To find the last term of a descending series. 

From the first term subtract the product of the common dif- 
ference into the number of terms less one, and the remainder 
will (>e the last term. 

Quest. — How is the last term of an ascending series found ? How the 
last of a descending series 1 
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N. B. Any other term may be found in the same way. 
For the series may be made to stop at any term, and that 
may be considered, for the time, as the last. 

.Thus the mih term=a±(m — i)xd. 

Prob. 1. If the first term of an ascending series is 7, the 
common difference 3, and the number of terms 9, what is the 
last term % Ans. z=a-f-(?i— l)J±=7+(9— 1) X 3= 31. 

Prob. % If the first term of a descending series is 60, the 
common difierence 5, and the number of terms 12, what is the 
last terml Ans. z=:a—(?i—l)£/=60—( 12—1) X 5=5. 

Prob. 3. If the first term of an ascending series be 9, and 
the common difiTerence 4, what will the 5th term be % 

Ans. z=:a+(OT— l)xrf=:9+(5— 1)X4=:25. 

331. There is one other inquiry to be made concerning a 
series in arithmetical progression. It is often necessary to 
find the sum of all the terms. This is called the sximmation 
of the series. The most obvious mode of obtaining the 
amount of the terms, is to add them together. But the na- 
ture of progression will furnish us with a more expeditious 
method. 

Let us take, for instance, the series 3, 5, 7, 9, 11, 
And also the same inverted, 11, 9, 7, 5, 3, 

The sums of the terms will be, 14, 14, 14, 14, 14. 
Take also the series, a o+c^, a+2rf, a+3d, a+4(l 

And the same inverted, a+^d^ a-f-3flf, a+2(i, a+d^ a 



The sums will be, 2a-f4rf, 2a-|-4(f, 2a-f4(f, 2a+4rf, 2a44rf 
Hence, it will be perceived that the sum of all the terms 
in the double series, is equal to the sum of the extremes 
repeated as many times as there are terms. Thus, 

The sum of 14, 14, 14, 14 and 14=14x5. 
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And the sum of the terms in the other double series is 
(2a+4rf)x5. 

But this is twice the sum of the terms in the single series. 
If then we put 

o=the first term, n=the number of terms, 

z=the last, 5=tbe sum of the terms, 

we shall have this equation, 5=-IIl_ x ». Hence, 

332. To find the sum of all the terms in an arithmetical 
progression. 

Multiply half the sum of the extremes into the number of 
terms, and the product will be the sum of the given series. 

Prob. 4. What is the sum of the natural series of numbers 
1, 2, 3, 4, 5, &c., up to 1000 % 

Ans. 5=^^xn:-l±i222 X 1000=500500. 

2 2 

333. The two formulas, z^adb{n—l)d, (Art. 329,) and 

g=s ^ ■ xn, (Art. 331,) contain five different quantities j viz. 
Jf 

fl, the first term ; rf, the common difference ; n, the number of 

terms ; z, the last term ; and Sy the sum of all the terms. 

From these two formulas others may be deduced by which, 
if any three of the five quantities are given, the remaining two 
may easily be found. The most useful of these formulas are 
the following. 

By the first formula, 

1. The last term^ z=:zadz(n — l)c?. in which a,^n and (^ are 
given. 



Qx7£ST. — ^How is the sum of all the terms found ? When the first tenn» 
the common difference, uid the number of terms are given, how is the last 
term found 7 
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Transposing (» — l)rf, 

2. The first term^ a=z±(n — l)rf, z, n and J being given. 
Transposing a in the 1st, and dividing by n — 1, 

3. The common difference^ dtrJ^ ^, a, z and n being given. 

w — 1 

Transposing and dividing, 

4. The number of terms, nan — ^ — [-1, a, x and d being given. 

a 

By the second formula, 

5. The sum of the terms, 5=^Zi xn,a,z and n being given* 

Or by substituting for z its Value, 
^=i± "^^^"7" ^xn, in which a, « and d are given. 

Reducing the preceding equation, 

6. The first term, a rrr- ^"" ^ V ^ , 5, c? and n being given. 

271 

Oo__0^« 

7. TAe common difference, (f= , 5, « and n being given« 



8. Thenumber of terms n=— A ^ ' ^.^ — ■ ^ ' , a, J and 

s being given. 



Quest. — ^When the last term, the common difference, and the number 
of terms are given, how find the first term ? When the first, and last, and 
the number of terms are given, how find the common difference ? When 
the first and last terms, and the common difference are given, how find the 
number of terms ? When the first, and last, and the number of terms are 
given, how find the sum of all the terms ? When the sum, difference, and 
number of terms are given, how find the first term ? When the first term, 
the sum, and the number of terms are given, how find the common differ- 
ence ? When the first term, the common difference, and the sum of the 
terms are given, how find the number of terms ? 
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Obser» A Tanetyof other formulas mmy be deduced from the preceding 
equations, the investigation of which will afford the student a pleasing and 
profitable exercise. 

334. By the third formula, e. g, maybe found any number 
of arithmetical means, between two given numbers. For the 
whole number of terms consists of the two extremes and all 
the intermediate terms. If then m= number of means, 
m-\-Q>=n, the whole number of terms. Substituting m-\-2 
for n in the third equation, we have, 

z—a 
The common difference, cZn ^^TPj^ in which a, z and m are 

given. 
Prob. 5. Find 6 arithmetical means, between 1 and 43. 
* ( The common difference is 6, 

^* ( The series, 1, 7, 13, 19, 25, 31, 37, 43. 

335. It is obvious from the illustration in Art. 331, that 
the sum of the extremes in an arithmetical progression, is equal 
to the sum of any other two terms equally distant from the 
extremes. Thus, in the series 3, 5, 7, 9, 11, the sum of the 
first and last terms, of the first but one and last but one, &c., 
is the same in each case, viz. 14. The same is true of 
every series. 

Prob. 6. If the first term of an increasing arithmetical 
series is 3, the common difference 2, and the number of terms 
20 ; what is the sum of the series 1 ' 

Prob. 7. If 100 stones are placed in a straight line, at the 
distance of a yard from each other 5 how far must a person 
travel, to bring them one by One to a box placed at the dis- 
tance of a yard from the first stone ] 

Quest. — ^How find any number of arithmetical means between two given 
numbers ? In a series of arithmetical progression, what is the sum of the 
extremes equal to ? 

18 
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Prob. 8. What is the sum of 150 terms of the series 

^ ^ 1 ^ ^ 2 "^ &c 1 ' ' 
? ? ' 3' 3' ^'3' 

Prob. 9. If the sum of an arithmetical series is 14*55, the 
least term 5, and the number of terms 30 ; what is the com- 
mon difference ? 

Prob. 10. If the sum of an arithmetical series is 567, the 
first term 7, and the common difference 2 ; what is the num- 
ber of terms 1 

Prob. 11. What is the sum of 32 terms of the series 
1, l^,2,2J,3,&c.1 

Prob. 12. A gentleman bought 47 books, and gave 10 cents 
for the first, 30 cents for the second, 50 cents for the third, 
&c. What did he give for the whole 1 

Prob. 13. A person put into a charity box, a cent the first 
day of the year, two cents the second day, three cents the 
third day, &c., to the end of the year. What was the whole 
sum for 365 days % . 

Prob. 14«. How many strokes does a common clock strike 
in 24 hours 1 

Prob. 15. The clocks of Venice go on to 24 o'clock ; how 
many strokes do they strike in a day 1 

Prob, 16. Required the sum of the odd numbers 1, 3, 5, 7, 
9, &c. continued to 101 terms. 

Prob. 17. Required the 365th term of the series of even 
numbers 2, 4, 6, 8, 10, 12, &c. 

Prcb. 18. The first term of a series is 4, the common differ- 
ence 3, and the number of terms 100 ; what is the last term] 

Prob. 19. A man puts $ 1 at interest at 6 per cent. ^ what 
will be the amount in 40 years at simple interest? 
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Prob. 20. The extremes of a series are 2 and 29 ; and the 
number of terms is ten. What is the common difference 1 

Prob. 21. The extremes of a series are 3 and 39, and the 
common difference 2. What is the number of terms 1 

Prob. 22. Find 5 means between 6 and 48. 

Prob. 23. Find 6 means between 8 and 36. 

336. Problems of various kinds, in arithmetical progres- 
sion, may be solved by stating the conditions algebraically, 
and then reducing the equations. Thus, 

Prob. 24. Find four numbers in arithmetical progression, 
whose sum shall be 56, and the sum of their squares 864. 

Let x= the second of the four numbers, 

And y= their common difference : 
The series will be x — y, a?, a?-f-y and a?+2y. 
By the conditions, (x — ^y)+«+(a;+y)+(^+2y)=^^ 
And (a?— y)2+a?2+ (x+yy+ (ar+2y)2=864 

That is, 4x+2y=56 

And 4a;2-[-4a:y-f.6y»=864 

Seducing these equations, we have a:=12, and yaB4. 
The numbers required, therefore, are 8, 12, 16 and 20. 

Prob. 25. The sum of three numbers in arithmetical pro- 
gression is 9, and the sum of their cubes is 153. What are 
the numbers ? 

Prob. 26. The sum of three numbers in arithmetical pro- 
gression is 15, and the sum of the squares of the two ex- 
tremes is 58 What are the numbers 1 

Prob. 27. There are four numbers in arithmetical progres- 
sion : the sum of the squares of the first two is 34 ; and the 
sum of the squares of the last two is 130. What are the 
numbers 1 
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Prob. 28. A certain number consists of three digits, which 
are in arithmetical progression, and the number divided by 
the sum of its digits is equal to 26 ; but if 198 be added to 
it, the digits will be inverted. What is the number 1 

Let the digits be equal to x — y, a?, and a?+y> respectively. 
Then the number=100(x-y)-f-10a?-f-(ir4.y)=lllar-99y, &c. 

Prob. 29. The sum of the squares of the extremes of four 
numbers in arithmetical progression is 200 ^ and the sum of 
the squares of the means is 136. What are the numbers 1 

Prob. 30. There are four numbers in arithmetical progres- 
sion whose sum is 28, and their continued product is 585. 
What are the numbers Iv 



SECTION XIV. 

GEOMETRICAL PROPORTION AND PROGRESSION. 

Art. 337. If four quantities are in geometrical proportion^ 
the product of the extremes is equal to the product of the 
means. Thus, 

12 : 8 : : 15 : 10 ; therefore 12 x 10 = 8 x 15. Hence, 

338. Any factor may be transferred from one of the means 
to the other, or from one extreme to the other, without af- 
fecting the proportion. 

Thus if a:mb::x:y, then a:b::7nx:y;for the product of 
the means in both cases is the same. 

So if na:b::z:yj then a:b::x:ny. 



Qn£ST.— If four quantities are in geometrical proportion, what is the 
product of the extremes equal to T 
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339. On the other hand, if the product of two quantities 
is equal to the product of two others, the four quantities will 
form a proportion if they are so arranged, that those on one 
side of the equation shall constitute the means, and those on 
the other side the extremes. Thus since 6 x 12=8 X 9, then 
6 : 8 : : 9 : 12. (Art. 158.) 

Cor. The same must he true of any factors which form 
the two sides of an equation. Thus if 

{a^b)xc={d — m)xyy then a-^b : d — m : : y : c* 

340. If three quantities are proportional, the product of the 
extremes is equal to the square of the mean. For this mean 
proportional is, at the same time, the consequent of the first 
couplet, and the antecedent of the last. (Art. 320.) It is 
therefore to he multiplied into itself y that is, it is to he squared. 

Thus, 4 : 6 : : 6 : 9 ; therefore 4x9=6x6. 
If a : b : : b : c, then mult, extremes and means, ac=6^. 
Hence, a mean proportioned hetween two quantities may 
be found by extracting the square root of their product. 

If a : X : : a? : c, then x'^=ac, and x=y ac. (Art. 249.) 

341. It follows, from Art. 338, that in a proportion, either 
extreme is equal to the product of the means, divided by the 
other extreme ; and either of the means is equal to the pro- 
duct of the extremes, divided by the other mean. 

1. U a: b : : c : d, then ad=bc, 

2. Dividing by d, a=bc-T'd, 

3. Dividing the first by c, b=ad-hc, 

4. Dividing it by b, c=ad-^b, 

5. Dividing it by a, d=:bc-r-a. 

Quest. — How is an equation put into a proportion 7 If three quantities 
are in proportion, what is the product of extremes equal to ? How is a 
mean proportional between two quantities found ? When the means and 
one extreme are given, how find the other extreme ? When the extremes 
and one of the means are given, how find the other 7 
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That is, the /ottrtA term is equal to the product of the second 
and third divided by the first. 

N. B. On this principle is founded the rule of simple pro- 
portion in arithmetic, commonly called the " Rule of Three?^ 
Three numbers are given to find a fourth, which is obtained 
by multiplying together the second and third, and dividing 
by the first. 

342. The propositions respecting the products of the means 
and of the extremes, furnish a very simple and convenient 
criterion for determining whether any four quantities are pro- 
portional. We have only to multiply the means together, 
and also the extremes. If the products are equal, the quan- 
tities are proportional. If the products are not equal, the 
quantities are not proportional. 

343. It is evident that the terms of a proportion may un- 
dergo any change which will not destroy the equality of the 
ratios ; or which will leave the product of the means equal to 
the product of the extremes. These changes are numerotis^ 
but they may be reduced to a few general principles. 

Case I. Changes in the order of the terms. 

344. If four quantities are proportional, the order of the 
meanSj or of the extremes^ or of the terms of both couplets^ may 
be inverted without destroyir^ the proportion. 

Thus if a : 6 : : c : (f, and 12 : 8 : : 6 : 4, then, 

^ r ^* ^i. «{ a : c :: 6 : (2 > the 1st is to the 3d 

1. Inverting the means^* \ ,. . a A i^«:. ... 
^ ' < 12:6 ::8:4 5asthe2dtothe4th. 

Quest. — ^What rule is founded on this principle ? How can you tell 
urbether four quantities are proportional ? What alterations can be made 
in the terms of a proportion ? When the means are inverted, what is it 
called? When the terms of each couplet are inverted, what? If the 
terms of only one couplet are inverted, what is the effect on the propor- 
tion? 

• This is called aUwwUion. (Euclid 16. 6.) 
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the 4th is to the 2d 
as the 3d to the 1st. 



2. Inverting the extremes. \ ' "^ '^ i 

^ '<4:8::6:12S 

3. Inverting the terms of ^hi aiidxc} the 2d is to the 1st 
e4ich couplet* ? 8 : 12 :: 4 : 6 i as the 4th to the 3d. 

4. We may change the order of the ivoo couplets. (Art. 
319.) 

Cor. The order of the whole proportion may he inverted. 

N. B. If the terms of only one of the couplets are inverted, 
the proportion becomes reciprocal. (Art. 321.) 
\i a: b II cidy then a is to 6 reciprocally, as d to c. 

Case II. Multiplying or dividing by the same quantity, 

345. If four quantities are proportional, ttoo analogous 
or two homologous terms may be multiplied or divided by the 
same quantity, without destroying the proportion. Thus, 

If a : 6 : : c : (/, then, if analogous terms are multiplied, or 
divided, the ratios will not be altered. (Art. 311.) 

1. ma:mb::cid. 2. a:b::mc: md. 

3. ^i-i'.cid. 4. a:3::— : — . 

mm mm 

If homologous terms be multiplied or divided, both ratios 
will be equally increased or diminished. 

b. maibi'.mcid. 6. a : m6 : : c : md. 

m a r C J a b d 

7. - :6::-:a. 8. a:-::c: — . 

mm mm 

Cor. All the terms may be multiplied, or divided by the 

same quantity. Thus ma'.mb'.:mc\ mdj or -.:.::-:-. 

mm mm 



Quest.— If two analogous tenns are multiplied or divided by the same 
quantity, what is the effect? If two homologous terms are multiplied or 
divided, what ? 

* This is technically called inversion. 
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Case III. Comparing one proportion with another, 

346. If two ratios art respectively eqttal io a thirds they are 
equal to each other. (Euclid 11. 5.) 

This is nothing more than the 7th axiom applied to ratios. 

1. i^^'^''^'nlthena:b::c:d,ora:c::b:d. (Art.344.) 
And c: dummy 

^•^^''•^••^•^Jthena:&::c:(f,ora:c::6:(f. 
Anamzn: :c : dj 

Cor. Uaibiimin)^^ a:b>c:'d. (Euclid 13. 5.) 
f»:n>cia> 

For if the ratio of mm is greater than that of czd^ it is 
manifest that the ratio of a : 6, which is equal to that oimznj 
is also greater than that of c : cf« 

N« B. In these instances, the terms which are alike in the 
two proportions are the ^r^^ two and the last two, and the re- 
sulting proportion is uniformly direct. But this arrange- 
ment is not essential. The order of the terms may be 
changed, in various ways, without affecting the equality of 
the ratios. (Art. 344.) 

The proposition to which these instances of equality be- 
long, is usually cited by the words, "ftp aquo^' or "«c 
aquali:^ (Euclid 22. 5.) 

347. Any number of proportions may be compared, in the 
same manner, if the first two or the last two terms in each 
preceding proportion, are the same with the first two or the 
last two in the following one. 

Thus ii aibiicid 



And cidiihil 
And hiliimin 
And mm:: xiy 



then a:b::z:y» 



Quest. — When two ratios are each equal to a third, how are Ihey to 
each other ? How is this proposition cited in geometry ? When may any 
number of proportions be compared in this manner ? 
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That is, the first two terms of the first proportion have the 
same ratio as the last two terms of the last proportion. For 
it is manifest that the ratio of all the couplets is the same. 

348. But if the two means, or the two extremes, in one 
proportion, he the same with the means, or the extremes, in 
another, the four remaining terms will he reciprocally propor^ 
tional. 

If aimiinib ) ., 1 ^ t\r a* t^'*fl*h 

, V then a:c::T:^' "^«*«^*'«*'''' 
And cimiinid) ^« 

For ab^mn > ,^^ 33^ . Therefore ah^cd, and a : c : : J : h. 
And cd=mn ) 

In this example, the two means in one proportion are like 
those in the other. But the principle will he the same, if the 
extremes are alike, or if the extremes in one proportion are 
like the means in the other. 

If m:a::b:n} ^i^ it 

. , , > then a: c:: a: 6. 

And miciidinj 

Andm: ciidin ) 
The proposition in geometry which applies to this case, is 
usually cited hy the words '^ ex cequo perturbaieJ*^ (Euc. 23. 5.) 

Case IV. Addition and Subtraction of equal ratios. 

349. If to or from two analogous or two homologous terms 
of a proportion^ two other quantities having the same ratio 
he added or subtracted^ the proportion will be preserved. 
(Euclid 2. 5.) 



Quest. — If the two means or two extremes in one proportion be the same 
as the means or extremes in another, how are the remaining terms 7 How 
is this proposition cited in geometry 7 When two analogous or homologous 
terms are added to or subtracted from two other quantities having the same 
ratio, how is the proportion 7 
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For a ratio is not altered, by adding to it, or subtracting 
from it, the terms of another equal ratio. (Art. 312.) 

If a:b::c:dy and a : 5 : : fn : n, 
Then by adding to, or subtracting from a and 6, the terms 
of the equal ratio m : ti, we have, 

a-^-mib+niicid^ and a — m:b — n::c:d. 
And by adding and subtracting m and n, to and from c and 
J, we have, 

aibiic-^mid+Tiy and aibiic — m:d — n. 
Here the addition and subtraction are to and from atudch 
gous terms. But by alternation, (Art, 344,) these terms will 
become homologous, and we shall have, 

a-^-miciib+nid, and a — m:c::b — »:cL 
Cor. 1. This addition may evidently be extended to any 
number of equal ratios. (Euclid 2. 5. cor.) 
c : 

Thusiftf:^::^ ' 
m: 

X : 

Cor. 2. U a:b::c:d 
And m:b::n:d 

For by alternation a:c::b:d) ^^^ < a+w : c+» ::b:d 
And m:n::b:d } c or a-j-m : 5 : : c-^n : J. 

350. Hence, if two analogous or homologous terms be add- 
ed to, or subtracted from the two others, the proportion will be 
preserved. 

Thus, if a : ^ : : c:rf, and 12: 4 : : 6 : 2, then, 

1. Adding the last two terms, to the first two. 

a-\.cib-\-d'.:a\b '12+6: 4-|-2::12:4 

fiXi^a+c:b-\-d::c:d 12+6:4+2:: 6:2 

or a-{-c:a'::b\-d:b 12+6:12::4+ 2:4 

anda-fc:c::6+d:J 12+6: 6::4+ 2:2. 



c 


■.d\ 


h 


:l 


m 


:n 


X 


•y. 



then aib II c+A+wi+jc : J+/+n+y. 



V then o+»i:6::c+n:cf. (Eu. 24.5.) 
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2. Adding the two antecedents to the two consequents* 
a+hihxic+did 12+4 : 4::6+2:2 
a-\-b : o : : c+<i : c, &c. 12+4 :12 : : 6+2 : 6, &c. 
This is called composition. (Euclid 18. 5.) 

3. Subtracting Xhe first two terms from the last two. 
c — a : a : : cZ — h : 6, or c — a : c : : cf — h : (f, &;c. 

4. Subtracting the ^aa^ two terms from the^r^/ two. 
a — c : 6 — di : o : ft, or a — c : b — d : : c : d, &c. 

5. Subtracting the consequents from the antecedents, 
a — 6 : 6 : : c — d: J, or a : a — b ::c: c — d, &c. 

The alteration expressed by the last of these forms is 
called conversion. 

6. Subtracting the antecedents from the consequents, 
b — a : a : : d — c : c, or b:b — a::d: d — c, &c. 

7. Adding and subtracting, a+5 : a — 6 : : c+rf : c — d. 
That is, the sum of the first two terms, is to their differ- 
ence, as the sum of the last two, to their difference. 

Cor. If any compound quantities, arranged as in the pre- 
ceding examples, are proportional, the simple quantities of 
which they are compounded are proportional also. 

Thus, if a+6 :b:: c+rf : d, then aibiicid. This is called 
division. (Euclid iH. 5.) 

Case V, Compounding Proportions, 

351. If the corresponding terms of two or more ranks of 
proportional quantities be multiplied together ^ the products will 
be proportional. 



Qtjxst. — ^What is composition ? Conversion ? Division ? If the cor- 
responding terms of two or more ranks of proportionals are multiplied to* 
gether, how will the product be ? 
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This process is called eompounding proportions. It is the 
same as compounding ratios. It should be distiBgnished from 
what is called composition^ which is an addition of the terms 
of a ratio. (Art. 350,2.) 

If a:b::c:d 12:4::6:'2 

And h:l::m:n 10:5::8:4 



Then ah:bl::cm:dn. 120:20::48:8. 

For from the nature of proportion, the two ratios in the 
first rank are equal, and also the ratios in the second rank. 
And multiplying the correspondiug terms is multiplying the 
ratios, (Art. 311,) that is, multiplying eqtutls by equals, 
(Ax. 3 \) so that the ratios will still be equal, and therefore 
the four products must be proportional. 

The same proof is applicable to any number of proportions. 

a:bi', c id 

then ahp iblqi: cmx : dny. 



If 



hiliimin 
p:q::x:y 

From this it is evident that if the terms of a proportion be 
multiplied, each into itself, that is, if they be raised to any 
power, they will still be proportional. (Art. 308.) 
If a:b;:c:d 2:4::6:12 

aibr.cid 2:4::6:12 



Then a^:b\::c^ :d^. 4: 16:: 36: 144. 

Proportionals will also be obtained, by reversing this pro- 
cess, that is, by extracting the roots of the terms. 
li aibiicid, then -y/ai-^b : i-^c Xy/d. 
For taking the products of the extremes and means, acfss5c. 
And extracting the root of both sides, ^^ad=^/bc 
That is, (Arts. 210.a, 339,) ^a : ^b : i-^c.^d. 

Quest. — What is meant by compounding proportions ? What is the dif- 
ference between compounding proportions and composition 7 If several 
quantities are proportional, how are like powers or roots of them ? 
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Case YI. Involution and Evolution of the terms. 

352. If several quantities are proportional, their like pow' 
ers or like roots are proportional. 

U a:b::c:dj 
Then a» : 6» : :c« : J*, and y a:yb::y c:y d. 

fit fit fit m 

And y a^ ly b^ ::y c^ :y d^^ that is, a« : ft* : : c* : rf». 
Obter. It must not be inferred from this, that quantities have the same 
ratio as their like powers or like roots. (Art. 308.) 

353. If the terms in one rank of proportionals be divided 
by the corresponding terms in another rank, the quotients 
will be proportional. 

This is sometimes called the resolution of ratios. 
If a:b::c:d 12:6::18:9 

AndA: l::m:n 6:2:: 9:3 

Then«:*::£:^ i?:«::l«:?. 

h I m n 6 2 9 3 

This is merely reversing the process in Art. 351, and may 
be demonstrated in a similar manner. 

N. B. This should be distinguished from what geometers 
call division^ which is a subtraction of the terms of a ratio. 
(Art. 350, 7). 

354. When proportions are compounded by multiplication, 
it will often be the case that the same factor will be found in 
two analogous or two homologous terms. 

Thus i{ a:b::c:d 
And miaimic 



am: ab:: cnicd. 
Hete a is in the first two terms, and c in the last two. 
▼iding by these (Art. 345), the proportion becomes 
m:b::n:d. Hence, 

mt I I I I 

Quest.— What is meant by the resolution of ratios ? 
19 
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355. In compounding proportions, equal factors or divt$or$ 
in two analogous or homologous terms, may be rejected. 

a:bi:c:d 12:4::9:3 

l(lb:h::d:l 4:8::3:6 

h:m::l:n 8:20::6:15 



Then a:m:ic:n 12:20::9:15 

This rule may be applied to the cases, to which the terms 
"ea? aquo^* and " ex (squo perturbate^^ lefer, (Arts. 346 .a, 348.) 
One of the methods may serve to verify the other. 

356. When four quantities are proportional, if the^r^^ be 
greater than the second^ the third will.be greater than the 
fourth ; if equal, equal \ if less, less. 

a=:5, Cs=d 



c a=:by Cs=a^ 

Suppose o:&::c:(f; then if ] «>^ ^>^ 

( a<b, c<d. 



357. If four quantities are proportional, their reciprocals 
are proportional ; and v. v. 

II a:b::cidf then -:-::-:— 
a b c d 

For in each of these proportions, we have, by reduction, 
ad=bc, 

PROBLEMS IN GEOMETRICAL PROPORTION. 

Prob. 1. Divide the number 49 into two such parts, that 
the greater increased by 6, may be to the less diminished by 
11 as 9 to 2. 



Quest. — ^In compounding proportions, what may be done with equal fac- 
tors or divisors 1 When four quantities are proportional, if the first is 
greater than the second, how is the third ? If equal ? If less ? If four 
qnantities are proportional, how are their reciprocals ? 
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Let z=z the greater, and 49—0?= the less. 
By the conditions proposed, x^6 : 38 — a? : : 9 : 2 

Adding terms, (Art. 350, 2,) x+6 : 44 : : 9 : 1 1 

Dividing the consequents, (Art. 345, 8,) x-|-6 : 4 : : 9 : 1 

Multiplying the extremes and means, a7-f6=36. Ai^d 07=30. 

Proh. 2. What number is that, to which if 1, 5 and 13, be 
severally added, the first sum shall be to the second, as the 
second to the third % 

Prob. 3. Find two numbers, the greater of which shall be 
to the less, as their sum to 42 ; and as their difference to 6. 

Prob. 4. Divide the number 18 into two such parts, that 
the squares of those parts may be in the ratio of 25 to 16. 

Prob. 5. Divide the number 14 into two such parts, that 
the quotient of the greater divided by the less, shall be to the 
quotient of the less divided by the greater as 16 to 9. 

Prob. 6. If the number 20 be divided into two parts, which 
are to each other in the duplicate ratio of 3 to 1, what num- 
ber is a mean proportional between those parts % 

Prob. 7. There are two numbers whose product is 24, and 
the difference of their cubes, is to the cube of their difference 
as 19 to 1. What are the numbers \ 

Prob. 8. There are two numbers in the proportion of 5 : 6 ; 
the first being increased by 4 and the last by 6, the propor- 
tion will be as 4: 5. What are the numbers % 

Prob. 9. A farmer has a quantity of com in his granary, 
and sells a certain number of bushels, which is to the number 
of bushels remaining as 4:5. He then feeds out 10 bushels, 
which is to the number sold as 1 : 2. How many bushels had 
he at first, and how many did he sell \ 

Prob. 10. There are two numbers whose product is 135, 
and the difference of their squares, is to the square of their 
difference as 4 to 1. What are the numbers ? 
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Prob, 11. What two numbers are those, whose 4iff'erence, 
sum, and product, are as the numbers 2, 3 and 5, respec- 
tively 1 

Prob. 12. Divide the number 24 into two such parts, that 
their product shall be to the sum of their squares as 3 to 10. 

Prob. 13. In a mixture of rum and brandy, the difference 
between the quantities of each, is to the quantity of brandy 
as 100 is to the number of gallons of rum ; and the same 
difference is to the quantity of rum, as 4 to the number 
of gallons of brandy. How many gallons are there of 
eachi 

Prob. 14. There are two numbers which are to each other 
as 3 to 2. If 6 be added to the greater and subtracted from 
the less, the sum and remainder will be to each other as 3 
to 1. What are the numbers % 

Prob. 15. There are two numbers whose product is 320; 
and the difference of their cubes, is to the cube of their dif- 
ference as 61 to 1. What are the numbers 1 

Prob. 16. There are two numbers, which are to each other, 
in the duplicate ratio of 4 to 3 ; and 24 is a mean propor- 
tional between them. What are the numbers % 

CONTINUED GEOMETRICAL PROPORTION OR 
PROGRESSION. 

358. When all the ratios of a series of proportionals are 
equal, the quantities are said to be in cofUinued proportion or 
progression. (Art. 322.) 

As arithmetical proportion continued is arithmetical pro- 
gression, so geometrical proportion continued is geometrical 
progression. It is sometimes called progression by quotient. 



Quest.— What is contiQQed geometrical proportion ? What else is it 
caUed? 
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The numbers 64, 32, 16, 8, 4, are in continued geometrical 
proportion. (Art. 322.) 

In this series, if each preceding term be divided by the 
common ratio, the quotient will be the following term. Thus, 
V=32, and V=16, and V=8, andf==.4. 
If the order of the series be inverted^ the proportion will 
still be preserved, (Art. 344 ;) and the common divisor will 
become a multiplier. In the series 4, 8, 16, 32, 64, &c 
4x2=8, and 8x2=16, and 16x2=32, &c. 

359. Quantities then are in geometrical progression, when 
they increase by a common multiplier j or decrease by a common 
divisor. 

This common multiplier or divisor is called the ratio. For 
most purposes, however, it will be more simple to consider 
the ratio as always a multipliery either integral or fractional. 

In the series 64, 32, 16, 8, 4, the ratio is either 2 considered 
as a divisor, or \ considered as a multiplier. 

360. When several quantities are in continued proportion, 
the number of couplets, and of course the number of ratios, is 
one less than the number of quantities. Thus the five pro- 
portional quantities a, b, c, d, e, form four couplets containing 
four ratios j and the ratio of a : e is equal to the ratio of a*:M, 
that is, the ratio of the fourth power of the first quantity, to 
the fourth power of the second. Hence, 

361. \( three quantities are proportional, the first is to the 
third, as the square of the first to the square of the second; or 
as the square of the second, to the square of the third. In 
other words, the first has to the third, a duplicate ratio of the 
first to the second. And conversely, if the first of the three 

Quest. — ^When are quantities said to be in geometrical progression ? 
What is the common multiplier or divisor called? In a series of continued 
proportion, how many couplets and ratios are there ? When there are 
three proportionals what ratio has the first to the third ? 
19» 
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quantities is to the third, as the square of the first to the 
square of the second, the three quantities are proportional. 
U a:b::b:Cy then a:c::a^:b^. And universally, 

362. If several quantities are in continued proportion, the 
ratio of the first to the last is equal to one of the intervening 
ratios raised to a power whose index is one less than the 
number of quantities. 

If there are four proportionals a, &, c, d^ then a:d::a^:l^ 
If there are five a, ^ c, rf, e / a : e : : a* : b\ &c. 

363. If several quantities are in continued proportion, they 
will be proportional when the order of the whole is inverted. 
This has already been proved with respect to four propor- 
tional quantities. (Art. 344, cor.) It may be extended to 
any number of quantities. 

Between the numbers, 64, 32, 16, 8, 4, 

The ratios are, 2, 2, 2, 2, 

Between the same inverted, 4, 8, 16, 32, 64, 

The ratios are, ^, J, ^, ^. 

So if the order of any proportional quantities be inverted, 
the ratios in one series will be the reciprocals of those in the 
other. For by the inversion each antecedent becomes a con- 
sequent, and V. V. but the ratio of a consequent to its ante- 
cedent is the reciprocal of the ratio of the antecedent to the 
consequent. (Art. 305.) That the reciprocals of equal quan- 
tities are themselves equal, is evident from Ax. 4. 

364. To investigate the properties of geometrical progres- 
sion, we may take nearly the same course, as in arithmetical 
progression, observing to substitute continual multiplication 
and division^ instead of addition and subtraction. It is evi- 
dent, in the first place, that, 

Quest. — When several quantities are in continued proportion, what 
ratio has the first to the last 7 If the series is inverted, what efifect has 
it ? How are the ratios in one series, compared with those of another^ 
when the order is inverted 7 
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365. In an ascending geometrical series, each succeeding 
term is foand, by multiplying the ratio into the preceding 
term. 

If the first term is a, and the ratio r, 
Then aXr=ar^ the second term, or x r==ar2, the third, 
ar^ Xr=ar^y the fourth, ar^xr^ar^^ the fifth, &c. 
And the series is a, ar, ar% ar^j ar^j ar^, &c. 

366. If the>^r£^ term and the ratio are the same^ the pro- 
gression is simply a series of powers. 

If the first term and ratio are each equal to r. 
Then r x r==ir\ the second term, r^ )i r=r^j the third, 
r^ X r=r\ the fourth, r* x r=r^^ the fifth. 

And the series is r, r^, r^, r*, r*, r^, &c. 

367. In a descending series, each succeeding term is found 
by dividing the preceding term by the ratio, or multiplying 
by the fractional ratio. 

If the first term is ar^, and the ratio r. 

The secbnd term is — , or ar^ x ^=zar^j 
r 

And the series is ar®, ar^^ ar^, ar^y aT\ ar^ a, &c. 

If the first term is a, and the ratio r, 

The series is a, -, — , -^ &c., or a, ar-"^^ ar~^y &c. 

1st Sd 34 4th Stb 6^ 

368. By attending to the series a, ar^ ar\ ar% ar\ ar^^ 
&c., it will be seen that, in each term, the exponent of the 
power of the ratio, is one less than the number of the term. 

If then a=the first term, r= the ratio, 

z=i the last, n= the number of terms $ 

we have the equation z=ar*"^, the last term, that is, 



Quest. — ^In an ascending geometrical series how is each succeeding 
term found ? When the first term and ratios are the same, what is the 
progression ? How is each term found in a descending series 7 
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369. In geometrical progression, ihe last term is equal to 
the prodtict of the first into that power of the ratio whose index 
is one less than the number of terms. 

When the least term and the ratio are the same^ the equa- 
tion becomes z^=rr'^^^=T'^. (Art 366.) 

370. Of the four quantities a, z^ r and n, any three being 
given, the other may be found. 

1. By the last article, 

z=iar'^~'^=:. the last term, 

2. Dividing by r'*"^, 

— ^ =:a= the first term. 

3. Dividing the 1st by a, and extracting the root, 



(r-= 



the ratio. 



371. By the last equation may be found any number of 
geometrical meanSy between two given numbers. If i7t= the 
number of means, m-^2=ny the whole number of terms. 
Substituting m^2, for n, in the equation, we have 



(;)"' = 



r, the ratio. 



When the ratio is found, the means are obtained by con- 
tinued multiplication. 

Prob. 1. Find two geometrical means between 4 and 256. 
Ans. The ratio is 4, and the series is 4, 16, 54,256. (Art 371.) 

Prob. 2. Find three geometrical means between J and 9. 

372. The next thing to be attended to, is the rule for find- 
ing the sum of all the terms. 



Quest.— What is the last term equal to ? What is the first tenn equal 
to? How find the ratio 7 
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If any term, in a geometrical series, be multiplied by the 
ratio, the product will be the succeeding term. (Art. 365.) 
Of course, if each of the terms be multiplied by the ratio, a 
new series will be produced, in which all the terms except 
the last will be the same, as all except the first in the other 
series. To make this plain, let the new series be written un- 
der the other, in such a manner, that each term shall be re- 
moved one step to the right of that from which it is pro- 
duced in the line above. 

Take, for instance, the series, 2, 4, 8, 16, 82 

Multiplying each term by the ratio, 4, 8, 16, 32, 64. 

Here it will be seen at once, that the last four terms in the 
upper line are the same as the first four in the lower line. 
The only terms which are not in both, are the first of the one 
series, and the lasi of the other. So that when we subtract 
the one series from the other, all the terms except these tw0 
^ill disappear, by balancing each other. 

If the given series is, a, ar^ ar^^ ar^^ .... flr*"^. 
Then mult, by r, we have ar^ ar^^ ar^^ .... ar*'^^ ar^. 

Now let «=: the sum of the terms. 

Then, «s=5a-|-flr-j-ar^-}-ar', .... -|-ar»-^, 

And mult, by r, rtw ar-\-ar^'\^r^j . . • . -|.flr»-*-far». 

Subt. the first equation from the second, rs — ^=5or" — a 



And dividing by (r— 1,) (Art. 98,) #=«! 



ayi» 



r— 1 

In this equation, ar^ is the last term in the new series, and 
is therefore the product of the ratio into the last term in the 
given series* 

Therefore, ts^!!?!!^, that is, 
r — 1 
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373. To find the sum of a geometrical series. 
Multiply the last term into the ratiOyfrom the product subtract 
the first term J and divide the remainder by the ratio less one* 

Obser, From the above fonnula, in connexion with the one in Art. 368, 
there may be the same variety of other formulae deduced as in Art. 333.* 
The others, however, involve principles with which, it is presumed, the 
pupil is not yet acquainted. 

Prob 3. If in a series of numbers in geometrical progres- 
sion, the first term is 6, the last term 1458, and the ratio 3, 
what is the sum of all the terms 1 

Ans. .=!li:?=i^ili^?=?=2184,. 
r— 1 3—1 

Prob. 4. If the first term of a decreasing geometrical se- 
ries is ^, the ratio jj and the number of terms 5, what is the 
sum of the series 1 

Rrob. 5. What is the sum of the series, 1, 3, 9, 27, &;c., to 
12 terms 1 

Prob. 6. What is the sum of ten terms of the series 1, ^ 

Prob. 7. If the first term of a series is 2, the ratio '2, and 
the number of terms 13, what is the last termi 

Prob. 8. What is the 12th term of a series, the first term 
of which is 3, and the ratio 3 % 

Prob. 9. A man bought a horse, agreeing to give 1 cent 
for the first nail in his shoes, three for the second, and so 
on. The shoes contained 32 nails; what was the cost of the 
horse % 

374«. Quantities in geometrical progression are proportional 
to their differences. 



Quest. — How is the sum of a geometrical series found ? If quantities 
are in geometrical progression, how are they to their differences 7 How 
are their differences to each other ? 
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Let the series be a, aTyar\ ar\ ar^y &c. 
By. the nature of geometrical progression, 

a:ar::ar:ar^::ar^:ar^:: ar^iar^y &c. 

In each couplet let the antecedent be subtracted from the 
consequent, according to Art. 350, 6. 

Then a: an: ar — a : ar^ — ar : : ar^ — or : ar^^ar^^ &c. 

That is, the first term is to the second, as the difiference 
between the first and second, to the difierence between the 
second and third ; and as the difierence between the second 
and third, to the difference between the third and fourth, &c. 

Cor. If quantities are in geometrical progression, their 
differences are also in geometrical progression. 

Thus the numbers 3, 9, 27, 81, 243, &c. 

And their differences 6, 18, 54*, 162, &c., are iu 
geometrical progression. 

375. Problems in geometrical progression may be solved, 
as in other parts of algebra, by means of equations. 

Prob. 10. Find three numbers in geometrical progression, 
such that their sum shall be 14, and the sum of their 
squares 84. 

Let the three numbers be a?, y and z. 
By the conditions, a? : y : : y : ar, or xz=y^ 

And a?+y+z=14 

And a?2+y2+2r2=84 

Ans. 2, 4 and 8. 

Prob. 11. There are three numbers in geometrical progres- 
sion whose product is 64, and the sum of their cubes is 584. 
What are the numbers 1 

Prob. 12. There are three numbers in geometrical progres- 
sion : the sum of the first and last is 52, and the square of 
the mean is 100. What are the numbers 1 
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Prob. 13. Of four nambert in geometrical progression, 
the sum of the first two is 15, and the sum of the last two 
is 60. What are the numbers 1 

Prob. 14. A gentleman divided 210 dollars among three 
servants, in such a manner that their portions were in geo^ 
metrical progression ; and the first had 90 dollars more than 
the last. How much had each 1 

Prob. 15. There are three numbers in geometrical pro- 
gression, the greatest of which exceeds the least by 15 ; and 
the difference of the squares of the greatest and the least, 
is to the sum of the squares of ail the three numbers as 5 to 
7. What are the numbers % 

Prob. 16. There are four numbers in geometrical progres- 
sion, the second of which is less than the fourth by 24 ; and 
the sum of the extremes is to the sum of the means as 7 to 
3. What are the numbers 1 



SECTION XV. 

EVOLITTION OP COMPOUMD QUANTITIES. 

376. RuLB. — ^I. Arrange ihe terms according to the powers 
of one of the letters^ so that the highest power shall stand first ^ 
the next highest next^ ^c, 

II. Take ihe root of the first term^ for the first term of the 
required root. 

in. Subtract ihe power from the given quantity ^ and divide 
the first term of the remainder by the first term of the root in- 



Quest.— How should the terms be arranged to extract the root of a com- 
pound qiuuititr 7 What are the other steps I 
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volved to the necct inferior power and multiplied by the index 
of the given powers* the quotient will be the next term of the 
root. 

IV. Subtract the power of the terms already found from the 
given quantity^ and using the same divisor^ proceed as before. 

Proof. This rule verifies itself. For the root, whenever a 
new term is added to it, is involved, for the purpose of sub- 
tracting its power from the given quantity : and when the 
power is equal to this quantity, it is evident the true root is 
found. 

1. Extract the cube root of 
a6+ 3o«— 3a*— 1 1 a3+6a2+12(f— 8(a2-f.o-.2. 
a\ the first subtrahend. 



3a*)* 3a5, &c., the first remainder. 

a^^3a^+3a^+a^, the 2d subtrahend. 
3^4^ # * — 5^4^ ^Q ^ ^jjg 2d remainder. 

a6+3a5— 3a*— lla'+6a24-12a— 8. 

2. Find the 4th root of a*-|-8a'+2l!a2+32a+16. 

3. Find the 5th root of a^+5a^b^l0aH^+10aH^+bab^ 

4. Find the cube root of a^—6aH+12ab^^Bb^. 

5. Find the 2d root of 4a2— 12o5 + 962+16aA— 24W 
+16A2. 

N. B. In finding the divisor in the 5th example, the term 
2o in the root is not involved, because the power next below 
the square is the first power. 



* By the given power is meant a power of the same name with the re- 
quired root. As powers and roots are correlative terms, any quantity is 
the square of its square root, the cube of its cube root, dtc. 
20 
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3T7. The square root may be extracted by the following 
Rule. I. Arrange the terms of the given quantity according 
to the powers of one of the letters j take the root of the first term, 
for the first term of the required root, and subtract the power 
from the given quantity. 

II. Bring down two other terms for a dividend. Divide by 
double the root already found, and add the quotient both to the 
root, and to the divisor. Multiply the divisor thus increased, 
into the term last placed in the root, and subtract the product 
from the dividend. 

III. Bringdown two or three additional terms and proceed as 
before. 

Peoof. Multiply the root into itself, and if the product is 
equal to the given quantity, the work is right. 
6. What is the square root of 

a^+2ab+b^+2ac+2bc-\-c^a+b+c 

a^, the first subtrahend. 

2a+b) * 2aA+^ 

Into bsss 2ab'\'b^, the second subtrahend. 

2a+2*-|-c) * * 2ac+26c+c2 

Into c=s 2ac-J-26c-fc3, the third subtrahend. 

Proof. The square of the root a-^b-^-c, is equal to the 
given quantity. 

For (a+6)2«a2+2aA+A2=a2+(2a+&) x b. (Art. 97.) 

And substituting A=a-f-6,the square h^^a^-^(2a^)xb. 

And (a+A+c)2«(A+c)2=:A2+(2/i+c)xc 5 
that id, restoring the values of A and h^, 

(a+b+cy^a^+(2a^) X b+(2a+2b+c) x c. 

In the same manner, it may be proved, that, if another 
term be added to the root, the power will be increased, by 
the product of that term into itself, and into twice the sum 
of the preceding terms. 

QussT.^Whatis the rale for extracting the squarn root t 
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The demonstration will be substantially the same, if some 
of the terms be n^ative. 

7. Find the square root of l—U-\Ab^-^2y — 4>Ay-f-y2. 

8. Find the square root of a«— 2a«-|-3a*— 2a'+a2. 

9. Find the square root of o*-f4a25-|.4.&2— 40^—8^44. 
378. It will frequently facilitate the extraction of roots, to 

consider the index as composed of two or more factors. 

Thus a^ =a^ ^ ^. Apd a^=a^ ^ ^ That is, 

The fourth root is equal to the square root of the square 
root^ 

The sixth root is equal to the square root of the cube root ; 

The eighth root is equal to the square root of the fourth 
root, &c. 

To find the sixth root, therefore, we may first extract the 
cube root, and then the square root of this. 

10. Find the square root of x* — 4>x^^6x^-~4tX-\-h 

11. Find the cube root of a?«-— 6a?*+15a?*— 20a?*+l5x* 
— 6x+l. 

12. Find the square root of 4x* — 4fX^-\-13x^ — 6x+9. 

13. Find the 4th root of 16a^—96a^x+2l6a^x^--2ieax* 
+81a?*. 

14. Find the 5th root of a?*+5a?*+10ar'+10ff2+5a?+l. 

15. Find the 6th root of a^ — 6a^b+15aH^—20aH^ 



Qttest. — ^How may the extraction of roots be facilitated ? What is the 
fourth root equal to ? The sixth ? The eighth ? How then may we find 
the sixth root ? 
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SECTION XVI. 

APPLICATION OF ALGEBRA TO GEOMETRIT.* 

Art. 379. It is often expedient to make use of the alge- 
braic notation, for expressing the relations of geometrical 
quantities, and to throw the several steps of a demonstration 
into the form of equations. By this, the nature of the rea- 
soning is not altered. It is only translated into a different 
language. Signs are substituted for words^ but they are in- 
tended to convey the same meaning. A great part of the 
demonstrations in geometry really consist of a series of 
equations, though they may not be presented to us under the 
algebraic forms. Thus the proposition, that the sum of the 
three angles of a triangle is equal to 
two right angles J (Euc. 32. 1,) may 
be demonstrated, either in common 
language, or by means of the signs 
used in algebra 

Let the side AB, of the triangle 
ABC, (Fig. 1,) be continued to D ; 
let the line BE be parallel to AC; 
and let GHI be a right angle. 

The demonstration, in words, is as follows : 

1. The angle EBD is equal to the angle BAC, (Euc. 29. 1.) 

2. The angle CBE is equal to the angle ACB. 

3. Therefore, the angle EBD added to CBE, that is, the 

angle CBD, is equal to BAC added to ACB. 

4. If to these equals, we add the angle ABC, the angle CBD 

added to ABC, is equal to BAC added to ACB and ABC. 

* This section is to be read after the Elements of Geometry. 
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5. But CBD added to ABC, is equal to twice 6HI, that is, 

to two right angles. (£uc. 13. 1.) 

6. Therefore, the angles BAG, and ACB, and ABC, are 

together equal to twice GHI, or two right angles. 
Now by substituting the sign -f, for the word addedy or and, 
and the sign =, for the word equal j we shall have the same 
demonstration in the following form. 

1. By Euclid 29. 1. EBD=BAC 

2. And CBE=ACB 

3. Add the two equations EBD-fCBE =:BAC4-ACB 

4. Add ABC to both sides CBD4-ABC=BAC+ACB+ABC 

5. But by Euclid 13. 1. CBD+ABC=2GHI 

6. Make the 4th and 5th equal BAC-fACB-f.ABC=2GHL 

By comparing, one by one, the steps of these two demon- 
strations, it will be seen that they are precisely the same^ 
except that they are differently expressed. 

380. It will be observed that the notation in the example 
just given, differs, in one respect, from that which is gene- 
rally used in algebra. Each quantity is represented, not by 
a single letter j but by several. In common algebra when one 
letter stands immediately before another as ab^ without any 
character between them, they are to be considered as multi- 
plied together. 

But in geometry, AB is an expression for a single line^ and 
not for the product of A into B. Multiplication is denoted, 
either by a point or by the sign X • The product of AB into 
CD, is AB . CD, or AB xCD. 

381. There is no impropriety, however, in representbg a 
geometrical quantity by a single letter. We may make b 
stand for a Une or an angle, as well as for a number. 

20* 
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If, in the example above, we put the angle 
EBD=fl, ACB=d, ABC=A, 

BAC=5, CBD=g', GHI=/, 

CBE=c, 
the demonstration will stand thus : 

1. By Euclid 29. 1, a=5 

2. And c=d 

3. Adding the two equations, a-|-c==g=:i+^ 

4. Adding k to both sides, g-|-A=d-f'^-|-A 

5. By Euclid, 13. 1, g+A=2/ 

6. Making the 4th and 5th equal, b-\-d^h'=^2L 

This notation is apparently more simple than the other ; 
but it deprives us of what is of great importance in geo- 
metrical demonstrations, a continual and easy reference to 
the figure. To distinguish the two methods, capitals are 
generally used for that which is peculiar to geometry ; and 
small letters^ for that which is properly algebraic. 

382. If a line whose length is meas- Fig. 2. 
ured from a given point or line, be 
considered positive ; a line proceed- 
ing in the opposite direction must be 
considered negative^ If AB (Fig. 2,) 
reckoned from DE on the ngA/, is 
positive; AG on the left is nega- 
tive. 

Hence, if, in the course of a calculation, the algebraic value 
of a line is found to be negative ; it must be measured in a 
direction opposite to that which, in the same process, has 
been considered positive. (Art. 162.a.) 

383. In algebraic calculations, there is frequent occasion 
for mulHplicaUon^ division^ involution^ &c. Bat how, it may 
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be asked, can geometrical quantities be multiplied into each 
oth^r 1 One of the factors, in multiplication, is always to 
be considered as a number. The operation consists in re- 
peating the multiplicand as many times as there are units in 
the multiplier. How then can a line^ a surface^ or a solid^ 
become a multiplier 1 

To explain this it will be necessary to observe, that when- 
ever one geometrical quantity is multiplied into another, some 
particular extent is to be considered the unit. It is immate- 
rial what this extent is, provided it remains the same in dif- 
ferent parts of the same calculation. It may be an inch, a 
foot, a rod, or a mile. If, for instance, one of the lines be a 
foot long, and the other half a foot ; the factors will be, one 
12 inches, and the other 6, and the product will be 72 inches. 
Though it would be absurd to say that one line is to be re- 
peated a$ often as another is long ; yet there is no impro- 
priety in saying, that one is to be repeated as many times as 
there are feet or rods in the other. This, the nature of a 
calculation often requires. 

384*. If the line which is to be the multiplier, is only a part 
of the length taken for the unit, the product is a like part of 
the multiplicand. (Art. 71.) Thus, if one of the factors is 
6 inches, and the other half an inch, the product is 3 inches. 

385. Instead of referring to the measures in common use, 
as inches, feet, &c., it is often convenient to fix upon one of 
the lines in a figure, as the unit with which to compare all 
the others. When there are a number of lines drawn within 
and about a circle^ the radius is commonly taken for the unit. 
This is particularly the case in trigonometrical calculations. 

386. The observations which have been made concerning 
lines, may be applied to surfaces and solids. There may bo 
occasion to multiply the area of a figure by the number of 
inches in some given line. 
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But here another difficulty presents itself. The product 
of two lines is often spoken of as being equal to a surface ; 
and the product of a line and a surface, as equal to a solid. 
But if a line has no breadth, how can the multiplication, that 
is, the repetition, of a line produce a surface 'I And if a sur- 
face has no thickness, how can a repetition of it produce a 
solid 1 

387. In answering these inquiries it must be admitted, that 
measures of length do not belong to the same class of mag- 
nitudes with superficial or solid measures ; and that none of 
the steps of a calculation can, properly speaking, transform 
the one into the other. But, though a Hue cannot become a 
surface or a solid, yet the several measuring units in com- 
mon use are so adapted to each other, that squares, cubes, 
&c., are bounded by lines of the same name. Thus the side 
of a square inch is a linear inch ; that of a square rod, a 
linear rod, &c. The length of a linear inch is, therefore, the 
same as the length or breadth of a square inch. 

If then several square inches are Fig. 3. 

placed together, as from Q to R^ 
(Fig. 3,) the number of them in the 
parallelogram OR is the same as the 
number of linear inches in the side 
QR : and if we know the length of 
this, we have of course the area of 
the parallelogram, which is here 
supposed to be one inch wide. 

But, if the breadth is several inches, the larger parallelo- 
gram contains as many smaller ones, each an inch wide, as 
there are inches in the whole breadth. Thus, if the paral- 
lelogram AC, (Fig. 3,) is 5 inches long and 3 inches broad, it 
may be divided into three such parallelograms as OR. To 
obtain, then, the number of squares in the large parallelo- 
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gram, we have only to multiply the numher of squares in one 
of the small parallelograms, into the number of such paral- 
lelograms contained in the whole figure. But the number of 
square inches in one of the small parallelograms is equal to 
the number of linear inches in the length AB. And the num- 
ber of small parallelograms is equal to the number of linear 
inches in the breadth EC. It is therefore said concisely, that 
the area of a parallelogram is equal to its length mtdtiplied 
into its breadth. 

388. We hence obtain a convenient algebraic expression) 
for the area of a right-angled parallelogram. If two of the 
sides perpendicular to each other are AB and BG, the expres- 
sion for the area is AB x BC ; that is, putting a for the area, 

a=ABxBC. 
It must be remarked, however, that when AB stands for 
% line^ it contains only linear measuring units ; but when it 
enters into the expression for the area, it is supposed to con- 
tain superficial units of the same name. 

389. The expression for the area Fig. 4.- 

may also be derived by another me- 
thod more simple, but less satisfac- 
tory perhaps to some. Let a (Fig. 
4,) represent a square inch, foot, rod, 
or other measuring unit; and let b 
and / be two of its sides. Also, let 



A be the area of any right-angled / 

parallelogram, B its breadth, and L its length. Then it is 
evident, that, if the breadth of each were the same, the areas 
would be as the lengths ; and, if the length of each were the 
same, the areas would be as the breadths. 

That is, A : a : : L : /, when the breadth is given ; 

And A : a : : B : 6, when the length is given i 

Therefore, AiaiiBxLihxl, when both vary. 

That is, the area is as the product ofihe length and breadth* 
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390. Hence, in quoting the elements of geometry, the tenn 
product is frequently substituted for rectangle. And what- 
ever is there proved concerning the equality of certain rect- 
angles, may be applied to the product of the lines which con- 
tain the rectangles. (Legendre 166.) 

391. The area of an oblique parallelogram is also obtained 
by multiplying the base into the perpendicular height. Thus 
the expression for the area of the parallelogram ABNM (Fig. 
5,) is MNxAD,or ABxBC. For by Art. 388, ABxBC is 
the area of the right angled parallelogram ABCD ; and by 
£uclid 36. ], parallelograms upon equal bases, and between 
the same parallels, are equal \ that is, ABCD is equal to 
ABNM. 



Fig. 5. 



Fig. 6. 




392. The area of a square is obtained by multiplying one 
of the sides into itself. Thus the expression for the area of 
the square AC, (Fig. 6,) is (AB)2, that is, a=(AB)2. 

For the area is equal to AB x BC. (Art. 388.) 

But AB=BC, therefore, AB xBC=AB x AB=(AB)2. 

393. The area of a triangle is equal to half the product of 
the base and height. Thus the area of the triangle ABG, 
(Fig. 7,) is equal to half AB into GH or its equal BC, that is, 

ar=r^ABxBC. 
For the area of the parallelogram ABCD is ABxBC, 
(Art. 388.) And by Euclid 41. 1, if a parallelogram and a 
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triangle are upon the same base, and between the same paral- 
lels, the triangle is half the parallelogram. (Leg. 168.) 

394. Hence, an algebraic expression may be obtained for 
the area of any figure whatever, which is bounded by right 
lines. For every such figure may be divided into triangles. 



Fig. 8. 





Thus the right-lined figure, ABODE (Fig. 8,) is composed 
of the triangles ABC, ACE and ECD. 
The area of the triangle ABCizr^AC X BL, 

That of the triangle ACEnr^AC x EH, 

That of the triangle ECD=pC X DG. 

The area of the whole figure is, therefore, equal to 
(^AC X BL)+(^AC X EH)+(iEC x DG). 

395. The expression for the superficies has here been de- 
rived from that of a line or lines. It is frequently necessary 
to reverse this order \ to find a side of a figure, from knowing 
its area. 

If the number of square inches in the parallelogram ABCD 
(Fig. 3,) whose breadth BC is 3 inches, be divided by 3, 
the quotient will be a parallelogram, ABEF, one inch wide, 
and of the same length with the larger one. But the length 
of the small parallelogram is the length of its side AB. The 
number of square inches in one is the same as the number 
of linear inches in the other. (Art. 387.) If, therefore, the 
area of the large parallelogram be represented by a, the 
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side AB= ^td that is, the length of a parallelogram is found 

hy dividing the area by the breadth. 
If a be put for the area of a square whose side is AB, 
Then by Art. 392, a=(AB)2, 

And extracting both sides ^ a=AB. 

That is, ihe side of the square is founds by extracting the 

square root of the number of measuring units in its area, 

396. If AB be the base of a triangle and BC its perpen- 
dicular height ; 

Then by Art. 393, fl=JBC x AB 

And dividing by ^BC, -Y=p=;AB. 

That is, the base of a triangle is found, by dividing the area 
by half the height. 

397. As a surface is expressed by the product of its length 
and breadth ; the contents of a solid may be expressed by 
the product of its length, breadth and depth. It is necessary 
to bear in mind, that the measuring unit of solids is a cube ; 
and that the side of a cubic inch is a square inch i the side 
of a cubic foot, a square foot, &c. 

Let ABCD (Fig. 3,) represent the base of a parallelopiped, 
five inches long, three inches broad, and one inch deep. It 
is evident there must be as many cubic inches in the solid, 
as there are square inches in its base. And, as the product 
of the lines AB and BC gives the area of this base,, it gives, 
of course, the contents of the solid. But suppose that the 
depth of the parallelopiped, instead of being on^ inch, is /o«r 
inches. Its contents must be four times as great. If, then, 
the length be AB, the breadth BC, and the depth CO, the 
expression for the solid contents will be, AB x BC x CO. 

398. ]^y means of the algebraic notation, a geometrical 
demonstration may often be rendered much more simple and 
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concise, than in ordinary language. The proposition, (Eac 
4. 2,) that when a straight line is divided into two parts, the 
square of the whole line is equal to the squares of the two 
parts, together with twice the product of the parts, is demon- 
strated, by involving a binomial. 

Let the side of a square be represented by 8 ; 
And let it be divided into two parts, a and b. 
By the suppositioii, s=za+b 

And squaring both sides, s^=a^+2ab+b^. 

That is, s^ the square of the whole line, is equal to a^ and 
b^, the squares of the two parts, together with 2ai, twice the 
product of the parts. 

399. The algebraic notation may also be applied, with great 
advantage, to the solution of geometrical problems. In doing 
this, it will be necessary, in the first place, to raise an alge- 
braic equation from the geometrical relations of the quanti- 
ties given and required ; and then by the usual reductions, 
to find the value of the unknown 
quantity in this equation. 

Prob.l. Given the base^ and the 
sum of the hypothenuse and per- 
pendicular, of the right angled 
triangle ABC, (Fig. 9,) to find the 
perpendicular. 

Let the base AB=J 

The perpendicular BC=a? 

The sum of hyp. and perp. x-^AC=a 
Then transposing a?, AC=o— a? 

1. By Euclid 47. 1, (BC)2-j.(AB)2=(AC)2 

2. That is, by the notation, x^+b^=(a-xy=:a^~2ax^x^. 

And, ar= — II — =BC, the side required. Hence, 
21 
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^Ina right angled triangle^ the perpendicular is equal to 

the square of the sum of the hypothenuae and perpendicular^ 

diminished by the square of the basCy and divided by twice the 

sum of the hypothenuse and perpendicular* 

It is applied to particular cases by substituting numbers for 

the letters a aud b. Thus if the base is 8 feet, and the sum 

of the hypothenuse and perpendicular 16, the expression 

a^-^a 162—82 ^ , ,. , ^ ^. 

— ^ — becomes —r — -^=6, the perpendicular ; and this 

subtracted from 16, the sum of the hypothenuse and perpen* 
dicular, leaves 10, the length of the hypothenuse. 

Frob. 2. Given the base and the difference of the hypothe* 
nuse and perpendicular of a right angled triangle, to find the 
perpendicular. 

Fig. 10. Fig. 11. 

J) C 





Let the base (Fig. 10,) AB=6=20 

The perpendicular BC=a7 

The given difference of AG and BC = J= 10. 



Then will the hypothenuse 

1. Then by Euclid 47. 1, 

2. That is, by the notation, 

3. Expanding {x+d)^^ 

4. Therefore 



AC=a?-|-i. 
(AC)3=(AB)2+(BC)a 
(x+d)^=b^+x^ 
z^+2dx+d^=b^-\^^ 



«=- 



2d 



Frob. 3. If the hypothenuse of a right angled triangle is 
30 feet, and the difference of the other two sides 6 feet, what 
is the length of the base 1 
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Prob. 4. If the hypothenuse of a right angled triangle is 
50 rods, and the base is to the perpendicular as 4 to 3, what 
is the length of the perpendicular % 

Prob. 5. Having the perimeter and the diagonal of a paral- 
lelogram ABCD,(Fig. 11,) to find the sides. 

Let the diagonal AC=A=10 

The side AB=x 

Half the perimeter BC+AB=BC-f^=6=14 

Then by transposbg a?, BC=6 — x. 

Prob. 6. The area of a right angled triangle ABC (Fig. 
12,) being given, and the sides of a parallelogram inscribed 
in it, to find the side BC. 

Fig. 12. _ Fig. 13. 





Prob. 7. The three sides of a right angled triangle, ABC, 
(Fig. 13,) being given, to find the segments made by a per- 
pendicular, drawn from the right angle to the hypothenuse. 

The perpendicular will divide the original triangle into 
two right angled triangles, BCD and ABD. (Euc. 8. 6.) 

Prob. 8. Having the area of a 
parallelogram DEFG (Fig. 14,) in- 
scribed in a given triangle ABC, 
to find the sides of the parallelo- 
gram. 

Draw CI perpendicular to AB. 
By supposition, DG is parallel to 
AB. 
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Prob. 9. Through a given point, 
in a given circle, so to draw a 
right line, that its parts, between 
the point and the periphery, shall 
have a given difierence. 

In the circle AQBR, (Fig. 15,) 
let P be a given point, in the dia- 
meter AB. 



Fig. 15. 




Prob. 10. If the sum of two of the sides of a triangle be 
1155, the length of a perpendicular drawn from the angle 
included between these to the third side be 300, and the dif- 
ference of the segments made by the perpendicular, be 495 ; 
what are the lengths of the three sides 1 ^ 

Prob. 11. If the perimeter of a right angled triangle be 
720, and the perpendicular falling from the right angle 
on the hypothenuse be 144 ; what are the lengths of the 
sides 1 

Prob. 12. The difference between the diagonal of a square 
and one of its sides being given, to find the length of the 
sides. 

Prob. 13. The base and perpendicular height of any plane 
triangle being given, to find the side of a square inscribed in 
the triangle, and standing on the base, in the same manner 
as the parallelogram DEFG, on the base AB, (Fig. 14.) 

Prob. 14. Two sides of a triangle, and a line bisecting the 
included angle being given ; to find the length of the base 
or third side, upon which the bisecting line falls. 

Prob. 15. If the hypothenuse of a right angled triangle be 
35, and the side of a square inscribed in it, in the same man- 
ner as the parallelogram BEDF, (Fig. 12,) be 12 ; what are 
the lengths of the other two sides of the triangle % 
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Prob. 16. The number of feet in the perimeter of a right 
angled triangle, is equal to the number of square feet in the 
area ; and the base is to the perpendicular as 4 to 3. Re* 
quired the length of each of the sides. 

Prob. 17. A grass plat 12 rods by 18, is surrounded by a 
gravel walk of imiform breadth, whose area is equal to that 
of the grass plat. What is the breadth of the gravel walk 1 

Prob. 18. The sides of a rectangular field are in the ratio 
of 6 to 5 ; and one-sixth of the area is 125 square rods. 
What are the lengths of the sides 1 

Prob. 19. There is a right angled triangle, the area of 
which is to the area of a given parallelogram as 5 to 8. The 
shorter side of each is 60 rods, and the other side of the tri* 
angle adjacent to the right angle, is equal to the diagonal of 
the parallelogram. Required the area of each. 

Prob. 20. There are two rectangular vats, the greater of 
which contains 20 cubic feet more than the other. Their 
capacities are in the ratio of 4 to 5 ; and their bases are 
squares, a side of each of which is equal to the depth of the 
other vat. Required the depth of each % 

Prob. 21. Given the lengths of three perpendiculars, draws 
from a certain point in an equilateral triangle, to the three 
sides, to find the lengths of the sides. 

Prob. 22. A square public green is surrounded by a street 
of uniform breadth. The side of the square is 3 rods less 
than 9 times the breadth of the street ; and the number of 
square rods in the street, exceeds the number of rods in the 
perimeter of the square by 228. What is the area of the 
square % 

Prob. 23. Given the lengths of two lines drawn from the 
acute angles of a right angled triangle, to the middle of the 
opposite sides: to find the lengths of the sides. 
21* 
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MISCELLANEOUS PROBLEMS. 



1. What two numbers are those whose difierence is 10 ; 
and if 15 be added to their sum, the amount will be 43 1 

2. There are two numbers whose difierence is 14 ; and if 
9 times the less be subtracted from 6 times the greater, the 
remainder will be 33. What are the numbers 1 

3. What number is that to which if 20 be added, and from 
f of this sum, 12 be subtracted, the remainder will be 10 1 

4. What number is that, ^, ^ and ^ of which being added 
together will make 73 1 

5. A and B lay out equal sums of money in trade ; A gains 
JS120, and B loses jS80 ; and now A's money is triple that of 
B. What sum had each at first 1 

6. What number is that, J of which exceeds } by 72 1 

7. There are two numbers whose sum is 37 5 and if 3 times 
the less be subtracted from 4 times the greater, and the re- 
mainder be divided by 6, the quotient will be 6. What are 
the numbers 1 

8. A man has two children, to ^ of the sum of whose ages 
if 13 be added, the amount will be 17 ; but if from half the 
difference of their ages 1 be subtracted, the remainder will 
be 2. What is the age of each 1 

9. A messenger being sent on business, goes at the rate of 
6 miles an hour ; 8 hours afterwards, another is dispatched 
with countermanding orders, and goes at the rate of 10 miles 
an hour. How long will it take the latter to overtake the 
former 1 
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10. To find two numbers in the proportion of 2 to 3 whose 
product shall be 54. 

11. A man agreed to give a laborer 12*. a day for every- 
day he worked, but for every day he was idle he should for- 
feit 8*. After 390 days they settled, and their account was 
even. How many days did he work 1 

12. To find a number to the sum of whose digits if 7 be 
added, the result will be 3 times the left hand digit ; and if 
from the number itself 18 be taken, the digits will be inverted. 

13. A merchant has two kinds of tea, one of which is worth 
9*. 6d, per pound, the other 135. 6d. How many pounds of 
each must he take to form a chest of 104 lbs. which will be 
worth £56 1 

14. To find a number consisting of two digits, the sum of 
which is 5 j and if 9 be added to the number itself, the digits 
will be inverted. 

15. There is a certain fraction such, that if you add 1 to 
its numerator, it becomes ^ ; but if you add 3 to its denomi- 
nator, it becomes |^. Required the fraction. 

16. Out of a cask of water, which had leaked away one- 
sixth, 42 gallons were drawn, and then being gauged, it was 
found to be half full. How many gallons did it hold 1 

17. It is required to find two numbers whose difierence is 
7, and their sum 33. 

18. At a town meeting 375 votes were cast, and the per- 
son elected to office had a majority of 91. How many votes 
had each candidate % 

19. A post stands J in the ground, J in the water, and 10 
feet above the water. What is the whole length of it 1 

20. A young man the first day after his arrival at New 
York, spent J of his money, the second day ^, the third day 



Digitized by VjOOQIC 



5248 ALGEBRA. 

1^ and he then had only 26 dollars left. How much did he 
have at first 1 

21. A person heing asked his age, answered that f of his 
age multiplied hy ^ of his age, would give a product equal 
to his age. How many years old was he 1 

22. A man leased a house for 99 years ; and heing asked 
how much of the time had expired, replied that two thirds 
of the time past was. equal to four fifths of the time to come. 
How many years had expired 1 

23. On commencing the study of his profession, a man 
found that ^ of his life had heen spent hefore he learned his 
letters, ^ at a puhlic school, ^ at an academy, and 4 years at 
college. How old was he % 

24. It is required to find a numher such, that whether it 
he divided into two, or three equal parts, the product of its 
parts will be equal. 

25. Two persons, 154 miles apart, set out at the same time 
to meet each other, one travelling at the rate of 3 miles in 2 
hours, the other 5 miles in 4 hours. How long before they 
meetl 

26. A man and his wife usually drank a cask of beer in 12 
days, but when the man was absent, it lasted the lady 30 
days. How long would it last the man, if his wife were 
absent % 

27. A shepherd being asked how many sheep he had, re* 
plied if he had as many more, half as many more^ and 7^ 
sheep, he would then have 500. How many had he 1 

28. A farmer hired two men to do a job of work for him ; 
one could do the work in 10 days, the other in 15. How 
long would it take both together to do the same work 1 

29. A scaffold of hay will keep 5 horses or 7 oxen, 87 days. 
How long will it keep 2 horses and 3 oxeni 
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30. A and B together can build a boat in 20 days ; vvith the 
assistance of G, they can do it in 12 days How long would 
it take G to build the boat % 

31. There is a cistern with two aqueducts ; one will fill it 
in 30 minutes, the other will empty it in 40. How long will 
it take to fill it, if both run together % 

32. Required to divide 1 shilling into pence and farthings 
in such a proportion that there may be 39 pieces. 

33. A man divided a small sum of money among his chil- 
dren in the following manner, viz. to the first he gave J- of 
the whole +4> pence, to the second ^ of the remainder +8 
pence, to the third ^ of the remainder + 12 pence, and so on, 
giving to all an equal sum till he had distributed the whole. 
Required the number of shares and the sum distributed. 

34. A hare has 50 leaps the start of a hound, and takes 4 
leaps while the hound takes 3 ; but 2 leaps of the hound are 
equal to 3 of the hare. How many leaps will the hound take 
in catching the hare % 

35. A cistern holding 43 gallons, is to be filled in 12 
minutes by 2 pipes running alternately. The first runs 4 gal- 
lons a minute, and the second 3 gallons a minute. How long 
did each run % 

36. A and B start at the same time and place to go round 
an island 600 miles in circumference. A goes 30 miles a 
day, and B 20. How long before they will both be at the 
starting point together, and how far will each have travelled 1 

37. A has jSlOO, B £48. A robber takes twice as much 
from A as from B. A now has 3 times as much as B. What 
was taken from each ? 

38. It is required to divide 1200 dols. between A, B and 
C 5 B has 256+i of A's share 5 C has 270+i of B's. What 
was the share of each 1 
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39. There are 3 pieces of cloth of different value. The 
ayeragc price of the first and second is 7 dols. per yard, that 
of the second and third is 9 dols., and the average price of 
all is f of the third. What are the several prices % 

40. A pipe will fill a cistern in 11 hours. After running 
5 hours another is opened, and then the two fill it in 2 hours. 
In what time would the last fill it 1 

4*1. A man hought a cask of wine, and ^ of it leaking out, 
he sold the rest at $2.50 per gallon and neither gained nor 
lost hy his hargain. What did he give per gallon for his wine % 

42. A and B start at the same time and in the same direc- 
tion, hut directly opposite each other, to go round a circular 
pond 536 yards in circumference ; A goes 11 yards a minute 
and B 34 in 3 minutes. In how long time will B overtake A 1 

43. A pipe fills I- of a cistern in 1 hour ; 2 hours after an- 
other is opened and would have hastened the filling of it 1 
hour ; but 2 hours after, a third begins to discharge, and 
the cistern is finally filled in the time the first would have 
filled it. Bequired the time of the second in filling it, or the 
third in emptying iti 

44. A young man commencing business with a determina- 
tion to become rich, supported himself for $500 a year, and 
at the close of every year increased his property by a third 
part of what remained after his expenses were deducted. 
In five years he was worth $104,400. What was his origi- 
nal stock 1 

45. At noon the hour and minute hand of a clock are to- 
gether. How soon will they be together again 1 

46. A gentleman bought 5 bushels of wheat and 6 of com 
(ox 27«. ; be afterwards bought 4 bushels of wheat and 3 of 
corn for 18^. What did he pay per bushel for each ? 
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• 47. A farmer hired 4 men and 8 boys for a week, and paid 
them $40 1 the next week he hired 7 men and 6 boys for 
$50. How much did he pay each by the week % 

48. Divide 72 into four such parts that the first increased 
by 5, the second diminished by 5, the third multiplied by 5, 
and the fourth divided by 5, the sum, difiference, product and 
quotient, will be equal 1 

49. A and B can print a certain work in 8 days, A and C 
in 9 days, B and C in 10 days. How long would it take each 
one alone to do the work 1 

50. Three boys were playing marbles j the first game, A 
loses to B and C, as many as each of them had at the begin- 
ning ; next, B loses to A and C, as many as each of them 
had at the end of the first game ; last, C loses to A and 
B, as many as each of them had at the end of the second 
game. Each then had 16 marbles. How many had each at 
first % 

51. It is required to find two numbers whose product shall 
be 54, and the difference of their squares 45. 

52. Bequired the side of a rectangular field which contains 
1584 square rods, and its length exceeds its breadth by 8 rods. 

53. The united ages of a man and his wife were 42 years, 
and the product of their ages 432. What was the age of 
each 1 

54. A single lady being asked her age, considered the 
question impertinent and gave an evasive answer, saying; " if 
you take 4 years from my age, and extract the square root 
of the remainder, and multiply the root by 4, and add 4 to 
the product, the sum will be 24." What was her age '{ 

55. A peach orchard which contained 900 trees was so 
planted, that there were 11 rows more than there were trees 



Digitized by VjOOQIC 



1 



352 ALGBBBA. 



in a row. How many rows were there, and how many trees 
in each row 1 

56 . A man purchased a tract of land m a square form, 
which contained as many acres as there were rails in the 
fence hy which it was enclosed i the rails were 11 feet long 
and the fence was 4 rails high. How many acres did the 
tract contain 1 

57. A man bought 80 pounds of pepper and 36 pounds of 
saffron, so that for 8 crowns he had 14 pounds of pepper, 
more than of saffron for 26 crowns ; and the amount he laid 
out was 188 crowns. How many pounds of pepper did he 
buy for 8 crowns 1 

58. It is required to find four numbers in arithmetical pro* 
gression such, that the product of the extremes shall be 45, 
and the product of the means 77. 

59. It is required to find three numbers in geometrical 
progression such, that their sum shall be 14, and the sum of 
their squares 84. 

60. The hypothenuse of a right angled triangle is 13 feet, 
and the difference between the other two sides is 7. Re- 
quired the sides. 

61. The perpendicular of a plane triangle is 300 feet ; the 
sum of two of the sides is 1155 feet, and the difference of the 
segments of the base is 495 feet. Bequired the base and the 
sides. 

62. In a plane triangle the base is 50 feet, the area 600 
feet, and the difference of the sides is 10 feet. Eequired the 
sides and perpendicular. 

THB END. 
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